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vi 

Preface for Teachers 

 

Precalculus Made Difficult is a straightforward text that guides students from the Plains of Mathematical 

Nowhere (I presuppose only arithmetic and a hazily-recalled encounter with the rudiments of algebra) 

to the base of Mt. Calculus in just 200 pages. I achieve this concision largely by treating my readers as 

literate, interested, capable people – people who just happen not to know much mathematics yet. 

My choice of topics is mainly conventional, but I’ve squirreled novelties away in nooks and crannies. 

A few examples: an honest discussion of why we have an arithmetic of negative numbers (it’s not for 

debts and subzero temperatures); a unit-circle definition of the tangent function (in lieu of the logically 

equivalent but aesthetically unsatisfying sine-over-cosine definition); a clean, symmetric substitution-

based exposition of transformations in analytic geometry (which holds for graphs of all equations, unlike 

the usual asymmetric treatment, which applies only to graphs of functions); a proof Heron’s formula 

(supplemented by a meditation on Heron’s name); a rare excerpt from the Annals of Long Shu; dozens 

of delightful epigraphs; occasional dry humor flying low under the radar; and several story problems of 

questionable taste. 

I am sufficiently immodest to assert that this book will be something of a connoisseur’s choice. 

If you are a teacher who can appreciate the fine-wine qualities of G.F. Simmons’ Precalculus in a Nutshell 

or Gelfand and Shen’s Algebra (while recognizing that neither would work as an actual classroom text), 

then Precalculus Made Difficult may be the right text for you and your students. Unlike Simmons, which 

is addressed to calculus students in need of a quick refresher, or Gelfand and Shen, which is addressed 

to isolated Russian prodigies in correspondence school, this is an honest-to-God textbook, accessible to 

the average student who is meeting this material for the first time. I and a few others have used it in 

classes of perfectly ordinary community college students. Students who take their studies seriously 

handle it well. Students who do not do not. Such is life.* 

On my website, BraverNewMath.com, you can download Precalculus Made Difficult as a free pdf. 

You can also follow a link from the website to Amazon, where you may purchase an inexpensive physical 

copy. The website also contains information about my other books, and an email address for those with 

a burning desire to contact me. 

 

                                                           
* As the old saying goes, you can lead a horse to water, but you can’t make him drink. Less well-known is Dorothy Parker’s 

variant, created when she was asked to use “horticulture” in a (spoken) sentence: “You can lead a whore to culture, but you 
can’t make her think.” One of Precalculus Made Difficult’s more obscure selling points is that it is the only precalculus book on 
the market whose prefatory material includes the word “whore”. 
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Preface for Students 

 

Yes, it’s made difficult, but I didn’t make it that way. The difficulty is intrinsic. It is also surmountable. 

It requires no special intelligence to master the material in this book, but it does require a commitment: 

a couple of hours a day, every day, for the better part of a year. Fortunately, this material (algebra, 

coordinate geometry, trigonometry) is genuinely engaging if you approach it in the right way. The right 

way is to understand it. If you understand mathematics, you’ll experience the pleasure of feeling its 

pieces lock logically together in your mind in an aesthetically satisfying way.* 

On the other hand, if you approach mathematics – as so many people do – in the wrong way 

(memorizing procedures without understanding why they work), then the subject will be sheer tedium. 

Don’t let this happen. The difficulty is intrinsic. The tedium is not. The choice is yours. 

Precalculus Made Difficult is meant to be read slowly and carefully. Strive to read the relevant 

sections in the text before your teacher lectures on them. The lectures will then reinforce what you’ve 

understood, and clarify what you haven’t. Read with pencil and paper at the ready.† When I omit details, 

you should supply them. When I use a phrase such as “as you should verify”, I am not being facetious. 

Verify it. Only after reading a section should you attempt to solve the problems with which it concludes. 

Whenever you encounter something in the text that you do not understand (even an individual 

algebraic step), you should mark the relevant passage and try to clear it up, which may involve 

discussing it with your classmates or teacher or reviewing earlier material.  

Hundreds of thousands of people succeed in learning this material every year. You can be one of 

them. But it will require hard work, and at times, you may wonder whether it is worthwhile. It is. 

 

Let’s begin. 

 

 

                                                           
* Two relevant quotes: 

“The most important thing a student can get from the study of mathematics is the attainment of a higher intellectual level." 
- I.M. Gelfand, mathematician (from the preface to Functions and Graphs by Gelfand, Glagoleva, and Schnol). 

“You should study some math… it teaches you how to formulate an argument, teaches you how to debate and beat 
somebody, crush somebody! And that’s how my father did it to me: He goes, ‘It gives you ammo. It’ll teach you not to be a 
fuzzy thinker.’ And he masculinized… created a masculine energy around math. Guess who got an A in math? This guy. And I 
always thought I didn’t have a math brain, but as soon as he did that!…”  

- Bryan Callen, comedian (speaking on Eric Weinstein’s podcast, The Portal, Episode 9) 

† Although you can read this book for free online, I recommend that you purchase a print copy so that you can scrawl notes in 
the margins. Online reading is rarely active reading. 
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Holy Whole Numbers, Fractious Fractions 

“God created the integers. All the rest is the work of man.” 

- Leopold Kronecker 

Stories embedded deep in Western culture hint of an archaic past when counting was a form of magic, a 

divine prerogative too dangerous for mere humans. Zeus, the most powerful of the Greek gods, cruelly 

punishes Prometheus for giving humans the godlike knowledge of fire and, in Aeschylus’s version, of 

numbers. Yahweh, the ancient Hebrews’ “jealous god”, punishes King David by killing 70,000 of his men, 

prompting David’s impassioned cry, “I have sinned, and I have done wickedly: but these sheep, what 

have they done?” Never mind the sheep; what had David done? He had counted his men (2 Samuel 24). 

Today, counting rarely provokes divine retribution, but the magical aura surrounding the whole 

numbers (1,2,3,4…) remains potent: We count sheep (not David’s) as a charm to overcome insomnia, we 

“take a deep breath and count to 10” as a spell to allay anger or anxiety, we rate books, films, even pain, 

on pseudo-scientific scales of 1 to 10. Whole numbers speak to something deep within us. Fractions, 

alas, do not. 

If whole numbers correspond to the divine activity of counting, then fractions – those broken, all-

too-human numbers – correspond to the mundane, utilitarian activity of measurement. The gods do not 

seem particularly concerned to keep men from fractions, which is fortunate for the progress of science.  

Far too many students fail calculus. They fail not because calculus is difficult (it isn’t, really), but 

because they struggle with algebra. Often, they have cracks in their algebraic foundations running all the 

way back to arithmetic, particularly the arithmetic of fractions. To understand calculus, one must 

understand algebra; to understand algebra, one must understand arithmetic. Accordingly, in this first 

chapter, we’ll review some basic algebra and arithmetic, emphasizing why the rules for manipulating 

numbers and algebraic symbols are what they are. 

Understanding why such rules hold is every bit as important as understanding how to apply them. 

Pick up a 1000-page calculus book sometime. Feel its heft. Mere memorization of algorithms will not do, 

except as a temporary stopgap. The only way to truly learn mathematics is to understand it.  

In Plato’s Meno, Socrates distinguishes knowledge from mere true opinions. For our purposes, a 

“true opinion” corresponds to a correctly memorized mathematical rule. “As long as they stay put,” says 

Socrates, “true opinions are fine things and do us much good. Only, they tend not to stay put for long. 

They're always scampering away from a person's soul. So they're not very valuable until you shackle 

them by figuring out what makes them true.” * 

Do not settle for true opinions. Strive for knowledge. 

 

In this first chapter, we will simultaneously review numerical and algebraic fractions. To lay some 

basic groundwork for the algebraic side of fractions, we’ll need to devote a few preliminary pages 

(before we reach fractions themselves) to some foundational algebraic ideas, all rooted in one core 

property: the so-called “distributive property”. 

  

                                                           
* Meno, 98a.  
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The Distributive Property 

The distributive property is an axiom of arithmetic and algebra. It states that multiplying a sum by 

something is equivalent to multiplying each term in the sum by that same thing, then adding the results. 

For example, the distributive property tells us that  

5(7 + 10) = (5 ∙ 7) + (5 ∙ 10)      and       (𝑏 + 𝑐 + 𝑑)𝑎 = 𝑎𝑏 + 𝑎𝑐 + 𝑎𝑑. 

When describing such operations in words, we speak of “distributing the 5” (or the 𝑎). Since subtraction 

is just a special sort of addition (the addition of a negative), we can distribute multiplication over 

subtraction as well. Hence, for example, the distributive property also guarantees that 

(𝑥 − 𝑦 − 𝑤)𝑧 = 𝑥𝑧 − 𝑦𝑧 − 𝑤𝑧       and        2𝑎(𝑎 − 𝑏 + 𝑐) = 2𝑎2 − 2𝑎𝑏 + 2𝑎𝑐. 

The distributive property forms the bedrock upon which much of elementary algebra is built, as you’ll 

see in the next few pages. It also justifies some simple techniques of mental arithmetic, as you’ll see in 

the exercises below. 

 

Exercises 
1. To understand the distributive property visually, consider the figure at right. Obviously, 

the whole figure’s area equals the sum of the areas of the two rectangles it contains. 

Rewrite the previous sentence as an algebraic equation involving 𝑎, 𝑏, and 𝑐. 

[Hint: The height of the whole figure is 𝑎. What is the width of the whole figure?] 

2. Consider the following technique for mental calculation: 

What’s 32 times 7? 

Let’s see, 32 sevens is 30 sevens and then 2 more sevens. 

Well, 30 sevens is 210, and 2 sevens is 14. 

Thus, 32 times 7 must be 210 plus 14, which is 224. 

Explain how the distributive property makes a quiet appearance in that calculation. 

3. Using the technique from #2, compute the following in your head:      64 × 5,       82 × 4,       39 × 9,       6 × 42. 

4. One can mentally calculate a 15% tip as follows: 

What’s 15% of $32? 

Well, 10% of $32 is $3.20. 

Half of that (i.e. 5% of the whole) is $1.60, 

So a 15% tip would be $3.20 + $1.60 = $4.80. 

     Explain how the distributive property is at work here, too. 

5. Calculate 15% of the following amounts in your head:   $28,      $50,       $72,      $90.  

6. The distributive property tells us that we can distribute multiplication over addition or subtraction. Can we 

distribute multiplication over multiplication? [That is, is it always true that 𝑎(𝑏 ∙ 𝑐) = 𝑎𝑏 ∙ 𝑎𝑐 ?] If so, explain 

why. If not, provide a counterexample (that is, give specific values of 𝑎, 𝑏, and 𝑐 for which this does not work). 

7. Can we distribute multiplication over division? [That is, is it always true that 𝑎(𝑏/𝑐) = 𝑎𝑏/𝑎𝑐 ?] If so, explain 

why. If not, give a counterexample. 
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FOILed Again 
(In Praise of the Distributive Property, Part 1) 

Early in your first algebra course, you learned how to multiply two “binomials”. That is, you learned how 

to expand (𝑎 + 𝑏)(𝑐 + 𝑑) out into the form 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑. Most algebra teachers summarize the 

steps in this process with the acronym FOIL (First, Outside, Inside, Last). The acronym is so common that 

it has become a verb, as in “when we FOIL this out, we obtain…”  

All algebra students know how to “FOIL”, but surprisingly few know why it works. This is a pity, since 

the explanation is so simple. It involves nothing but the distributive property. The key idea is that we 

can, when it’s convenient to do so, think of a binomial as a single entity to be distributed. To emphasize 

this, I’ll put a binomial in a grey box when I want to emphasize its unitary nature. Watch carefully: 

  (𝑎 + 𝑏)(𝑐 + 𝑑) = (𝑎 + 𝑏)(𝑐 + 𝑑) 

    = (𝑎 + 𝑏)𝑐 + (𝑎 + 𝑏)𝑑  (distributing the “box”, (𝑎 + 𝑏)) 

    = 𝑎𝑐 + 𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑  (distributing the 𝑐, and also the 𝑑) 

Thus, under the hood, the mysterious “FOIL” operation is just shorthand for carrying out the distributive 

property several times. If you understand this, you can easily figure out how to multiply two trinomials, 

three binomials, etc., without having to wait for someone to drill new acronyms into your head.  

 

Exercises. 
8. Explain to someone else why the “FOIL” rule is just a consequence of the distributive property. 

9. You probably know that the algebraic expression 3𝑥2 + 4𝑥2 can be rewritten as 7𝑥2. But why is this allowed? 

It might feel obvious, but a feeling isn’t an explanation. After all, someone else might feel that (3𝑥2)(4𝑥2) 

should be 12𝑥2, which is entirely wrong. (Factors don’t care about your feelings.) In fact, 3𝑥2 + 4𝑥2 equals 7𝑥2 

because of the distributive property. Explain why. 

[Hint: This requires some cleverness. Try “undistributing” something from 3𝑥2 + 4𝑥2.] 

10. While reviewing some algebra, Esau encounters the expression 𝑥2𝑥3. “Oh, I think I remember how to simplify 

that,” says Esau. “You just multiply the exponents so it becomes 𝑥6, right?” Looking up from the delicious red 

stew he is cooking, Jacob flashes a grin at his brother and replies, “I don’t think so. You’re supposed to add the 

exponents, Esau. You should end up with 𝑥5.” Esau begins to change his answer, but then hesitates and says, 

“You’re always tricking me, Jacob. Are you tricking me now?” To which Jacob replies, “Maybe. Maybe not.” 

a) Did Jacob give Esau the correct answer? 

b) Don’t settle for a true opinion. Turn it into knowledge: Explain why the correct answer is correct. 

c) Simplify each of the following:    𝑥3𝑥3,     𝑥𝑥4,     𝑥4𝑥6,     (2𝑥2)(3𝑥4),     (−3𝑥3)(2𝑥)(5𝑥).  

11. Use the distributive property to multiply the following polynomials.  

a) (−𝑥4 + 3)(−2𝑥2 + 6𝑥 − 1)                    b) (𝑥2 − 2𝑥 + 3)(−𝑥2 + 2𝑥 − 7)   

c) (𝑥3 + 𝑥2 − 𝑥 + 1)(−𝑥3 + 𝑥)                  d) (𝑥 + 1)(𝑥 + 2)(𝑥 + 3) 
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Factoring Polynomials 
(In Praise of the Distributive Property, Part 2) 
“Factoring” is nothing more than distribution in reverse (or “undistribution” as I called it in Exercise 9). 

For example, why is it true that  3𝑥2 + 6𝑥 − 18 = 3(𝑥2 + 2𝑥 − 6)? Just read that equation from right 

to left, and you will see; the equals sign is justified by the good old distributive property.   

You may have met (and forgotten) the “difference of squares” identity, 𝑎2 − 𝑏2 = (𝑎 − 𝑏)(𝑎 + 𝑏). 

Reading it from left to right, it is somewhat mysterious. What makes this strange factoring formula true? 

Why should we believe it? Well, if we read it from right to left, we see how we might prove that it’s true. 

We’ll just need to multiply the factors on the right and see if we end up with the expression on the left. 

I’ll do this now, putting a binomial in a grey box when we’re thinking of it as one block. 

Claim.   𝑎2 − 𝑏2 = (𝑎 − 𝑏)(𝑎 + 𝑏)  for all 𝑎 and 𝑏.  

Proof.   (𝑎 − 𝑏)(𝑎 + 𝑏) = (𝑎 − 𝑏)(𝑎 + 𝑏) 

         = (𝑎 − 𝑏)𝑎 + (𝑎 − 𝑏)𝑏  (distributing the (𝑎 − 𝑏)) 

         = 𝑎2 − 𝑎𝑏 + 𝑎𝑏 − 𝑏2  (distributing the 𝑎, and also the 𝑏) 

         = 𝑎2 − 𝑏2,  as claimed.     ■ 

Note how the proof boils down to three applications of distributive property – and nothing else. It’s no 

exaggeration to say that the difference of squares formula holds because of the distributive property. 

In fact, the special case of the difference of squares formula is just the tip of the factoring iceberg. Every 

polynomial factorization is ultimately justified by “reading right to left”, multiplying its factors, and 

seeing that the product is the original polynomial. Since multiplying those factors is, as we’ve seen, just 

a matter of repeatedly applying the distributive property, it follows that the entire topic of factoring 

polynomials is justified by the humble distributive property. There’s nothing deep here. 

Most algebra textbooks make it seem as though factoring a polynomial is a complicated procedure. 

It isn’t. Almost any polynomial you’ll ever need to factor by hand will yield to one (or some combination) 

of three basic tricks: 

1. Pull out a factor common to all of the terms. 

2. Use the difference of squares formula. 

3. Make (and check) educated guesses until you find the right combination.  

The first two tricks are entirely mechanical, and require little comment. Here is an example using 

both of these tricks in turn: 2𝑥2 − 32 = 2(𝑥2 − 16) = 2(𝑥 − 4)(𝑥 + 4). Nothing to it: We factored out 

the 2, noticed that one of the resulting factors was a difference of squares, and thus applied the 

difference of squares formula. (You should commit the difference of squares formula to memory since it 

comes in handy so often.) 

The third trick, making educated guesses, works best for polynomials of the form 𝑎𝑥2 + 𝑏𝑥 + 𝑐. 

For example, suppose we wish to factor 𝑥2 + 𝑥 − 12. Well, if it factors, the result might look like this: 

𝑥2 + 𝑥 − 12 = (𝑥          )(𝑥          ). (We’ll leave the constant terms blank to keep some play in the joints.) 

Note that putting those two 𝑥’s on the right was an educated guess; we did it because their product 

(FOIL’s “F”) is 𝑥2, which matches one term of our “target polynomial” on the left. To continue our 
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educated guessing, we observe that whatever the factors’ constant terms are, their product (FOIL’s “L”) 

will have to be −12 so as to match the constant term in the target polynomial on the left. There are 

many possibilities here, so let’s pick one pair of numbers whose product is 12 and try it out: How about 

(𝑥 − 𝟒)(𝑥 + 𝟑)? Will this work? We can check by multiplying it out in our heads;* doing so, we find that 

we end up with the wrong 𝑥 term: we end up with −𝑥 instead of +𝑥. Close, but no cigar. What if we just 

swapped the locations of the positive and negative, like this: (𝑥 + 𝟒)(𝑥 − 𝟑)? A quick check shows that 

this does work, so our factoring is complete: 𝑥2 + 𝑥 − 12 = (𝑥 + 4)(𝑥 − 3). That’s all there is to the 

third trick. A little practice, which you’ll in the exercises below, will help you develop some intuition for 

making good guesses.  

As you can see, factoring efficiently depends upon being able to multiply binomials in your head… 

which is just FOILing… which is just using the distributive property. Yes, it requires practice and patience, 

but everything here should be entirely comprehensible. 

 

Exercises. 
12. Prove that (𝑎 + 𝑏)2 = 𝑎2 + 𝑏2 + 2𝑎𝑏. 

13. Prove that (𝑎 − 𝑏)2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 . 

14. Prove that (𝑎 + 𝑏)3 = 𝑎3 + 𝑏3 + 3𝑎2𝑏 + 3𝑎𝑏2. 

15. Prove the “difference of cubes” identity:   𝑎3 − 𝑏3 = (𝑎 − 𝑏)(𝑎2 + 𝑎𝑏 + 𝑏2). 

16. Factor the following polynomials as much as possible. 

a) 𝑥2 + 6𝑥 + 8        b) 𝑥2 − 100  c) 10𝑥2 + 5𝑥      d) 𝑥2 − 7𝑥 + 10 

e) 3𝑥2 − 3𝑥 − 6        f) 𝑥2 − 25  g) −4𝑥2 − 32𝑥 − 64          h)  −15𝑥2 − 30𝑥 + 45  

i) 𝑥4 − 16  [Hint: 𝑥4 = (𝑥2)2]         j) 9𝑥2 − 4   [Hint: The first term is a square.]     k) 81𝑥8 − 1    

l) 2𝑥2 + 5𝑥 + 2  [Hint: (𝟐𝑥       )(𝑥        )]                m) 3𝑥2 − 8𝑥 − 3      n) 4𝑥2 − 4𝑥 − 3 

17. The algebraic identities that you proved in exercises 12 and 13 are used so frequently that you should commit 

them to memory. From now on, whenever you need to square a binomial, you should apply these identities 

directly; don’t reinvent the wheel each time. For example, to expand (𝑥 + 3)2, you should not “FOIL it out” 

(even though doing so will, of course, yield the correct expansion). Rather, you should just mentally apply the 

identity, which allows you to write (𝑥 + 3)2 = 𝑥2 + 9 + 6𝑥 without any further ado. 

In this spirit, quickly expand the following: 

a) (𝑥 + 5)2              b) (𝑥 − 5)2              c) (𝑥 + 11)2            d) (𝑥 − 12)2            e) (2𝑥 + 1)2            f) (3𝑥 − 2)2           

g) (𝑎 + √2)
2
     [Hint: √2 is, by definition, the number whose square is 2, so the value of (√2)

2
must be…]     

h) (𝑎 − √2)
2

           i) (2𝑥 + 1/2)2        j) (2𝑎 + 3𝑏)2          k) (√𝑥 − 1)
2
 

 

 

  

                                                           
* The mental multiplication is easy: We know the product will include 𝑥2 and 12 as terms (these are FOIL’s “F” and “L” terms). 

The question is whether we’ll get the 𝑥 as well. Looking at our prospective factorization, (𝑥 − 4)(𝑥 + 3), we see that FOIL’s 

“O” and “I” terms give us 3𝑥 − 4𝑥, which simplifies to – 𝑥, so we’ve missed the target, alas. We’ll need to try again. 
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Why Minus Times Minus is Plus 
(In Praise of the Distributive Property, Part 3) 

“Minus times minus is plus. 
  The reasons for this we need not discuss.” 
  -Ms. Anonymous 

Most of the rules for working with negatives are easy to understand if we think in terms of debits and 

credits. It’s clear why (−1)(1) should be −1: A debit of $1 incurred one time is obviously a debit of $1. 

Similarly, it is obvious why −1 + 1 = 0: Adding a credit of $1 to a debit of $1 results in a net value of 0.  

But why should (−1)(−1) be 1? A “debits and credit justification” exists, but not a very good one.*  

A much better argument – and certainly a more artistic argument – rests on the distributive property.  

Claim 1.  (−1)(−1) = 1. 

Proof. We’ll begin the proof in godlike fashion, by creating something from nothing! 

𝟎 = (−1)(0) = (−1)(−1 + 1) = (−1)(−1) + (−1)(1) = (−𝟏)(−𝟏) − 𝟏.† 

We’ve established that 0 = (−1)(−1) − 1. Thus, whatever (−1)(−1) may be, it has the property 
that subtracting 1 from it leaves you with zero. Obviously, the only number with this property is 1, 
so it follows that (−1)(−1) = 1, as claimed.   ■ 

Since every negative number can be written as (−1) times a positive number, we see that, for instance, 

(−2)(−3) = (−1)(2)(−1)(3) = (2)(3)(−1)(−1) = (2)(3), 

where that last equals sign is justified by Claim 1. And if we wish to write up a formal proof covering the 

product of any two negatives, we could do so as follows. 

Claim 2. (Minus times minus is always plus.)    (−𝑎)(−𝑏) = 𝑎𝑏  for any 𝑎 and 𝑏.   

Proof. Let – 𝑎 and – 𝑏 represent any two negative numbers. Then 

(−𝑎)(−𝑏) = (−1)(𝑎)(−1)(𝑏) = 𝑎𝑏(−1)(−1) = 𝑎𝑏. 

The last equals sign is justified by Claim 1.     ■ 

 
Congratulations. You are now among the select few people who know why minus times minus is plus! 

By now, I trust you are convinced of the fundamental importance of the distributive property, which, 

among other things, lets us make rapid mental calculations, explains why we can multiply and factor 

polynomials as we do, and helps us understand why minus times minus is plus. I’ll not dwell on it any 

longer. It will always be there, functioning smoothly under the hood. Part of the process of learning to 

think mathematically is to develop an appreciation for how even simple mathematical ideas can have 

enormous logical ramifications. You’ll have another opportunity shortly, when we turn our attention to 

fractions. But first, some exercises. 

                                                           
* A debit of $1 incurred “−1 time” is a credit of a $1. Hence, (−1)(−1) = 1. Such is the argument. Alas, it involves the rather 

unnatural idea of incurring a debit a negative number of times. Yes, we can interpret this peculiar notion in such a way that 
we recover the expected multiplication rule, but this feels like sleight of hand. It’s hard to avoid a nagging sense that the 
argument employs circular reasoning: quietly assuming the very thing that we want to demonstrate.    

† The second and fourth equals signs are justified by statements in the first paragraph of this page. The third equals sign, the 
vital one that heralds the appearance of (−1)(−1) on the stage, is justified by the distributive property. 
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Exercises. 
18. You can now understand how to divide with negatives, provided you understand division itself. 

(A quick review: 10 ÷ 5 is the number of times 5 “goes into” 10. Phrased differently, 10 ÷ 5 asks the 

question, “5 times what is 10?” The answer, obviously, is 2. Similarly, 8 ÷ (−4) asks how many times (−4) 

goes into 8; in other words, “−4 times what is 8?” Of course, the answer is −2.) 

a) Explain why (−8) ÷ (−4) is 2. 

b) Convince yourself that minus divided by minus must always be plus. 

c) Explain why 9 ÷ (−3) is −3. 

d) Convince yourself that plus divided by minus must always be minus. 

e) What about minus divided by plus? 

19. Explain why 10 ÷ (1 3⁄ ) = 30.  

20. Can you divide a nonzero number by zero? If so, what is the result? If not, why not? 

21. Can you divide zero by a nonzero number? If so, what is the result? If not, why not? 

22. What about 0/0 ?   

23. Explain to a friend why minus times minus is plus. 
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Fractions: Two Intuitive Rules That Lead to All the Others 
“Any fool can know. The point is to understand.” 

- Albert Einstein 

 

We shall begin our study of fractions with a simple observation: You get the same amount of dessert by 

taking two fifths of a pie as you do by taking one fifth of the pie two times. Or, translating this statement 

into symbols, 
2

5
= 2(

1

5
). 

Of course, there was nothing special about 2 or 5 in that last example. We might just as well have noted 

that seven eighths of a pie is the same as one eighth taken seven times, so 7 8⁄ = 7(1 8⁄ ). Algebra, the 

science of patterns, allows us to describe the pattern we see here as: 

 

 

 

Now for a second observation. Since 10 tenths make a whole, cutting each tenth into thirds would give 

us 30 equal parts. Thus, each third of a tenth is exactly 1/30 of the whole. Or, in symbols, 

(
1

3
) (

1

10
) =

1

30
. 

Similarly, an eighth of a half must be a sixteenth, so (1 8⁄ )(1 2⁄ ) = 1 16⁄ . The algebraic pattern here is:  

 

 

 

We shall take it as an axiom that our two “intuitive fraction rules” hold for all values of 𝑎 and 𝑏. 

Now for a surprise: Over the next few pages, we’ll see that every aspect of fractional arithmetic – 

that subject that confuses so many people – follows logically from those two simple rules! This should 

encourage those who find fractions confusing. Along the way, we’ll clarify quite a bit of algebra too. 

 

Exercise. 
24. The Queen of Sheba tests Solomon with a riddle: “O Great King, we all know the rule for multiplying fractions: 

Multiply the tops and multiply the bottoms. For example, (2/3)(4/5) = 8/15.” Solomon nods sagely. “But 

why is this so? The wise men of my land say only that it is the gods’ will, but I am told that you, a mortal man, 

know the explanation. What is it, good King?” 

Solomon begins by explaining the two intuitive fraction rules, which the Queen allows are quite intuitive. 

He then proceeds to show her why (2/3)(4/5) must be 8/15 because of the two rules.  

Your problem: Explain how Solomon did it.  

  

𝑎

𝑏
= 𝑎 (

1

𝑏
)                𝐈𝐧𝐭𝐮𝐢𝐭𝐢𝐯𝐞 𝐅𝐫𝐚𝐜𝐭𝐢𝐨𝐧 𝐑𝐮𝐥𝐞 𝟏 

 

(
1

𝑎
) (
1

𝑏
) =

1

𝑎𝑏
               𝐈𝐧𝐭𝐮𝐢𝐭𝐢𝐯𝐞 𝐅𝐫𝐚𝐜𝐭𝐢𝐨𝐧 𝐑𝐮𝐥𝐞 𝟐  
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Multiplying and Reducing Fractions.  

From the two intuitive fraction rules, we can fully explain the well-known rule for multiplying fractions. 

(And if you solved exercise 24, you’ve basically discovered this on your own already!) 

Proof.  
𝑎

𝑏
∙
𝑐

𝑑
= 𝑎 (

1

𝑏
) ∙ 𝑐 (

1

𝑑
)      (by Intuitive Fraction Rule 1) 

              = 𝑎𝑐 (
1

𝑏
) (

1

𝑑
)  (reordering the multiplication) 

              = 𝑎𝑐 (
1

𝑏𝑑
)  (Intuitive Fraction Rule 2) 

              =
𝑎𝑐

𝑏𝑑
   (Intuitive Fraction Rule 1*)   ■ 

Thus, for example, (6/7)(2/3) = 12/21.  You probably know that 12/21 can be reduced to 4/7. But 

can you explain why we are allowed to remove that common factor of 3 from its top and bottom? This is 

no idle question. People who don’t understand why fractions can be reduced (even if they know how to 

reduce them) tend to botch the analogous algebraic operation, which we’ll discuss in the next section. 

We “reduce” a fraction by throwing out factors that are common to its numerator and denominator. 

An example will show exactly why we can do this: 

12

21
=
4 ∙ 3

7 ∙ 3
=
4

7
∙
3

3
=
4

7
∙ 𝟏 =

4

7
 .† 

Thus, reducing a fraction is really nothing more than eliminating a hidden factor of 1. Very simple. 

 

Exercises. 

25. Reduce the following fractions:    
36

48
 ,    

14

42
 ,     

98

100
 .   

26. Simplify  
208 ∙ 144

12 ∙ 104
  by hand, without computing 208 ∙ 144  or 12 ∙ 104.  Justify each step in your work. 

27. Are the following three expressions equal? If so, prove it. If not, explain why not:    −
𝑎

𝑏
,     

−𝑎

   𝑏
,     

   𝑎

−𝑏
 . 

28. Explain why  𝑎 (
𝑏

𝑐
) =

𝑎𝑏

𝑐
 .  (This is another algebraic fact that we use all the time without thinking about it.)

                                                           
* Since equations can be read “backwards” as well as forwards, Intuitive Fraction Rule 1 can be read as 𝑎 (

1

𝑏
) =

𝑎

𝑏
. 

† Notice that the second equals sign is justified by the multiplication rule for fractions. 

 

Multiplication Rule for Fractions.  

To multiply fractions, we multiply the tops, and multiply the bottoms. 

Or in symbols, 

𝒂

𝒃
∙
𝒄

𝒅
=
𝒂𝒄

𝒃𝒅
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Cancelling Above and Below the Bar 
“And may there be no moaning of the bar, 
  When I put out to sea.” 

    - Alfred Lord Tennyson, Crossing the Bar 

Everyone knows that we can simplify  (𝑎𝑏 + 𝑎) 𝑎⁄   by cancelling some 𝑎’s, but not everyone knows why. 

Consequently, many students produce incorrect “simplifications” (such as 𝑎𝑏 or 𝑏 + 𝑎). Those who truly 

understand algebra never make such mistakes, for they know that cancelling is nothing more than 

discarding a hidden factor of 1. The logic here is the same as with reducing ordinary fractions. 

Example.   Simplify  
𝑎𝑏 + 𝑎

𝑎
 .  

Solution.   
𝑎𝑏 + 𝑎

𝑎
=
𝑎(𝑏+1)

𝑎
      (factoring out the 𝑎 in the numerator) 

                           =
𝑎

𝑎
∙
𝑏+1

1
     (by the multiplication rule for fractions) 

                = 𝑏 + 1. (since 𝑎/𝑎 = 1)   ♦ 

I repeat: “cancelling above and below the bar” is just shorthand for discarding a hidden factor of 1. It is 

essential that you understand this thoroughly. Whenever you are tempted to “cancel” something from 

above and below a fraction bar, just ask yourself if you can separate it off as a factor of 1. If so, you can 

cancel; if not, you can’t. That’s all there is to it.  

 

You can’t cancel in other circumstances because there is no logical justification for doing so. 

Mathematics is justified by logic, even if “math” is all too often justified by the teacher’s authority.  

 

Exercises. 
29. The crucial word in the summary above is factor. Lest there be any confusion at all, please recall that 

𝑘 is a factor of an algebraic expression if the expression can be written in the form 𝑘 × (𝑠𝑜𝑚𝑒𝑡ℎ𝑖𝑛𝑔). 

[For example, 3𝑥2 is a factor of 6𝑥3𝑦2 because we can write the latter as 3𝑥2(2𝑥𝑦2).] 

a) Is 2𝑎2𝑏2 a factor of 4𝑎2𝑏2 − 18𝑎5𝑏3? If so, explain why. If not, explain why not. 

b) Provide a definition for a term of an algebraic expression (similar to the definition of a factor above). 

c) Can a term common to a fraction’s top and bottom be canceled? If so, prove it. If not, provide a 

counterexample. 

d) Simplify the following expressions as much as possible:   
𝑎2𝑏

𝑎𝑏2
 ,    

3𝑥 + 3𝑥𝑦

6𝑥𝑦𝑧
,     

5𝑎

5𝑎 + 10𝑏 − 15𝑐
 ,     

𝑐2 − 𝑑2

𝑐  +  𝑑
 

30.  One of my favorite mathematical jokes:  
16

64
=
1

4
 . Discuss. 

Summary: “Cancelling” above and below the fraction bar 

If the top and bottom of a fraction have a common factor, you can “cancel” it from both places. 

You cannot cancel above and below a fraction bar under any other circumstance.  
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The Old Multiply By 1 Trick 

To reduce a fraction, we remove a factor of 1. Surprisingly, introducing a factor of 1 can also be useful. 

Multiplying a fraction by a judiciously disguised 1 preserves the fraction’s value but changes its form to 

something more convenient. I call this “the multiply by 1 trick”. It nicely captures the spirit of algebra.* 

Here’s an easy example of it in action: 3 5⁄  is how many twentieths? To answer this question, we 

observe that multiplying our fraction’s bottom by 4 would change it to 20, which is just what we want. 

Good news: We can get what we want if we also multiply the top by 4, because the net effect will be 

multiplying the fraction by 1, which preserves its value. Thus,  

3

5
=
3

5
∙
𝟒

𝟒
=
12

20
 

Such is the old multiply by 1 trick. Now let’s see it in a more substantial application.  

 

Dividing Fractions 

“It’s not yours to wonder why, 

  Just invert and multiply.” 

    - Mr. Anonymous  

Everyone knows the rule for dividing fractions, but few know why it works. The explanation, however, is 

simple if you understand the old multiply by 1 trick. Watch for it in the proof below. 

 

Proof.    
  
𝑎

𝑏
  

  
𝑐

𝑑
  
=
  
𝑎

𝑏
  

  
𝑐

𝑑
  
∙
  
𝒅

𝒄
  

𝒅

𝒄

 (multiplying by 1 preserves a number’s value) 

                =
  
𝑎𝑑

𝑏𝑐
  

1
    (multiplication rule for fractions) 

              =
𝑎𝑑

𝑏𝑐
    (dividing by 1 preserves a number’s value) 

             =
𝑎

𝑏
∙
𝑑

𝑐
     (multiplication rule for fractions)             ■ 

    

Having proved the theorem, let’s consider a typical algebraic example in which we can apply it.  

                                                           
* There is an analogous “add 0” trick, which we use, for example, when completing the square, a trick you’ll meet in Chapter 3. 

A good name for an algebra book would be The Art of Adding Zero and Multiplying by One. 

Division Rule for Fractions.  

To divide one fraction by another, we “invert and multiply.” In symbols, 

  
𝒂
𝒃
  

𝒄
𝒅

=
𝒂

𝒃
∙
𝒅

𝒄
 



Precalculus Made Difficult  Chapter 1: Fractions and So Forth 

14 
 

Problem.    Simplify  
  
𝑎2 − 𝑏2

𝑐
  

𝑎 − 𝑏

𝑐2

 .  

Solution.      
  
𝑎2 − 𝑏2

𝑐
  

𝑎 − 𝑏

𝑐2

=
𝑎2 − 𝑏2

𝑐
∙
𝑐2

𝑎−𝑏
      (“invert and multiply”) 

   =
(𝑎2 − 𝑏2)𝑐2

𝑐(𝑎 − 𝑏)
         (multiplication rule for fractions) 

   = 
(𝑎2 − 𝑏2)𝑐

(𝑎 − 𝑏)
           (cancelling a factor of 𝑐 from top and bottom) 

   =
(𝑎 − 𝑏)(𝑎 + 𝑏)𝑐

(𝑎 − 𝑏)
    (factoring a difference of squares) 

   = (𝑎 + 𝑏)𝑐          (cancelling a factor of (𝑎 − 𝑏) from top and bottom).   ♦ 

Note how each step in our solution was justified by something whose validity we established earlier. 

Thus, if you’ve understood all we’ve done so far, such problems should pose no real difficulties.  

 

Exercises 

31. True or False? Explain why each true statement is true: 

       a) 
3𝑎 + 𝑎2

3𝑎
= 1 + 𝑎2        b) 

3𝑎 + 𝑎2

3𝑎
=
3 + 𝑎

3
            c) 

6𝑎 + 6+ 12

6
= 𝑎 + 3          d) 

2𝑥 + 5

10
=
𝑥 + 5

5
 

       e) 
9 − 𝑥2

𝑥2 + 3𝑥
=
3−𝑥

𝑥
         f) 

4

12𝑥 + 8
=

1

3𝑥 + 2
           g) 

2𝑏 + 3𝑐 + 4𝑑

2𝑏 + 5𝑎
=
3𝑐 + 4𝑑

5𝑎
       h) 

2𝑏 + 5𝑎

2𝑏 + 3𝑐 + 4𝑑
=

5𝑎

3𝑐+4𝑑
 

       i) 
𝑎2𝑏4𝑐19

𝑎𝑏3𝑐20
=
𝑎𝑏

𝑐
                 j) 

𝑎2𝑏4

𝑎𝑏3 + 𝑎𝑏
=

𝑎𝑏3

𝑏2 + 1
          k) 

(𝑎+𝑏)(𝑐+𝑑)

𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑
= 1        l) 

3𝑥 − 6𝑢𝑥

9𝑥2 − 12𝑢𝑥
=

1 − 2𝑢

3𝑥 − 4𝑢
  

32. The expression 𝑛! (“𝑛 factorial”) is shorthand for the product of the first 𝑛 whole numbers. 

(For example, 5! = 5 ∙ 4 ∙ 3 ∙ 2 ∙ 1 = 120.) Your problem: Simplify the expression 
98!

100!
 . 

33. True or false: 
  
𝑎

𝑏
  

𝑐
=

𝑎

  
𝑏

𝑐
  
. Explain why it’s crucial to draw one fraction bar longer than the other in such fractions. 

34. If you swap a fraction’s top and bottom, the result is called the original fraction’s reciprocal. (Thus, the 
reciprocal of 2/3 is 3/2.) A useful fact: If you divide 1 by a fraction, you obtain the fraction’s reciprocal. 

a) Prove the preceding “useful fact”, remember it, and use it whenever such expressions arise from now on. 

b) Simplify the following:   
1

  
𝑥

𝑦2
  
 ,     

1

  
2𝑥 + 𝑦

42
  
 ,     

1

  
1

𝑎𝑏
  
 ,    

  
1

𝑏
  

𝑐
 .  [Careful with that last one. Remember exercise 33.] 

35. Show how to use the multiply by 1 trick to write 
−2𝑥

𝑥 − 1
 in the cleaner form 

2𝑥

1 − 𝑥
 . 

36. Simplify the following expressions as much as possible: 

a) 
𝑥2 − 4

(𝑥−4)(𝑥+4)
       b) 

𝑥2 − 16

(𝑥−4)(𝑥+4)2
      c) 

  
𝑥

𝑦
  

𝑧
       d) 

  
𝑎 + 𝑏

𝑐
  

𝑑
       e) 

  
𝑎 + 𝑏

𝑐
  

𝑐𝑑
       f) 

  
  
𝑎
𝑏
  

𝑐
  

𝑏𝑑
∙
𝑏2

𝑎2
       g) 

1∙2∙3∙4∙5∙6∙7∙8∙9∙10

4∙5∙6∙7∙8∙9∙10
 

h) 
3𝑎 + 2𝑏

9𝑎2 − 4𝑏2
           i) 

3𝑥2 − 15𝑥

15𝑥 − 3𝑥2
         j) [(

𝑎𝑏

𝑐𝑑
∙
𝑎𝑐

𝑏𝑑
) ÷

𝑑2

𝑎2
]
𝑎4

𝑑2
           k)  

10𝑥2 − 10𝑥 − 60

5𝑥 + 10
        l)  

  
2𝑥2 − 3𝑥 − 2

2𝑥 + 1
  

𝑥 − 2

5

 . 
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(A Parenthetical Aside (on Parentheses)) 

Algebra is generalized arithmetic: Algebraic expressions represent unspecified numbers. Often, we can 

view the same expression in multiple ways. Consider 3𝑑 − 𝑐. We can view this as a representation of 

one number (3𝑑 − 𝑐), or as the difference of two numbers (3𝑑 and 𝑐), or as a combination of three 

numbers (3, 𝑑, and 𝑐). Whenever we wish to emphasize that we are thinking of an algebraic expression 

as a single number – a single package – we do so by enclosing it in parentheses. This brings us to this 

brief section’s central idea:  

For example, if we wish to subtract 3𝑑 − 𝑐 from 2𝑑 + 𝑐, we form the difference (2𝑑 + 𝑐) − (3𝑑 − 𝑐). 

The first set of parentheses isn’t preceded by anything that needs to be distributed, so we can drop 

them when we simplify. But before we remove the second set, we must distribute that pesky negative. 

Carrying out these simplifications, we obtain:  

(2𝑑 + 𝑐) − (3𝑑 − 𝑐) = 2𝑑 + 𝑐 − 3𝑑 + 𝑐 = 2𝑐 − 𝑑. 

You’ll eventually reach the stage at which you never mistakenly omit parentheses. At that point, you’ll 

be able to do much of this mentally, but until then, for your own sake, write it out.  

Naturally, all I’ve written in this section about parentheses applies to other grouping symbols, such 

as brackets, which we use to mitigate clutter in expressions such as [3𝑎 − (𝑎 + 𝑏)][(𝑎 − 𝑏)(𝑎 + 𝑏)]. 

 

Exercises 

37. Remove all grouping symbols and simplify: 

a) (−2𝑎 − 𝑏) − [5𝑎 − (3𝑎 + 3𝑏) − (𝑎 − 𝑏)]   

b)  𝑥 − (𝑥 − 𝑦 + 𝑧) + [𝑥 − 𝑦 − (𝑧 + 𝑦 + 𝑥)] 

c)   𝑎 − [𝑎 + (𝑎 − (𝑎 + 𝑎))] − 𝑎 

38. Subtract  2𝑥2 + 𝑥 − 1  from  −𝑥2 + 5𝑥 + 1. 

  

When combining algebraic expressions, we think of each one as representing a single number. 

Hence, we initially enclose each expression in parentheses. We can remove the parentheses in 

subsequent steps, provided we distribute any negatives or constant factors preceding them. 
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Adding and Subtracting Fractions  

To add (or subtract) fractions with the same denominator, we just add (or subtract) their numerators, 

putting the result over their common denominator. This much is clear even to pizza-mad schoolchildren: 

Suppose a pizza is sliced into 10 equal pieces. A child with one piece (1/10 of the pie) who filches two 

more (2/10 of the whole) from inattentive classmates now has 3/10 of the whole pie.  

But what if the fractions have different denominators? Mathematicians, lazy by nature, like to solve 

new problems by transforming them into old problems that we already know how to solve. Let’s be lazy: 

To add or subtract fractions with different denominators, we’ll use the “multiply by 1 trick” to transform 

them into fractions with the same denominator. This common denominator should ideally be a simple 

multiple of both of the original denominators. Here’s a typical example: 

Problem.  
5

6
−

1

10
 . 

Solution.  We need a denominator that is a multiple of both 6 and 10. The smallest possibility is 30, 

so we’ll use the “multiply by 1 trick” to change those sixths and tenths into thirtieths: 

     
5

6
−

1

10
= (

5

6
∙
𝟓

𝟓
) − (

1

10
∙
𝟑

𝟑
)    (the “multiply by 1 trick”)     

    =
25

30
−

3

30
   (by the multiplication rule for fractions) 

    =
22

30
    (subtracting fractions with the same denominator) 

     =
11

15
     (reducing the fraction).   ♦ 

 

If you understand that one example, you understand them all. I won’t belabor the point.  

Algebra is generalized arithmetic, so the rules for numerical fractions work for algebraic fractions, 

too. For example, to subtract algebraic fractions with the same denominator, we just subtract their 

numerators. We must, however, take care with parentheses!  

Example 1. Subtract 
3𝑑 − 𝑐

𝑐√𝑏
  from  

14𝑑2 + 2𝑑 + 𝑐

𝑐√𝑏
 and simplify the result (if possible). 

Solution.     
14𝑑2 + 2𝑑 + 𝑐

𝑐√𝑏
−
3𝑑 − 𝑐

𝑐√𝑏
=
(14𝑑2 + 2𝑑 + 𝑐) − (3𝑑 − 𝑐)

𝑐√𝑏
     (note the parentheses!) 

                           =
14𝑑2 + 2𝑑 + 𝑐 − 3𝑑 + 𝑐

𝑐√𝑏
    

                           =
14𝑑2 − 𝑑 + 2𝑐

𝑐√𝑏
 .          ♦ 

Be sure you understand those parentheses in the first step: When subtracting two fractions with a 

common denominator, the new numerator is the difference of the two original numerators; each of 

these was an algebraic expression, so to subtract them, we had to think of each as a single package. 

Consequently, we had to enclose each of them in parentheses. Had we omitted the parentheses, we 

would have ended up with the wrong numerator, and hence the wrong answer. 
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To add or subtract algebraic fractions with different denominators, we use – just as you’d expect – 

the “multiply by 1 trick” to supply the fractions with a common denominator. For example,  

Example 2. Add and simplify:  
3

2𝑎2𝑏
+

7

6𝑎𝑏
 . 

Solution. For a common denominator, we need a multiple of 2𝑎2𝑏 and 6𝑎𝑏. The “smallest” such 

denominator is 6𝑎2𝑏. Using the “multiply by 1 trick,” we’ll convert to this new denominator. 

          
3

2𝑎2𝑏
+

7

6𝑎𝑏
= (

3

2𝑎2𝑏
∙
𝟑

𝟑
) + (

7

6𝑎𝑏
∙
𝒂

𝒂
)  (the “multiply by 1 trick”)     

    =  
9

6𝑎2𝑏
+

7𝑎

6𝑎2𝑏
    

    =  
9 + 7𝑎

6𝑎2𝑏
  ♦    

After you’ve become comfortable adding and subtracting fractions with different denominators, you 

need not write out every step. In practice, we usually condense the process as follows:* 

If we re-do the previous example using this shortcut addition rule, we’ll have somewhat less to write. 

Taking 6𝑎2𝑏 as our common denominator, the addition rule quickly tells us that   

3

2𝑎2𝑏
+

7

6𝑎𝑏
=
3(𝟑) + 7(𝒂)

6𝑎2𝑏
=
9 + 7𝑎

6𝑎2𝑏
 . 

Beginning students frequently make mistakes when subtracting fractions – usually because they omit 

necessary parentheses. Be especially careful when subtracting. 

Example 3. Subtract and simplify:   
3

𝑥 − 5
−
2𝑥 − 1

𝑥 + 5
 .  

Solution.  
3

𝑥 − 5
−
2𝑥 − 1

𝑥 + 5
=
[3(𝒙 + 𝟓)] − [(2𝑥 − 1)(𝒙 − 𝟓)]

(𝑥 − 5)(𝑥 + 5)
      (by the subtraction rule) 

                          =
[3𝑥 + 15] − [2𝑥2 − 11𝑥 + 5]

(𝑥 − 5)(𝑥 + 5)
        (distributing within the brackets) 

                        =
3𝑥 + 15 − 2𝑥2 + 11𝑥 − 5

𝑥2 − 25
             (distributing a minus; difference of squares) 

                      =
−2𝑥2 + 14𝑥 + 10

𝑥2 − 25
                    (combining like terms)  ♦ 

                                                           
* Using the smallest such multiple will make your subsequent work neater. 

 

Addition and Subtraction Rule for Fractions.  

We find the denominator (a so-called “common denominator”) as follows:  

Take any multiple of the given denominators.*  

We find the numerator as follows: 

Multiply each given numerator by the factor that will turn its denominator into the common 

denominator. These products will be the terms in the new numerator.  
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Exercises 

39. Carefully explain why  
7

6
+

3

10
=
22

15
 . 

40. Simplify the following expressions. 

       a)  (
2

3
 + 
3

5

  
7

11 
 − 
1

2
  
+
3

4
)
1

2
                     b) −

3

7
−
2

3
(
1

2
−
2

5
)                   c)  1 − [(

− 
2

3
   

    
8

9
   
) ÷ (

2

3
−
−8  

    7  
)] 

41. In Example 2 above, we took 6𝑎2𝑏 as our common denominator. Suppose we had used 12𝑎3𝑏2 instead. Would 

this have changed the result? Work it out this way and see. 

42. Express as a single fraction, and simplify as much as possible: 

a) 
3

5
+
𝑎 − 3

5
                    b) (

3

5
) (

𝑎 − 3

5
)          c) 

𝑎 + 𝑏

15𝑏
−
𝑎 − 𝑏

15𝑏
             d) 

5𝑥

𝑦
+

𝑦

5𝑥
             

e) 
3

4𝑎𝑥2
+

𝑥

2𝑎
                   f) 

2𝑥 − 3

𝑥 − 2
−
𝑥 − 4

𝑥 − 2
         g) 

2

𝑥𝑦
+

3

𝑦𝑧
+

4

𝑥𝑧
            h) 

1

𝑥
−

2

𝑥2
+

3

𝑥3
−

4

𝑥4
            

i) 
2

𝑥(𝑥 + 1)
−

(𝑥 − 2)

𝑥(𝑥 − 1)
           j) 

3

𝑎 − 3
−
2

𝑎
                 k) 3 −

1

2𝑥 + 1
             l) 1 −

1 + 𝑥

1 − 𝑥
           

m) 
1

𝑥 + ℎ
−
1

𝑥
         n)  

1

𝑥
−

2

𝑥2
+

3

𝑥(𝑥−1)
−

4

(𝑥−1)2
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Last Words and One Nasty Example 

You can now add, subtract, multiply, and divide any two algebraic fractions. There are no lingering 

mysteries; you are fully initiated. Should you ever need to combine seventeen fractions linked in all sorts 

of intricate arithmetical ways, you have all the knowledge necessary to do that, too. All you have to do is 

slow down and take each piece in order. It may be tedious, but it shouldn’t be difficult. 

To illustrate my point, I offer one last example. If you have understood everything so far in this 

chapter, it should pose no conceptual difficulties, even though it is rather involved. 

Problem. Simplify:   

2

𝑥 − 2
  –  

𝑥 + 1

𝑥 + 2
3𝑥 − 7

𝑥2 − 4

+
      

2

𝑥2
  

−5
 . 

Solution. Before we begin hacking away at this expression, let’s consider it from a distance to 

convince ourselves that, despite appearances, it really is quite harmless. Ignoring its details, we 

observe that it consists of two complicated terms. The first term looks especially nasty, but isn’t: 

When we subtract the two fractions in its numerator, we’ll get a single fraction, which we can 

then divide by the fraction in its denominator. The result of that division will again be a single 

fraction. Thus, it’s obvious that after some work, we can rewrite the first term as a single fraction.  

You can probably simplify the second term in your head, turning it into a single fraction, too. 

Then, all that will remain is to add two ordinary algebraic fractions – a very easy task. 

Having watched the preliminary dumbshow, we’ll now proceed to the actual details of 

calculation, confident that, at least in outline, we already know how matters will work out. 

The first term’s numerator is 

                 
2

𝑥−2
 –  

𝑥+1

𝑥+2
=
[2(𝑥+2)] − [(𝑥−2)(𝑥+1)]

(𝑥−2)(𝑥+2)
          (note the brackets!)  

         =
[2(𝑥+2)] − [(𝑥−2)(𝑥+1)]

𝑥2−4
        (difference of squares) 

           =
[2𝑥+4] − [𝑥2−𝑥−2]

𝑥2−4
        (distributing within the brackets) 

           =
2𝑥 + 4 − 𝑥2 + 𝑥 + 2

𝑥2−4
        (removing brackets, distributing the negative) 

           =
−𝑥2 + 3𝑥 + 6

𝑥2−4
         (combining like terms). 

Now that we’ve simplified the first term’s numerator, we’ll divide it by the first term’s 

denominator. Doing so, we find that the entire first term simplifies to 

  
−𝑥2 + 3𝑥 + 6

𝑥2 − 4
  

3𝑥 − 7

𝑥2 − 4

=
−𝑥2 + 3𝑥 + 6

𝑥2 − 4
∙
𝑥2 − 4

3𝑥 − 7
        (division rule for fractions)  

          =
(−𝑥2 + 3𝑥 + 6)(𝑥2 − 4)

(𝑥2 − 4)(3𝑥 − 7)
        (multiplication rule for fractions) 

          =
−𝑥2 + 3𝑥 + 6

3𝑥 − 7
         (cancelling (𝑥2 − 4) above and below the bar). 
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Having reduced the first term to something manageable, we can tackle the original problem: 

  
2

𝑥 − 2
  –  

𝑥 + 1

𝑥 + 2
  

3𝑥 − 7

𝑥2 − 4

+
  
2

𝑥2
  

−5
=
−𝑥2 + 3𝑥 + 6

3𝑥 − 7
+
  
2

𝑥2
  

−5
                (by our work on the first term above) 

=
−𝑥2 + 3𝑥 + 6

3𝑥 − 7
−

2

5𝑥2
                    (division of fractions, second term) 

=
[(−𝑥2 + 3𝑥 + 6)(5𝑥2)] − [2(3𝑥 − 7)]

(3𝑥 − 7)(5𝑥2)
           (subtraction rule for fractions) 

=
[−5𝑥4 + 15𝑥3 + 30𝑥2] − [6𝑥 − 14]

15𝑥3 − 35𝑥2
  (a great flurry of multiplication) 

=
−5𝑥4 + 15𝑥3 + 30𝑥2 − 6𝑥 + 14

15𝑥3 − 35𝑥2
 .              (removing brackets upstairs) ♦ 

 

There were many steps in that last problem, but each was simple. Occasional mistakes in such problems 

are inevitable, but bear in mind that there are mistakes and mistakes. Accidentally writing 3 × 3 = 6 in 

the midst of a larger problem is wrong, but it obviously isn’t a conceptual error. On the other hand, 

omitting crucial parentheses, forgetting to distribute negatives, or botching the multiply by 1 trick are 

serious mistakes that most likely do stem from conceptual misunderstandings. If you intend to take 

further mathematics courses, you need to clear up any and all such misunderstandings immediately. 

Those courses will give you plenty of new material to think about; if you are still struggling with basic 

algebra at that stage, you won’t see the forest for the trees. 

 

Exercises  

43. Simplify as much as possible:  

a) 
1

   
𝑏 − 𝑐

𝑏 + 𝑐
   

    b) 
   

1

𝑏 − 𝑐
   

𝑏 + 𝑐
 c) (

1

  
1

𝑏−𝑐
  
) (𝑏 + 𝑐) d) (

1

1

𝑏−𝑐
)𝑏 + 𝑐 

44. True or false (explain your answers): 

a) −32 = 9  

b) – 𝑥 always represents a negative number.    

c) (−3)2 = −9            

d)  𝑎 − 𝑏 = −(𝑏 − 𝑎).   

e) 
(2𝑥 + 1)[(3𝑥 − 7) + (𝑥2 + 1)]

(2𝑥 + 1)(𝑥3 + 8)
=
(3𝑥 − 7) + (𝑥2 + 1)

𝑥3 + 8
 

 f)   
(2𝑥 + 1)(3𝑥 − 7) + (𝑥2 + 1)

(2𝑥 + 1)(𝑥3 + 8)
=
(3𝑥 − 7) + (𝑥2 + 1)

𝑥3 + 8
      

 g)  
𝑎 + 𝑏

𝑐 + 𝑑
=
(𝑎 + 𝑏)

(𝑐 + 𝑑)
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45. Express as a single fraction – and simplify as much as possible: 

a) 
3

𝑥 − 2
+

1

2 − 𝑥
      [You may find Exercise 44d useful.]  

b) 
  
1

𝑥 + ℎ
 − 
1

𝑥
  

ℎ
        

c) 
(𝑥 + ℎ)2 − 𝑥2

ℎ
 

d) 
(𝑎 − 𝑏2)(𝑎 + 𝑏2)

𝑎2 − 𝑏4
∙
𝑎 + 

1

𝑎

𝑎
                   

e) [
5𝑥 + 4

𝑥 + 1
−
−3𝑥2 + 9𝑥 + 4

(𝑥 + 1)2
] ÷ (

4𝑥3

(𝑥 + 1)2
)     

f) 1 +
1

𝑥 − 1
           

g) 
1

1 + 
1

𝑥 − 1

          

h) 
1

1 − 
1

1 − 
1

1 + 
1
𝑥

           

i)  
   

1

𝑎 + 𝑏
 + 

1

𝑎 − 𝑏
   

3𝑎

2
 − 
4𝑎

3

          

j) (
𝑥2

1 + 𝑥2
∙
(1 + 𝑥2)(−𝑥2)

𝑥4
) (𝑎 − 𝑏) 

46. Early in the chapter, I claimed that all of fractional arithmetic follows logically from “two intuitive rules”:  

𝑎

𝑏
= 𝑎 (

1

𝑏
)   and   (

1

𝑎
) (

1

𝑏
) =

1

𝑎𝑏
. 

Now that you know all the rules of fractional arithmetic, it’s worth reexamining my claim. I explicitly pointed 

out in the text how the multiplication rule for fractions follows directly from the two intuitive rules. What 

about cancelling factors above and below the bar? Well, we saw that this operation is really just a matter of 

detaching a hidden factor of 1, like so: 

6𝑎𝑏

3𝑏𝑐
=
3𝑏 ∙ 𝑎

3𝑏 ∙ 𝑐
= (
3𝑏

3𝑏
) (
𝑎

𝑐
) = 1 (

𝑎

𝑐
) =

𝑎

𝑐
 . 

The “detachment” (at the second equals sign) justified by the multiplication rule… which was built on the two 

intuitive rules. (The other steps are justified by completely obvious facts such as “multiplying by 1 doesn’t 

change anything” or “anything divided by itself is 1”.) Thus cancellation above and below the bar is ultimately a 

logical consequence of the two intuitive rules. 

a) Convince yourself that the “multiply by 1 trick” is ultimately justified by the two intuitive rules. 

b) Do the same for the division rule for fractions. 

c) Do the same for the addition and subtraction rule for fractions. 

d) Congratulate yourself: You’ve now seen that the whole vexed subject of fractions is actually quite simple, 

built up from just a few intuitive rules and the logical consequences thereof. 
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Whole Number Exponents 
“By relieving the brain of all unnecessary work, a good notation sets it free to concentrate 

on more advanced problems, and in effect increases the mental power of the race.” 

– Alfred North Whitehead 

 

Mathematical notations develop over time. For example, what we now write as 𝑥2 was once written 𝑥𝑥. 

It’s possible to read 𝑥𝑥 at a glance, but not 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥, so a shorthand was adopted: 

This notation has important algebraic properties that one can discover just by playing with it for a bit. 

For example, if we think about a specific example such as this 

  𝑥5𝑥11 = 𝑥𝑥𝑥𝑥𝑥𝑥⏞    
5 times

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥⏞        
11 times

      (by definition of whole number exponents) 

    = 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥⏞            
5+11 = 16 times

  

    = 𝑥16            (by definition of whole number exponents), 

we quickly discern a more general principle: 𝒙𝒏𝒙𝒎 = 𝒙𝒏+𝒎 for any whole number exponents 𝑛 and 𝑚. 

This is the first of five basic exponent rules. The other four are equally natural and easy to understand. 

Here is the full set, which you should learn immediately: 

Commit these rules to memory, but should your memory ever fail you, you should be able to recover 

any of these rules in a few seconds by scribbling a specific numerical example on some scratch paper. 

(Example: What is (𝑥𝑦)𝑚? Well… (𝒙𝒚)𝟑 = 𝑥𝑦 ∙ 𝑥𝑦 ∙ 𝑥𝑦 = 𝑥𝑥𝑥 ∙ 𝑦𝑦𝑦 = 𝒙𝟑𝒚𝟑. Ah, yes: (𝑥𝑦)𝑛 = 𝑥𝑛𝑦𝑛.)  

Exponent Rule        Illustration/Explanation  

1.  𝒙𝒏𝒙𝒎 = 𝒙𝒏+𝒎   𝑥5𝑥3 = 𝑥𝑥𝑥𝑥𝑥 ∙ 𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥8 

2.   
𝒙𝒏

𝒙𝒎
= 𝒙𝒏−𝒎        

𝑥5

𝑥3
=
𝑥𝑥𝑥𝑥𝑥

𝑥𝑥𝑥
=
𝑥𝑥𝑥𝑥𝑥

𝑥𝑥𝑥
= 𝑥𝑥 = 𝑥2 

3.    (𝒙𝒏)𝒎 = 𝒙𝒏𝒎     (𝑥3)2 = 𝑥3 ∙ 𝑥3 =  𝑥𝑥𝑥 ∙ 𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥6  

4. (𝒙𝒚)𝒏 = 𝒙𝒏𝒚𝒏   (𝑥𝑦)3 = 𝑥𝑦 ∙ 𝑥𝑦 ∙ 𝑥𝑦 = 𝑥𝑥𝑥 ∙ 𝑦𝑦𝑦 = 𝑥3𝑦3 

5.   (
𝒙

𝒚
)
𝒏

=
𝒙𝒏

𝒚𝒏
         (

𝑥

𝑦
)
3

=
𝑥

𝑦
∙
𝑥

𝑦
∙
𝑥

𝑦
=
𝑥3

𝑦3
 . 

Definition (Whole Number Exponents).  For each whole number 𝑛, we define  

𝑥𝑛 = 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥⏞      
𝑛 𝑡𝑖𝑚𝑒𝑠

 

The Five Exponent Rules 

1.  𝑥𝑛𝑥𝑚 = 𝑥𝑛+𝑚      2.  
𝑥𝑛

𝑥𝑚
= 𝑥𝑛−𝑚      3. (𝑥𝑛)𝑚 = 𝑥𝑛𝑚     4. (𝑥𝑦)𝑛 = 𝑥𝑛𝑦𝑛      5.  (

𝑥

𝑦
)
𝑛

=
𝑥𝑛

𝑦𝑛
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In the exercises, you’ll use these rules to simplify ugly expressions, such as the following. 

Example 1. Simplify as much as possible:   
(2𝑥4𝑥2)

3

𝑥3𝑥7
𝑥 . 

Solution.  
(2𝑥4𝑥2)

3

𝑥3𝑥7
𝑥 =⏞
Rule 1

(2𝑥6)
3

𝑥10
𝑥 =⏞
Rule 4

(23)(𝑥6)
3

𝑥10
𝑥 =⏞
Rule 3

8𝑥18

𝑥10
𝑥 =⏞
Rule 2

8𝑥8𝑥 =⏞
Rule 1

8𝑥9.      

In practice, you need not specify which exponent rule you use at each step. After doing many problems, 

you will have internalized the rules to such a degree that you’ll use them effortlessly. Here’s one more 

example, written without appeals to the numbered rules. As you read it, be sure that you can explain 

why each equality holds. (In some of them, multiple rules are used simultaneously.) 

Example 2. Simplify as much as possible:   
(𝑥3𝑦)

4
(
𝑥47𝑦

𝑥42
)
5

𝑥3𝑥34𝑦3
 . 

Solution.  
(𝑥3𝑦)

4
(
𝑥47𝑦

𝑥42
)
5

𝑥3𝑥34𝑦3
=
𝑥12𝑦4(𝑥5𝑦)

5

𝑥37𝑦3
=
𝑥12𝑦4𝑥25𝑦5

𝑥37𝑦3
=
𝑥37𝑦9

𝑥37𝑦3
=
𝑦9

𝑦3
= 𝑦6.    

 

Exercises.   
Simplify as much as possible.  

1.   𝑥14𝑥73   2.   𝑥13/𝑥7   3.   (𝑥4)5  

4.   𝑥11𝑥10𝑥9   5.    (𝑥3)2𝑥   6.   (2 (
𝑥8

𝑥7
) 𝑥2𝑥3)

4

  

7.   3(5𝑥2)3(4𝑥𝑥5)2   8.    [𝑝(𝑞2𝑟3)4]𝑝𝑞𝑟  9.   (
(𝑥𝑥2𝑥3𝑥5)

8

𝑥13
) (

𝑥21

𝑥34
)  

10. 
(
𝑥5

𝑥3
)
5

𝑥2(𝑥3𝑥4)2
∙
𝑥2(𝑥2)

4

𝑥4
    11.    

[𝑎2(𝑏3𝑎)
3
𝑎4]

2
[
𝑎𝑏𝑏2𝑏3𝑏4

𝑏7
]

𝑎2(𝑎5𝑏6)3
  12.  

((𝑥6)
7
)
8

(((𝑥2)3)4)5
∙

1

(𝑥11+12+13)(𝑥(9∙10))
2 
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Negative (and Zero) Exponents 
“One cannot escape the feeling that mathematical formulae have an independent existence 

and intelligence of their own, that they are wiser than we are, wiser even than their 

discoverers, that we get more out of them than we originally put in to them.”   

 - Heinrich Hertz 

In the previous section, exponent notation, which was born as shorthand (for repeated multiplication), 

begot five algebraic rules. In this section, the children – the five rules – will teach us how to improve 

their parents (the exponents), and as a result, we’ll extend the reach of exponents far beyond repeated 

multiplication. This is a classic instance of how “mere” notation can take on a life of its own and guide us 

towards deeper mathematics. 

We’ll begin by considering the possibility of raising something to the power of 0. What could 𝑥0 

even mean? Our definition from the previous section does not apply, since 0 is not a whole number. 

Still, one might reasonably argue that since, for whole numbers, 𝑥𝑛 represents the product we get when 

we multiply 𝑛 copies of 𝑥, the expression 𝑥0 ought to represent the product we get when we multiply 

zero copies of 𝑥. Well, zero copies of something is… nothing, so 𝑥0 ought to equal 0, right? 

Wrong. At least, this is wrong if we wish to preserve our exponent rules. If we insist on preserving 

those five rules (and we do insist), then we are compelled to agree that  

𝑥0 = 𝑥1−1 =⏞
rule 2 𝑥1

𝑥1
=
𝑥

𝑥
= 1. 

I repeat, if we insist on preserving the exponent rules, then we have no choice in the matter: We are 

forced to accept that the expression 𝑥0 must – if it is to have any meaning at all – equal 1. Here, our 

intuition (which suggests that 𝑥0 should be 0) clashes with the exponent rules (which insist that 𝑥0 is 1). 

Something has to give. Tradition dictates that intuition is the one that yields here, largely because the 

exponent rules continue to prove their mettle on far tougher terrain, where intuition is quite useless. 

What, for instance, can intuition make of 2−3? Nothing. On the other hand, the exponent rules, if we 

will only listen to them, will lead us to a perfectly sensible definition of 2−3, and, more generally, of 𝑥−𝑛: 

𝑥−𝑛 = 𝑥0−𝑛 =⏞
rule 2 𝑥0

𝑥𝑛
=
1

𝑥𝑛
= (
1

𝑥
)
𝑛

. 

Our exponent rules thus insist that to raise something to the power of – 𝑛, we must raise its reciprocal 

to the power of 𝑛. 

Examples.  2−3 = (
1

2
)
3
=
1

8
 .               (

2

3
)
−2
= (

3

2
)
2
=
9

4
 .               (−2)−10 = (−

1

2
)
10
=

1

1024
 .        

Consequently, raising something to the power of −1 is the same thing as taking its reciprocal:  

Examples.  13−1 =
1

13
 .               (

5

42
)
−1
=
42

5
 .              (−

27

14
)
−1
= −

14

27
 .              (. 01)−1 = 100.     

Remarkably, exponents capture not only repeated multiplication, but also reciprocation. We’ll soon see 

that they also capture square roots, and even 𝑛th roots. Thus, if we accept what our pushy (but wise) 

exponent rules are trying to teach us, we’ll be able to gather repeated multiplication, reciprocation, and 
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the extraction of roots under the single umbrella of exponentiation. Let us do so. This will greatly 

simplify mathematics in the long run. Here then are our formal definitions: 

Definitions (Negative and Zero Exponents). For any nonzero 𝑥, we define 𝑥0 and 𝑥−𝑛  as follows: * 

𝒙𝟎 = 𝟏,      and       𝒙−𝒏 = (
𝟏

𝒙
)
𝒏

. 

(Note in particular that raising something to the power of – 1 is the same thing as taking its reciprocal.) 

The five exponent rules still apply to zero and negative exponents, of course. You’ll soon have the 

opportunity to practice them again with problems such as the following: 

Example. Simplify as much as possible, and remove all negative exponents: (5𝑎3𝑏4𝑏−3)−2. 

Solution. (5𝑎3𝑏6𝑏−3𝑎−4)−2 = (5𝑎−1𝑏3)−2  (by exponent rule 1) 

            = (5 (
1

𝑎
)𝑏3)

−2
  (by definition of negative exponents) 

             = (
5𝑏3

𝑎
)
−2

 

             = (
𝑎

5𝑏3
)
2
  (by definition of negative exponents) 

             =
𝑎2

(5𝑏3)2
  (by exponent rule 5) 

             =
𝑎2

52(𝑏3)2
  (by exponent rule 4) 

             =
𝑎2

25𝑏6
   (by exponent rule 3)  

Here (as almost everywhere in algebra), there are many different paths that lead to the same answer.† 

So long as you apply the rules correctly, any such path is fine – though some may be more efficient than 

others. The key is to understand what you are doing. Whenever you write down an equals sign, you 

should be able to explain why the expressions on each side of it are in fact equal. 

The following algebraic trick often comes in handy when we work with exponents in fractions.  

Proof.  If 𝑥−𝑛 represents a factor of the numerator, the fraction must have the form (𝑥−𝑛𝑎) 𝑏⁄ .  

Manipulating this algebraically, we find that 

𝒙−𝒏𝒂

𝒃
=
(
1
𝑥𝑛 ) 𝑎

𝑏
=
  
𝑎
𝑥𝑛  

𝑏
=

𝒂

𝒙𝒏 𝒃
 . 

                                                           
* To see why the base 𝑥 must be nonzero, consider 30 again. We know 30 = 1 because 30 = 31−1 = 31/31 = 3/3 = 1. But try 

this for 00 and we find that 00 = 01−1 = 01/01 = 0/0, which is undefined since division by zero is impossible. Thus, the 
expression 00 remains undefined. Similarly, we can’t raise 0 to a negative power, since 0−𝑛 = (1/0)𝑛, which is undefined. 

† Another path: (5𝑎3𝑏6𝑏−3𝑎−4)−2 = (5𝑎−1𝑏3)−2 = 5−2(𝑎−1)−2(𝑏3)−2 =
1

25
𝑎2𝑏−6 =

1

25
𝑎2 (

1

𝑏6
) =

𝑎2

25𝑏6
 . 

Justifying each of those equals signs is a good exercise. 

Claim. In a fraction, if a factor of the numerator or denominator is raised to some power, 

            we can move it across the fraction bar, provided we change its exponent’s sign. 
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Thus, the net effect is that we can send the factor of 𝑥−𝑛 south if we change its exponent’s sign. 

(Moreover, reading the preceding chain of equalities backwards shows that a factor of 𝑥𝑛 in the 

denominator can be pushed across the bar to become a factor of 𝑥−𝑛 in the numerator.) A similar 

argument, whose details you should work out for yourself, shows that a factor 𝑥−𝑛 in a fraction’s 

denominator can be turned into a factor of 𝑥𝑛 in the numerator, or vice-versa.    ■ 

Examples.    
𝑥−5

𝑦
=

1

𝑥5𝑦
 .           

5𝑎−2

17𝑏−3
=

5𝑏3

17𝑎2
 .           

9𝑎−2

𝑎3
=

9

𝑎3𝑎2
=

9

𝑎5
 .           

𝑥2𝑦−3𝑧−1

𝑥−2𝑦5𝑧6
=

𝑥4

𝑦8𝑧7
 .    

Please bear in mind that this trick concerns factors of the numerator or denominator – not terms! 

 

Exercises.  
Exercises 13-22: Rewrite without any negative exponents, and simplify as much as possible. 

13.  3𝑥−3    14. (3𝑥)−3         15.  𝑎3𝑏3(𝑎−3 + 𝑏−3)       16.  8 (
𝑥2𝑦3𝑧−1

𝑥4𝑥17𝑦−2𝑧𝑧−3
)
0

 

17.  
𝑥13𝑦−9

𝑦2𝑥10𝑥−2
  18. (7𝑡3𝑝−2)(3𝑝2𝑡−2) (

1

7
𝑡−1)       19. (6𝑥𝑛𝑦𝑛−4)(2𝑥2𝑦𝑛+4) 

20. (
−2𝑎3𝑏−2

−8(𝑎2𝑏)3
)
−1

(
𝑎−2𝑎𝑏−1

𝑎3𝑏4
)
−2

         21. (𝑥 + 𝑦)(𝑥−1 + 𝑦−1)      22.  
((2𝑎−1)

−2
)
−3

32𝑎−5
+ 50 − 50 

23. Find the value of (((((2 5⁄ )−1)−1)−1)⋯ )−1 if this expression contains 1001 exponents, all of which are −1.  

24. Decide whether each statement is true or false. Also, for each false statement, rewrite the left-hand side so 

that it has neither negative exponents nor fractions within fractions.  

a)  
𝑎 + 𝑏−5

2𝑐
=

𝑎

2𝑐 + 𝑏5
 .                             b) 

5(𝑥 + 𝑦)−2𝑎2

2(𝑥 + 𝑦)𝑎−3
=

5𝑎5

2(𝑥 + 𝑦)3
 .                         c) 

𝑎 + 𝑏

𝑎−1 + 𝑑
=
𝑎2 + 𝑏

𝑑
 .                     

25. Explain why we defined 𝑥0 to be 1  (for 𝑥 ≠ 0).    

26. Explain why we defined 𝑥−𝑛 to be (
1

𝑥
)
𝑛
 (for 𝑥 ≠ 0). 

27. Some books define 𝑥−𝑛 to be  
1

𝑥𝑛
 . Is this equivalent to our definition? Why or why not?  

28. Is the expression 0−1 defined? If so, what is its value? If not, why not?  
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Radical Review   

Before discussing fractional exponents, we must review radicals. The most commonly encountered 

radicals are, of course, square roots. By definition, a square root of 𝒄 is any number whose square is 𝒄. 

Negative numbers lack square roots, since you can’t get a negative by squaring a real number. 

(Squaring a positive or a negative gives you a positive; squaring 0 gives you 0.) In contrast, all positives 

have two square roots: one positive, one negative. (The square roots of 9, for example, are 3 and −3.) 

The symbol √𝒄 specifically denotes 𝒄’s positive square root.* Thus, the two square roots of a positive 

number 𝑐 are √𝑐 and −√𝑐. (For example, the two square roots of 5 are √5 and −√5.) 

A particularly simple (and important) fact to keep in mind when working with square roots is that  

 

 

This is obvious: The defining property of any square root of 𝑐 is that… its square is 𝑐! 

 

Square roots are messy: Negative numbers don’t have them, but each positive number has two of them. 

Cube roots are much cleaner: Every number 𝑐 has one cube root (i.e. a number whose cube is 𝑐), which 

we denote by √𝑐
3

.  (Examples:  √216
3

= 6, since 63 = 216;    √−8
3

= −2, since (−2)3 = −8;    √0
3
= 0.)    

 

Like cube roots, other odd roots are clean: Every number 𝑐 has one 5th root, one 7th root, and so forth, 

which denote them by √𝑐
5

, √𝑐
7 , etc. (Example: √32

5
= 2, since 25 = 32.) 

Like square roots, other even roots are messy – but in familiar ways. Negative numbers lack even 

roots, since you can’t get a negative by raising a real number to an even power. Positive numbers have 

two of each even root: one positive, one negative. The symbols √𝑐
4 , √𝑐

6
, and so forth specifically refer to 

the positive even roots. 

 

Exercises. 
29. True or false? (Explain your answers.) 

a) −5 is a square root of 25         b) √25 = −5.         c) √25 = 5         d) √−25 = −5         e) √0 = 0 

f) −√25 = −5         g) √82 = 8         h) √(−8)2 = −8         i) (√8)
2
= 8         j) (√−8)

2
= −8 

k) (√8)
2
= 8         l) (√3)(√3) = 3        m) √9 16⁄ = 3 4⁄          n) −

1

2
  is a square root of  

1

4
         o) √

1

4
= −

1

2
         

30. We can add multiples of the same square root like multiples of apples: As 5 apples plus 4 apples is 9 apples, so 

5√2 + 4√2 = 9√2. We can justify this by factoring out the square root: 5√2 + 4√2 = (5 + 4)√2 = 9√2. 

You should be able to justify all your algebraic moves. I’ve seen students claim (wrongly) that √2 + √4 is √6, 

and then ask “Why can’t I do that?” A better question to ask yourself prior to any such move is “Why can I do 

this?” In this spirit, identify each of the following statements as true or false, and explain your answers. 

                                                           
* If 𝑐 = 0, there’s no ambiguity about which square root is meant, since zero’s only square root is 0. Thus, √0 is defined to be 0. 

(The same holds for zero’s cube root, fourth root, etc.) 

 (√𝑐)
2
= 𝑐   
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a) 2√5 + 3√5 = 5√5         b) (2√5)(3√5) = 6√5         c) (2√5)(3√5) = 30          d) 
6√7

2√7
= 3√7 

e) (3√5)
2
= 9√5       f) (3√5)

2
= 45      g) (−√3)

2
= 3        h) (−2√6)

2
= 24        i) −(2√2)

2
= −8 

31. Identify the logical flaw in this argument: 2 apples times 3 apples is 6 apples, so (2√5)(3√5) = 6√5. 

[Note well: The wrong “answer” is not the argument’s flaw; it’s just a consequence of the flaw. Find the flaw!] 

32. Simplify as much as possible: 

a) 11√11 − √11         b) 3√121 + 4√121 + 2√11 − 5√11        c) (3√2)(4√2)(5√1)        d) 
2√5

6√5
 

33. Goldilocks knows how to approximate square roots by hand. Since √3 is the positive number whose square is 3, 

she’ll try to guess its value, square her guess, and depending on the result, she’ll declare “This one is too big” 

or “This one is too small”. Then she’ll make an adjustment and try again. (Alas, no guess will ever be just right.) 

Suppose that her first guess is 2. Well, 22 is greater than 3, so Goldilocks now knows that 2 is too big to be √3. 

Hence, she tries 1. Since 12 is less than 3, she knows that 1 is too small. She has now shown that 1 < √3 < 2. 

How about 1.5? Well, (1.5)2 = 2.25, so 1.5 is too small. Thus 1.5 < √3 < 2. And so on and so forth. 

Your problem: using paper and pencil alone, determine the first two decimal places of √3.   

34. (Food for thought) Decimal approximations are useful; they let us compare numbers’ magnitudes at a glance. 

(Which, for instance, is bigger: √5𝜋 or 120/17? The answer is clear once we know that √5𝜋 ≈ 7.03 and 

120/17 ≈ 7.06.) However, in the midst of an algebraic problem, decimal approximations are nuisances at best 

and sources of error at worst.* To see this, contrast the following two calculations: 

What is 3 times 2/3?    (Obviously, the answer is 2). 

What’s 3 times 0.667? (The answer here is not obvious. Nor is it 2.) 

35. We know that (√𝑎)
2
= 𝑎. What if we reverse the order of the operations? Is √𝑎2 always equal to 𝑎? 

36. Explain why 64 has two square roots, but only one cube root. 

37. Explain why −27 has a cube root, but no square root. 

38. Explain why every positive number has two square roots, but only one cube root. 

39. Explain why every negative number has a cube root, but no square root.  

40. Explain why (√𝑎
3
)
3
= 𝑎. 

41. Simplify where possible:             

a) √216
3

             b) √−1
3

           c) 10√1000
3

           d) (√7
3
)
3
           e) −√−8

3
              f) (√6

3
)(√6

3
)(√6

3
)                   

g) √(711)3
3

       h) √2
3
+ √3

3
       i) √

8

−125

3
           j)  √

2

16

3
          k) √3√1

3
+ √−64

33
          l) √0

3
(√2 + √3

3
)         

m) √(√−343
3

+ √27
3

)
2
             n) (5√2

3
− 3√2

3
)
3
                o) (2√2

3
)(−3√2

3
) (

√2
3

3
) (√−1

3
) + √1

3
 

42. Simplify where possible:             

a) √32
5

               b) √−1
7

              c) √10√10000
4

           d) ( √−22
13

)
13

           e) −√81
4

            f) √
√27𝑎3
3

−3𝑎

5

  

                                                           
* A decimal approximation is a tradeoff: It is a deliberate error that we introduce because it increases comprehensibility. 

Sacrificing exactness for comprehensibility is a good tradeoff at a problem’s end, because if no further calculations are done, 
then the error’s size can’t grow. However, if we approximate too early, any subsequent calculations that we make are liable 
to magnify the introduced errors to an unacceptably large size.  
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Fractional Exponents   

The exponent rules can teach us how to define fractional exponents. We’ll first consider “unit fraction” 

exponents (those with a numerator of 1). Because one of our exponent rules tells us that (𝑥1 𝑛⁄ )
𝑛
= 𝑥, 

it follows that 𝑥1 𝑛⁄  is an 𝑛th root of 𝑥. Hence, we define 𝒙𝟏 𝒏⁄  to be √𝒙
𝒏
 . (Example: 161/2 = √16 = 4.) 

With this preliminary definition in hand, we can now determine the meaning of any fractional exponent: 

             𝑥𝑚 𝑛⁄ = (𝑥1 𝑛⁄ )
𝑚

 (by exponent rule 3) 

           = (√𝑥
𝑛
)
𝑚

  (by our definition of unit fraction exponents). 

That is, to raise something to the power of 𝑚/𝑛 is to raise its 𝑛th root to the 𝑚th power. 

 Examples.  82/3 = (√8
3
)
2
= 22 = 4;      (−32)3/5 = (√−32

5
)
3
= (−2)3 = −8;      811/4 = √81

4
= 3. 

The link between radicals and fractional exponents lets us convert any expression involving radicals into 

one involving exponents; these are usually easier to work with, thanks to the exponent rules’ simplicity.  

Problem. Simplify as much as possible: (√𝑥13
5

)(√𝑥8
3

)(√𝑥)
5

. 

Solution.  (√𝑥13
5

)(√𝑥8
3

)(√𝑥)
5
= (𝑥13/5)(𝑥8/3)(𝑥5/2) (by defn. of fractional exponents) 

= 𝑥(13 5⁄ ) + (8 3⁄ ) + (5 2⁄ ) (by exponent rule 1) 

= 𝑥233/30     

 

Usually, the order in which we perform operations matters; changing the order changes the outcome. 

(First you open the window, and then you put your head through.) So it may come as a surprise that the 

operations of taking a root and raising something to a power can be done in either order with no 

difference in outcome. Proving this curious – and sometimes useful – fact will reinforce the link between 

radicals and fractional exponents. 

Claim. (√𝑥
𝑛
)
𝑚
= √𝑥𝑚

𝑛
.   

Proof.  To prove this, we’ll compute 𝑥𝑚/𝑛 two ways. 

On one hand, 𝑥𝑚/𝑛 = (𝑥1 𝑛⁄ )
𝑚
= (√𝑥

𝑛
)
𝑚

.  

On the other, 𝑥𝑚/𝑛 = (𝑥𝑚)1 𝑛⁄ = √𝑥𝑚
𝑛

.  

Two things equal to a third are equal to one another, so √𝑥𝑚
𝑛

= (√𝑥
𝑛
)
𝑚

 as claimed.   ■ 

 

Definition (Fractional Exponents). We define fractional exponents as follows: 

𝑥𝑚/𝑛 = (√𝑥
𝑛
)
𝑚
. 

 (Note: 𝑥𝑚/𝑛 turns out to be equal to √𝑥𝑚
𝑛

 as well, as will be explained below.) 
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Exercises  

43. Rewrite each of the following radical expressions in terms of exponents, and simplify if possible. 

a) √𝑥          b) √𝑦
3          c) √15

5
         d) √𝑧5

3
        e) ( √𝑡

10
)
3
        f) √𝑎9

3
(√𝑎)

4
(√𝑎2
3
)
6
        g) √𝑎𝑏

𝑛
 

44. Rewrite each of the following in terms of radicals. 

a) 𝑥1/5        b) 𝑦2/3       c) 3−1/4        d) (𝑎 + 𝑏𝑐)3/8        e) 20.5       f) 𝑤−1.5 

45. Explain why √𝑎𝑏
𝑛

= √𝑎
𝑛
 √𝑏
𝑛

.  [Hint: Rewrite this equation in terms of exponents.] 

46. We use the previous exercise’s identity to pull factors out of radicals. (Ex: √40 = √4 ∙ 10 = √4 √10 = 2√10.) 

Rewrite the following expressions, making the number under the radical as small as possible:  

a) √8        b) √125         c) √108        d) √196        e) √192
3

 

33. Explain why  √𝑎/𝑏
𝑛 =

√𝑎
𝑛

√𝑏
𝑛  . 

34. a) Compute √16 + 9, then compute √16 + √9. Can radicals be distributed over addition? 

b) True or false: √𝑎2 + 25 = 𝑎 + 5. 

35. a) Compute √100 − 36, then compute √100 − √36. Can radicals be distributed over subtraction? 

b) True or false: √𝑥2 − 𝑦2 = 𝑥 − 𝑦. 

36. Simplify the following as much as possible: 

a) √
64

125

𝟑
            b) √−1000

3
            c) √

200

144
            d) √2 + √8          e) √3 − (

√3

2
)
2

            f) 363/2 

g) 324/5           h) 2162/3                i) 1005/2         j) 72/5 ∙ 78/5        k) (49𝑎8𝑏−4)1/2         l) √𝑥2𝑦
5

∙ √𝑥3𝑦4
5

 

m) (𝑥1 2⁄ + 𝑦1 2⁄ )(𝑥1 2⁄ − 𝑦1 2⁄ )         n) 𝑎−1/6 [𝑎2 3⁄ (
𝑎2 3⁄

𝑎1 4⁄
)
6

]

1/3

       o)  √𝑦 (
𝑥2𝑦−3

𝑦3
) (
𝑦13/2

𝑥
) 

37. A simple trick for removing square roots from a fraction’s denominator is called rationalizing the denominator. 

It comes in two basic versions. Both rely on the old “multiply by one” trick. I’ll explain each with an example. 

Example (Version 1):  
5

√7
= (

5

√7
) (

√7

√7
) =

5√7

7
 . 

The second version is a bit more elaborate, and requires the difference of squares identity. 

Example (Version 2):  
3

1 − √5
= (

3

1 − √5
) (

1 + √5

1 + √5
) =

3 + 3√5

 12 − (√5)
2 =

3 + 3√5

−4
 . 

In the second version, we always multiply the top and bottom by the so-called conjugate of the bottom. 

Rationalize the denominator in the following expressions: 

a) 
2

√2
         b) 

30

√6
       c) 

14

√7
       d) 

3𝑥

3 + √𝑥
         e) 

2

√7 + √5
        f)  

√6 + 2

√6 − 2
  

Rationalize the numerator in the following expressions. 

g) 
5√3

9
        h) 

2 − √𝑥

5√𝑥
        



 

 
 

 

 

 
 

Chapter 3 
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Equivalent Equations 
“You boil it in sawdust, you salt it in glue, 

  You condense it with locusts and tape, 

  Still keeping one principal object in view – 

  To preserve its symmetrical shape.” 

 - Lewis Carroll, The Hunting of the Snark, Fit the Fifth 

Thus far, every equation we’ve considered has been declarative – a blunt assertion that two different-

looking expressions actually represent the same thing. Other equations, however, have an interrogative 

flavor. We can read 2𝑥 + 3 = 11, for example, as asking, “which values of 𝑥 make 2𝑥 + 3 equal 11?” 

Such values are called the equation’s solutions. [Here, 4 is a solution, since 2(𝟒) + 3 = 11.] 

To solve an equation, we algebraically twist it into an equivalent equation – a new equation with 

the same solutions as the original. If need be, we twist this second equation into a third, then a fourth, 

and so on, always keeping one principal object in view: to preserve the original solutions. Eventually, if 

we are skillful algebraists, we’ll reach an equation with obvious solutions. But since this equation is 

equivalent to the original one, its solutions are also the original equation’s solutions. Oh frabjous day!  

The algebraic twists come in two basic varieties:  

Two Basic Moves for Solving Equations. 

These two “moves” turn an equation into an equivalent one (i.e. one with the same solutions): 

1) Replace an expression in the equation by an equal expression.    

2) ‘Do the same thing’ to both sides.* 

The first move is clear enough. It tells us, for example, that 𝟓𝒙 + 𝟑𝒙 = 16 is equivalent to 𝟖𝒙 = 16. 

Since the sole solution to this last equation is clearly 2, the original equation’s only solution is also 2.† 

The second move is usually used to isolate the unknown on one side of the equation. For example, 

we can use it twice in succession to solve 5𝑥 + 2 = 9. First, we subtract 2 from both sides, yielding the 

equivalent equation 5𝑥 = 7. Next, we divide both sides by 5, yielding 𝑥 = 7/5. This last equation’s only 

solution is 7/5 (obviously!), so the original equation’s only solution must also be 7/5. 

 

How to Write and How Not to Write 

When solving an equation, it is customary to write up one’s work vertically: Equivalent equations should 

be written in a column, without any symbol linking them. In rare circumstances (when space is tight, as 

in a footnote), one might employ a horizontal format, in which the equivalent equations are written in a 

row, linked by arrows. The vertical format, however, is much preferred. 

                                                           
* “Do the same reversible thing to both sides, taking care that the ‘thing’ is actually defined under all relevant circumstances” 

is a more complete statement… but rolls less easily off the tongue. The sad truth is that although ‘doing the same thing’ 
usually produces an equivalent equation, there are important exceptions. (Hence those extra phrases about reversibility and 
definition in the complete statement.) The most important exceptions will be discussed later in this chapter, in the section 
“Solving Equations Containing Radical Expressions”. We will cross that bridge when we come to it. 

† It is a good habit to check your solutions. Here, we can easily confirm that, yes,  5(𝟐) + 3(𝟐) = 16, as claimed. 
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Here’s an example of how Student A (who gets A’s) uses the customary vertical format. 

Example. Solve 5𝑥 + 2 = 9. 

Solution (A).     5𝑥 + 2 = 9   

5𝑥 = 7  (subtracting 2 from both sides) 

𝑥 = 7 5⁄ . (dividing both sides by 5)  

Note that the first line of Student A’s solution restates the original equation - a good practice to follow. 

His parenthetical statements justifying each step are nice, but these are not always necessary: You can 

omit them when the nature of a step is clear (as it usually is).* 

Student D, alas, commits two terrible sins of mathematical writing: equals abuse and track covering. 

Example. Solve 5𝑥 + 2 = 9. 

Solution (D).  5𝑥 + 2 − 2 = 9 − 2   

= 5𝑥
5

= 7
5

             

Perhaps Student D began by restating the original equation, but if so, he obscured it by scrawling −2 on 

both sides. Perhaps he wrote 5𝑥 = 7 on the next line, but the evidence vanished when he divided both 

sides by 5 and then recorded the result on the very same line, thus covering his tracks a second time. 

Such track covering produces an unreadable mess. Don’t do it. Never forget that writing is for a reader. 

Equals abuse is, if anything, even worse. It isn’t just messy. It actually produces mathematical nonsense. 

For instance, Student D abused the equals sign by inappropriately placing one before 5𝑥/𝑥. Note the 

absurd consequence: Student D has written that 9 − 2 = 7/5.  

Equals abuse, incidentally, takes two forms: inserting the equals sign in inappropriate places, and 

omitting the equals sign where it is necessary (equals neglect). The rule for using this symbol is simple: 

  

     

 

Clear writing is essential in mathematics. Pay attention to how mathematics is written in textbooks, and 

learn to imitate it. You must learn to write up your solutions like a civilized human being. Don’t be like 

Student D, who can indeed solve equations, but whose sloppy writing makes him look like a halfwit. 

Don’t cover your tracks, and don’t commit equals abuse. Or as Student D might put that same advice, 

Don’t cover, = and don’t commit = equals = abuse. 

Exercises. Which of the following solutions involve equals abuse (or neglect)? Explain your answers. 

1.   Solve: 2𝑥 + 3 = 8.                2. Simplify: 3𝑥2 − (−𝑥2 + 𝑥)                3. Simplify: 3𝑥2 − (−𝑥2 + 𝑥) 

 Solution: 2𝑥 + 3 = 8                     Solution: 3𝑥2 − (−𝑥2 + 𝑥)                    Solution: 3𝑥2 − (−𝑥2 + 𝑥) 

                     =  2𝑥 = 5                                      = 3𝑥2 + 𝑥2 − 𝑥                                        3𝑥2 + 𝑥2 − 𝑥 

                     =    𝑥 = 5/2                                  = 4𝑥2 − 𝑥.                                                 4𝑥2 − 𝑥. 
                                                           
* Incidentally, Student A would use the horizontal format as follows:    5𝑥 + 2 = 9   ⇒    5𝑥 = 7   ⇒    𝑥 = 7/5.    

The equals signs goes between equal expressions. 

It never goes between equivalent equations. 
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Solving Linear and Quadratic Equations 

Any algebraic expression of the form 𝑎𝑥𝑛 (where 𝑛 is any whole number or 0) is called a monomial in 𝑥. 

The constant 𝑎 is called the monomial’s coefficient. Note that constants count as monomials, because a 

constant such as 8 can always be thought of as 8𝑥0. 

A polynomial in 𝒙 is a sum of monomials in 𝑥. A polynomial’s degree is the largest exponent of its 

terms. For example, 5𝑥3 − 𝜋𝑥2 + 1 is a polynomial in 𝑥 of degree 3. Polynomials of degree 1, 2, and 3 

are called linear, quadratic, and cubic, respectively.*  

Any equation that has the form 𝑎𝑥 + 𝑏 = 0 (or can be put into that form) is called a linear equation. 

Solving a linear equation is easy: we just isolate 𝑥 on one side of the equation. Nothing could be simpler. 

Example 1. Solve 4𝑥 + 3 = 0. 

Solution.    4𝑥 + 3 = 0          

4𝑥 = −3 

𝑥 = −3 4⁄ .       

Any equation that has (or can be put into) the form 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 is called a quadratic equation. 

We’ll start with a particularly simple example: 𝑥2 = 4.† Clearly, 2 is this equation’s only positive solution, 

but there’s also a negative solution: −2. From this trivial observation, we glean an important lesson: 

 

 

Having learned this much, you can already solve any quadratic that lacks an 𝑥-term. Just isolate 𝑥:  

Example 2. Solve 2𝑥2 − 5 = 0. 

Solution.  2𝑥2 − 5 = 0   

                                2𝑥2 = 5      (Adding 5 to both sides) 

                     𝑥2 = 5 2⁄       (Dividing both sides by 2) 

                       𝑥 = ±√5/2     (By the important lesson!)  

When a quadratic equation has an 𝑥-term, isolating 𝑥 is much harder. Don’t believe me? As a challenge, 

take a few minutes and try isolating 𝑥 in the equation 3𝑥2 + 10𝑥 − 1 = 0. Success requires ingenuity, 

so don’t feel bad when you fail. Please do try it, though, so that you’ll be able to appreciate the 

ingenious solution to this problem that I’ll present at the end of this chapter. 

Before I can present that ingenious solution, however, we’ll need to discuss an important technique 

for solving factorable quadratic equations. The technique hinges upon the following important theorem. 

                                                           
* These names are vestiges of a time when the still-new discipline of algebra leaned heavily on geometry for support. They were 

meant to suggest “line-like”, “square-like” and “cube-like” polynomials – the idea being that if 𝑥 is a length (i.e. a line 
segment), then 𝑥2 is the area of the square with side 𝑥, while 𝑥3 is the volume of the cube with edge 𝑥. 

† This could be written 1𝑥2 + 0𝑥 − 4 = 0, so it is indeed capable of being put in the specified form.  

Important Lesson. For any 𝑘 > 0, the equation 𝑥2 = 𝑘 has two solutions: √𝑘 and −√𝑘. 

(We often express them with the shorthand notation ±√𝑘.) 
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The Zero Product Theorem tells us that the solutions of (2𝑥 + 1)(𝑥 − 1) = 0 are those of (2𝑥 + 1) = 0 

and (𝑥 − 1) = 0: Thus, −1/2 and 1 are the solutions we seek. Substitute them back into the original 

product, and you’ll see why the theorem holds. 

We can solve certain “nice” (i.e. factorable) quadratics by pushing all of their terms to one side of 

the equals sign, factoring the resulting polynomial, and using the Zero Product Theorem. Here’s an 

example of this technique in action. 

Example 3. Solve the equation  3𝑥2 = 8𝑥 − 4. 

Solution.    𝑥2 = 8𝑥 − 4 

                      3𝑥2 − 8𝑥 + 4 = 0  (pushing all terms to one side) 

             (3𝑥 − 2)(𝑥 − 2) = 0  (factoring) 

                𝑥 = 2/3,    𝑥 = 2.           (Zero Product Theorem)    

 That is, the original equation’s solutions are 𝟐/𝟑 and 𝟐.     

This method works well when quadratics factor nicely. However, when factoring fails (as it often does), 

we use the big gun: the quadratic formula, which is powerful enough to solve any quadratic equation.  

I’ll state the formula here, and I’ll derive it at the end of the chapter, once you’ve grown accustomed to 

using it. The derivation answers the riddle I posed earlier: How can we isolate 𝑥 in a quadratic equation? 

All this in good time. For now, I just want you to become comfortable using the quadratic formula, 

which you should commit to memory right away.  

 

 

 

 

Example 4. Solve the equation 2𝑥2 − 7𝑥 − 1 = 0. 

Solution. This quadratic doesn’t factor, so we’ll solve it with the quadratic formula, obtaining 

𝑥 =
7 ± √49 − 4(2)(−1)

2(2)
=
7 ± √57

4
. 

Thus, this equation has two solutions, (7 + √57) 4⁄  and (7 − √57) 4⁄ . In an applied problem, 

we might run these through a calculator and note that they are approximately 3.637 and −0.137. 

In a purely mathematical problem, we would leave these solutions in their exact form.    

 

  

The Zero Product Theorem. The values that make a product equal zero 

        are those that make any of its factors equal zero. 

The Quadratic Formula. The solutions to the equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 are 

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
. 
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Example 5. Solve 3𝑥2 − 2𝑥 + 1 = 0. 

Solution. By the quadratic formula, the “solutions” are 

𝑥 =
2 ± √4 − 4(3)(1)

6
=
2 ± √−8

6
 , 

but these aren’t real solutions, since −8 has no square root. In fact, we should read that square 

root of a negative as an “error message” indicating that the given equation has no solution.  

Before applying the quadratic formula, we must first put the quadratic equation that we want to solve in 

the appropriate form (𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0).  

Example 6. Solve −3𝑥2 + 5𝑥(𝑥 − 2) − 2𝑥 − 7 = 𝑥2 − 10𝑥. 

Solution.   −3𝑥2 + 5𝑥(𝑥 − 2) − 2𝑥 − 7 = 𝑥2 − 10𝑥 

                  −3𝑥2 + 5𝑥2 − 10𝑥 − 2𝑥 − 7 = 𝑥2 − 10𝑥         (distributing the 5𝑥)  

                                                 𝑥2 − 2𝑥 − 7 = 0          (pushing all terms to one side)   

                                                                     𝑥 =
2 ± √32

2
         (by the quadratic formula).              

                                                                         =
2 ± 4√2

2
 

                                                                         = 1 ± 2√2.     

Thus, we conclude that the solutions to the original messy equation are 1 + 2√2 and 1 − 2√2.   

 

Exercises 

4. (Revisiting Example 6.) Carefully explain why  
2 ± 4√2

2
= 1 ± 2√2.  

    [Hint: The left-hand side represents two numbers. Write them out separately and play with them.] 

5. Explain why 
−2 ± √3

−5
 is the same thing as 

2 ± √3

5
.   [Hint: Recall the multiply-by-one trick from Chapter 1.] 

6. Solve each of the following equations: 

a) 3𝑥 − 5 = 11      b) −
2

3
𝑢 + 17 − 𝑢 =

2

3
  c) 7 + 3(−

2

3
𝑥 − 5) = −𝑥 +

2

3
 

d) 16𝑥2 = 121      e) 𝑥2 − 4𝑥 − 5 = 0  f) 𝑧2 − 𝑧 − 12 = 0 

g) 2𝑥2 + 15𝑥 − 7 = 0          h) −𝑡2 + 𝑡 + 1 = 0  i) 2𝑥2 − 3𝑥 − 5 = 0 

j) 𝑤(−2𝑤 − 5) = 𝑤2 + 1     k) 𝜋𝑥2 + √7
3
𝑥 − 2 = 0  l) – (−𝑥 − (−2𝑥 − 𝑥2) + 𝑥) = −1 

m) 𝑥2 + (𝑥 + 2)2 = 16          n) 𝑥2 + 1 = 0   o) 𝑥2 − 2𝑥 = −1     

7. Dividing both sides of an equation by a constant yields an equivalent equation, so we can sometimes simplify 

our work at the outset by dividing out any constant factors common to all terms.  

a) To understand this trick, solve 10𝑥2 − 15𝑥 − 30 = 0 twice: First, by applying the quadratic formula directly; 

second, by dividing both sides by 5 and then applying the quadratic formula.   

b) The answers you obtained by the two methods may look different, but they must, of course, represent the 

same numbers. Show that they are indeed equal (if you haven’t done this already). 

c) Use this trick to solve the following equations:       

 i)   300𝑥2 + 500𝑥 + 100 = 0              ii)  −28𝑥2 + 35𝑥 = 42.   
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8. Multiplying both sides of an equation by a constant yields an equivalent equation, so we can sometimes simplify 

our work by “clearing fractions” before solving an equation. The equation (2 3⁄ )𝑥2 + (1 2⁄ )𝑥 − 1 = 0, for 

example, will be easier to handle if we first multiply both sides by 6. 

a) Solve the equation in the previous paragraph both ways: First, by directly applying the quadratic formula; 

second, by clearing fractions and then applying the quadratic formula. 

b) The answers you obtained by the two methods look different, but they must, of course, represent the same 

numbers. Show that they are indeed equal. (You may find this part challenging. Proving that two different 

forms of the same number are equal can be difficult when radicals are involved.)  

c) Use this “clearing the fractions” trick to solve the following equations: 

 i)   −
3

7
𝑥 +

1

2
= 3  ii)   

1

10
𝑥 −

7

5
=

3

20
  iii)   

3

4
𝑥2 − 4 =

1

9
𝑥 

9. Find the solutions of the following equation:  𝑏𝑥2 + 𝑐𝑥 + 𝑎 = 0. 

10. The “solution” of the following problem is incorrect. Point out precisely where the would-be solver’s reasoning 

goes astray. (Note well: I am not asking, What should the solver have done?, but rather, At what point did he 

make a logically invalid step, and why is that step invalid?) 

Problem. Solve the equation 𝑥2 − 𝑥 − 6 = 1.    

“Solution”. 𝑥2 − 𝑥 − 6 = 1 

 (𝑥 + 2)(𝑥 − 3) = 1 

Thus, the solutions are −2 and 3. 

Finally, now that you’ve pointed out the logical error, find the equation’s true solutions. 

11. The expression 𝑏2 − 4𝑎𝑐 is called the discriminant of a quadratic equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0. 

(Thus, for example, the discriminant of the equation 3𝑥2 + 4𝑥 − 6 = 0 is 88, as you should verify.)  

a) Quadratic equations “usually” have two solutions, but those whose discriminant is 0 have only one solution. 

Explain why this is true. 

b) Come up with an example of a quadratic equation with only one solution.  

c) What can we say about a quadratic equation with a negative discriminant? 

12. Sometimes higher degree polynomial equations can be solved by recognizing that they are actually quadratics 

in disguise. Consider, for example, 𝑥6 + 2𝑥3 − 3 = 0. This terrifying 6th-degree polynomial in 𝑥 turns out to be, 

if we look at it in the right way, a perfectly harmless quadratic polynomial… in 𝑥3. Once we see this, we can 

solve it by making a substitution as follows: 

      𝑥6 + 2𝑥3 − 3 = 0 

       𝑢2 + 2𝑢 − 3 = 0.  (Letting 𝒖 = 𝒙𝟑) 

    (𝑢 − 1)(𝑢 + 3) = 0 

            𝑢 = 1,  𝑢 = −3 

        𝑥3 = 1,  𝑥3 = −3. (Translating back to 𝑥) 

       𝑥 = 1,   𝑥 = √−3
3

  

Thus 1 and √−3
3

 are the solutions to the original 6th-degree polynomial equation. 

a) Explain why √−3
3

 is a real number (and why √−3 isn’t). 

b) Solve the following equations: 

   i) 𝑥8 − 𝑥4 − 2 = 0                  ii) 3𝑥4 − 𝑥2 − 4 = 0                  iii)  −𝑥62 + 2𝑥31 + 7 = 0 
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How to Write, Part 2 (Story Problems) 

Quadratic equations are easy to solve. If you take care not to cover your tracks, abuse the equals sign, or 

make arithmetic errors, little can go wrong. The procedures involved are purely algorithmic; they can be 

carried out by brainless bundles of plastic and silicon. In contrast, story problems require thought and 

the ability to express it in writing. As regards the latter, you should always follow two cardinal rules: 

 

You may find it helpful to do your exploratory scratchwork on one page, and then write up your polished 

solution on another. In this spirit, I’ll pose a problem and then give two solutions: First, a “stream of 

consciousness solution,” which attempts to show how one might think about solving the problem; 

Second, a formal solution, as one would actually write it up for a homework assignment or test. 

Example 1. A right triangle’s hypotenuse is 4 units. Its long leg is 2 units longer than its short leg. 

How long are its legs?  

“Stream of Consciousness Solution.” Well, there’s a right triangle in this 

problem, so I’d better draw one. Its hypotenuse is 4 units, so I’ll scribble a 

4 on there. 

What am I looking for in this problem? The lengths of the legs. 

I guess I’d better give them names. How about 𝑥 and 𝑦. I’ll put them on 

my figure, too. Now what? Well, I know the sides of any right triangle are 

related by the Pythagorean Theorem. If I apply that to my triangle, I’ll get 

𝑥2 + 𝑦2 = 16. Hmmm… If there were only one variable in that equation, 

I could solve for it… but there are two. Can I get rid of one? What was 

that business about the long leg and short leg in the problem? The long 

leg is 2 units longer than the short leg. Ah, I don’t need 𝑦 at all: 

I can just call the long leg 𝑥 + 2 instead. Let’s redraw that figure.  

Now the Pythagorean theorem says that 𝑥2 + (𝑥 + 2)2 = 16. That’s much better. Now I 

have a quadratic equation in 𝑥, and I can solve those. Once I’ve solved it, I’ll know 𝑥, the short 

leg’s length. To get the long leg’s length I’ll just add 2 to the short leg. So basically the problem is 

solved, apart from carrying out the computational details. OK – let’s carry out the details... 

[Et cetera. The rest is straightforward.]   

Now that we’ve discovered a path to the solution, we must write it up the solution in a polished form. 

We’ll do this next, following the “two rules for writing” listed above, as well as the earlier advice on how 

to write a readable column of equivalent equations. 

Two Rules for Writing. 

1. Define any symbols you introduce, either in words (“let 𝑥 be such and such…”), or, if appropriate, 

on a clearly labeled figure. 

2. If the solution involves several parts, write phrases or sentences explaining how they are related. 
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Polished Solution to Example 1.  

Let 𝑥 be the short leg’s length. 

Then the long leg’s length must be 𝑥 + 2. 

By the Pythagorean Theorem,  

  𝑥2 + (𝑥 + 2)2 = 16. 

We can solve for 𝑥, the short leg’s length, as follows: 

  𝑥2 + (𝑥 + 2)2 = 16 

  𝑥2 + (𝑥2 + 4𝑥 + 4) = 16 

  2𝑥2 + 4𝑥 − 12 = 0 

  𝑥2 + 2𝑥 − 6 = 0 

  𝑥 =
−2±√28

2
=
−2±2√7

2
= −1 ± √7 .  

Since 𝑥 is a length, it must be positive. Thus, we can throw out the equation’s negative solution. 

Hence, the short leg’s length is the remaining solution, −1+ √7 units. 

The long leg is 2 units longer than this, so the long leg’s length is 1 + √7 units.  

Observe how all the rules of writing we’ve discussed are followed here. The solution has a definite 

narrative arc: The characters are introduced (i.e. the one new symbol 𝑥 is explicitly defined), the scene is 

set (the figure), a relationship is established (via the Pythagorean Theorem, which is cited by name), a 

problem is resolved (the quadratic equation is solved – without any equals abuse or track-covering), 

an interpretation is presented (the concluding lines), and they all live happily ever after.  

Let us put this problem to rest, and look at a few more story problems. Try to solve the problems 

yourself before you read the solutions. When you do read the solutions, pay attention not only to the 

method by which they are solved, but also the style in which the solutions are written. 

 

Story Problems – More Examples 

Example 2. The hypotenuse of a right isosceles triangle is 2 units long. Find the triangle’s area.  

Solution. Let 𝑥 be the length of the triangle’s two legs. By the Pythagorean Theorem, 

we have 𝑥2 + 𝑥2 = 4. Solving for 𝑥 yields 𝑥 = ±√2. Since 𝑥 is a length, it must be 

positive, so the triangle’s legs are each √2 units long. Finally, a triangle’s area is half 

its base times its height, this triangle’s area must be  (1 2⁄ )(√2)(√2) = 1 unit2.    

 

We can solve many problems by expressing the same thing two different ways, and then solving the 

resulting equation. In the next example, we’ll find a cylinder’s surface area twice. One way will be easy – 

in fact, its numerical value will be given to us. The other way will require some ingenuity, which I hope 

you’ll appreciate. 
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Example 3. Suppose that the height of a cylindrical can (closed at both ends) is twice the diameter 

of its base. If the can’s surface area is 1000 cm2, what must its radius and height be? 

Solution.   

Let 𝑟 be the radius of the can’s base (in cm).  

Since the can’s height is twice its diameter, it must be 4 times its radius, as indicated in the figure: 

 

To find an algebraic expression for the can’s surface area, we’ll do some surgery: We’ll remove 

the can’s circular top and bottom, slice the remaining tube along the dashed line, and roll it out 

flat, transforming it into a rectangle. Thus, the can’s total surface area, 𝐴, is the sum of areas of 

the two circles and the rectangle. (Note that the circular base, when rolled out, becomes one side 

of the rectangle; the rectangle’s width is therefore equal to the circle’s circumference.) Thus, 

                 𝐴 = 𝜋𝑟2 + 𝜋𝑟2 + (2𝜋𝑟)(4𝑟) = 10𝜋𝑟2. 

Since the surface area is known to be 1000 cm2, we can substitute this for 𝐴 in the previous 

equation, giving us 1000 = 10𝜋𝑟2. Solving this for 𝑟, we find that  

1000 = 10𝜋𝑟2 

100

𝜋
= 𝑟2 

𝑟 =
10

√𝜋
 . 

That is, the can’s radius is 10 √𝜋⁄ ≈ 5.64 cm. 

Finally, the can’s height is 4 times its radius, so its height is 40 √𝜋⁄ ≈ 22.57 cm.  

 

Another common strategy for solving story problems is to find two equations involving two unknowns. 

We can then find the unknowns’ values as follows. First, we isolate one variable in one equation. 

Second, we substitute the result into the other equation, which will then have only a single variable. 

From there, the rest is easy: Solve the resulting equation in one variable, use the result to find the other 

variable, and finally, interpret the result. Here are a couple of examples in this style. 
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Example 4. Suppose that a certain tiny rectangle has a perimeter of 35 m (micrometers) and an 

area of 49 m2. What are the rectangle’s dimensions?   

Solution. Let 𝑏 and ℎ be the base and height of the rectangle (in m). 

Translating the conditions of the problem into equations, we have  

2𝑏 + 2ℎ = 35      and       𝑏ℎ = 49. 

The second equation is equivalent to ℎ = 49/𝑏. By substituting 49/𝑏 for ℎ in the first equation, we 

transform it into 2𝑏 + 2(49 𝑏⁄ ) = 35, which contains only one unknown. Solving this for 𝑏 yields 

2𝑏 + 2(49 𝑏⁄ ) = 35 

2𝑏 + (98 𝑏⁄ ) = 35 

2𝑏2 + 98 = 35𝑏  (multiplying both sides by 𝑏 to clear fractions) 

2𝑏2 − 35𝑏 + 98 = 0 

                 𝑏 =
35 ± √441

4
     (by the quadratic formula) 

                     =
35 ± 21

4
= 14  and 7/2. 

Thus 𝑏 could be either 14 or 7 2⁄ . We can use the relationship ℎ = 49/𝑏 that we established earlier 

to find the corresponding values of ℎ. When we do so, we find that if 𝑏 = 14, then ℎ = 7 2⁄ , and 

vice-versa. Thus, we reach the same conclusion either way: The rectangle must be 14 by  7 2⁄  m.    

     

Example 5. Today, Rosencrantz is 1.2 times as old as Guildenstern. 

Twenty years ago, he was twice as old as Guildenstern was. How old are they today? 

Solution. Let 𝑅 be Rosencrantz’s age today (in years). 

                 Let 𝐺 be Guildenstern’s age today (in years). 

Translating the problem’s conditions into equations, we obtain   

𝑅 = 1.2𝐺      and      𝑅 − 20 = 2(𝐺 − 20). 

Substituting the expression for 𝑅 (from the first equation) into the second equation yields  

1.2𝐺 − 20 = 2(𝐺 − 20). 

Solving this linear equation for 𝐺, we find that 

1.2𝐺 − 20 = 2(𝐺 − 20) 

  1.2𝐺 − 20 = 2𝐺 − 40 

   20 = 0.8𝐺 

                     𝐺 = 20 0.8⁄ = 25. 

Thus, Guildenstern is 25 years old today. 

Finally, since 𝑅 = 1.2𝐺 (as noted earlier), we have 𝑅 = 1.2(25) = 30. 

That is, Rosencrantz is 30 years old today.   

When you define a symbol, be precise. For example, in the solution above, I defined 𝑅 as Rosencrantz’s 

age (in years) today. Don’t settle for “𝑅 = Rosencrantz”, which is both sloppy and counterproductive. 

Sloppy because variables in equations represent numbers, not people; counterproductive because vague 
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definitions make your job of interpretation harder. He who writes “𝑅 = Rosencrantz” may have trouble 

translating this problem’s second sentence into an equation. In contrast, he who precisely defines 𝑅 as 

Rosencrantz’s age in years today recognizes that Rosencrantz’s age twenty years ago must be (𝑅 − 20). 

Finally, since many story problems involve formulas for geometric magnitudes, be sure that you 

have memorized some basic ones. Apart from the Pythagorean Theorem, you should know how to find 

the areas and perimeters of rectangles, triangles, and circles. And in three dimensions, cylinders are 

particularly simple: The volume is just the base area times its height; the surface area can be found by 

the “surgery” method explained in example 3 above. 

 

Exercises  
13. The product of two consecutive whole numbers is 6592056. Find the numbers. 

14. Find the area of an isosceles triangle whose equal sides are 9 inches, and whose base is 4 inches. 

15. The area of an equilateral triangle is 1 mile2. Find its side length. 

       [Hint: Find a second expression for the triangle’s area – this one should be in terms of its side length.] 

16. A rectangle has an area of 4 furlongs2 and a perimeter of  40/3 furlongs. Find its dimensions. 

17. Suppose that the height of a cylindrical can (closed at both ends) is half its base’s radius. Given that the can’s 

volume is 500 cm3, what is its surface area? 

18. At noon, Vladimir and Estragon depart from the same point. Vladimir walks east at a constant rate of 3 miles 

per hour, while Estragon walks north at a constant rate of 2 miles per hour. At what time (to the nearest 

minute) will they be exactly 20 miles apart? 

19. Consider a picture frame of uniform width. Its inner edges form a rectangular window through which the 

picture is seen. This window has an area of 100 in2. Its outer edges constitute a 15” by 18” rectangle. What is 

the frame’s width? (Give an exact expression and an approximation.)   

20. Suppose that we form two circles as follows: we begin with a line segment whose length is 5 units; we then cut 

this segment into two unequal pieces and bend each piece into a circle. Is it possible to do this in such a way 

that the total area enclosed by the two circles will be 17 4𝜋⁄  units2? If not, why not? If so, how should we cut 

the segment to accomplish this? 

21. Mr. Punch was three times as old as Judy was 32 years ago. Three years after that, Mr. Punch was only twice as 

old as Judy. How old are they now? 

22. Suppose we must construct a box with a square bottom (and no lid) as follows: we start with a  square piece of 

cardboard, cut a 3-inch by 3-inch square from each of its corners, and then we fold up the resulting “flaps”. If 

we want the box to have a volume of 42 in3, how large should the original square piece of cardboard be? 

23. Suppose a nobject is launched upwards from a 180’ platform at a speed of 60 ft/sec. The formula for the 

nobject's height h (in feet) after t seconds is ℎ = −16𝑡2 + 60𝑡 + 180. (You’ll learn why in physics.) How much 

time elapses before the nobject strikes the ground? 

24. A mother is 21 years older than her son. In 6 years, she'll be 5 times as old as he will be. Where is the father? 
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Solving Equations Containing Rational Expressions 

A ratio of polynomials is called a rational expression. When rational expressions turn up in equations, we 

can always chase them away by “clearing the fractions.”* Here’s a handy trick for doing this: 

  Proof.   
𝑎

𝑏
=
𝑐

𝑑
   ⇒   𝑏𝑑 (

𝑎

𝑏
) = 𝑏𝑑 (

𝑐

𝑑
)   ⇒   𝑎𝑑 = 𝑏𝑐,  as claimed.    ■ 

The following example shows the technique in action.  

Example. Solve the equation  
3𝑥 + 2

5𝑥 − 7
=

5

−2𝑥 + 1
 . 

Solution.        
3𝑥 + 2

5𝑥 − 7
=

5

−2𝑥 + 1
 

         (3𝑥 + 2)(−2𝑥 + 1) = (5𝑥 − 7)5     (clearing the fractions by cross multiplying) 

              −6𝑥2 − 𝑥 + 3 = 25𝑥 − 35                     

                 −6𝑥2 − 26𝑥 + 38 = 0    

           3𝑥2 + 13𝑥 − 19 = 0          (dividing both sides by −2†) 

                𝑥 =
−13 ± √397

6
           (Quadratic Formula)  

 

Solving Equations Containing Radical Expressions 

So-called radical expressions can assume a variety of forms, from the relative simplicity of √𝑥 + 6𝑥 + 1 

to the nested nastiness of  

√2 + √1 + 2𝑥 + √𝑥
5

3

. 

You can solve many equations containing radicals simply by following your nose. For example, 

Example 1. Solve the equation 2√𝑥 + 1
3

− 1 = 5 

Solution.     2√𝑥 + 1
3

− 1 = 5 

2√𝑥 + 1
3

= 6  

√𝑥 + 1
3

= 3  

(√𝑥 + 1
3

)
3
= 33 (cubing both sides to “undo” the cube root) 

                                   𝑥 + 1 = 27  

𝑥 = 26  

                                                           
* Compare exercise 7. There, we multiplied both sides of an equation by a number to clear out numerical fractions; here, we 

multiply both sides by an algebraic expression to clear out algebraic fractions. 
† Dividing by negative 2 reduces the number of negatives appearing in the equation, cleaning it up a bit. 

Cross-Multiplication. The equation  
𝑎

𝑏
=
𝑐

𝑑
  can be rewritten in the equivalent form 𝑎𝑑 = 𝑏𝑐. 
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In principle, we can solve any equation whose unknown is wrapped up inside a radical by isolating the 

radical on one side of the equation, then eliminating it by raising both sides to the appropriate power. 

There is, however, a potential complication: I warned earlier that there are exceptions to the rule that 

“doing the same thing to both sides of an equation produces an equivalent equation.”* One exception is 

raising both sides of an equation to an even power.† (There’s only one other exception you’ll need to 

worry about in this book; you’ll meet it shortly, in exercise 26.‡) 

Raising both sides of an equation to an even power can produce spurious “solutions” that aren’t 

solutions of the original equation. (For example, if we square both sides of 𝑥 = 3, we obtain 𝑥2 = 9, 

whose negative solution does not satisfy the original equation, 𝑥 = 3.) Consequently, if we ever raise 

both sides of an equation to an even power, we must remember to go back and check our alleged 

solutions by substituting them into the original equation. That way, we can catch (and throw away) any 

spurious ones that might have crept in. 

Example 2. Solve the equation  3 + 5√𝑥 = 2𝑥. 

Solution. 3 + 5√𝑥 = 2𝑥 

         5√𝑥 = 2𝑥 − 3      (isolating the radical) 

           (5√𝑥)
2
= (2𝑥 − 3)2      (squaring both sides to eliminate the radical) 

         25𝑥 = 4𝑥2 + 9 − 12𝑥  

           0 = 4𝑥2 − 37𝑥 + 9  

        𝑥 =
37±√1225

8
      (by the quadratic formula) 

        𝑥 = 9,  𝑥 =
1

4
      (since √1225 = 35) 

Since we squared both sides of the equation, we must check our two prospective solutions to see 

if either is spurious. Substituting 9 into the original equation yields the true statement 18 = 18, 

so 9 is a genuine solution. But when we substitute 1/4 into the original equation, we obtain the 

false statement 11/2 = 1 2⁄ , so 1/4 is a spurious solution picked up as a byproduct of squaring. 

Thus, our original equation has only one solution, 𝒙 = 𝟗.  

 

                                                           
* The warning was in this chapter’s first footnote. There, I indicated that “Do the same thing to both sides” should really be this: 

“Do the same reversible thing to both sides, taking care that the ‘thing’ is actually defined under all relevant circumstances.” 
Thus, whatever we do to an equation’s two sides must be reversible and defined for it to automatically qualify as a solution-
preserving operation. But what do I mean by these somewhat vague terms in boldface? Bit by bit, I’ll explain the details down 
here in the cozy confines of the footnotes, away from the prying eyes of readers less interested than you, O faithful one. 

† Raising both sides to an even power is an exception because it is not reversible, in the following sense. If you hand me a 9 and 
tell me that you got it by squaring some other number, I can’t reverse the operation to recover the number that you squared. 
(Maybe it was 3, but maybe it was –3. I have no way of knowing.) In contrast, cubing both sides of an equation is reversible. 
If you cube a number and get an 8, then I can reverse this operation and determine precisely which number you cubed: 
It could only have been 2. (Similarly, adding 4 to both sides of an equation is a reversible operation. If you add 4 to a number 
and get 42, I can reverse this operation and know that the original number must have been 38.) 

‡ This other exception, not surprisingly, will be an operation that isn’t defined under certain important circumstances.  
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Exercises 

25. Solve each of the following equations for the unknown it contains: 

      a)  
2𝑥 + 1

𝑥
=
3𝑥 − 1

2𝑥 − 1
       b) 

1

𝑥 − 4
+

1

𝑥 − 1
=
5

4
       c) 

1

𝑥
+

𝑥

𝑥 + 1
= 3   

      d) 
2𝑡2 − 1

𝑡 − 3
=

17

𝑡 − 3
+ 𝑡 + 3      e) 

1

𝑧
+

1

𝑧2
+

1

𝑧3
=
3

𝑧
−
2

𝑧
      f) 

𝑥 + 1

2𝑥 − 3
=
2𝑥 − 3

𝑥 − 1
 

      g) 𝑥2 = 144        h) √2𝑥 + 1 = 3       i) (−
2

5
) ( √𝑥

37
) =

2

5
 

       j) 5√𝑥 + 1
3

+ 3 = −12      k) 𝑤 +√5𝑤2 + 16 = 4𝑤      l) √3𝑥 − 5 = 𝑥 − 1 

26. We’ve seen that raising both sides of an equation to an even power can produce too many “solutions,” some of 

which do not actually satisfy the original equation. The opposite problem – too few solutions – can occur if we 

divide both sides by an expression that involves the equation’s variable. (For example, the equation 𝑥2 = 𝑥 has 

two solutions, 0 and 1. Dividing both sides by 𝑥, however, yields 𝑥 = 1, an equation with only one solution.) 

It’s easy to see why this happens: To divide both sides by 𝑥, we must tacitly assume that 𝑥 ≠ 0, because 

division by 0 is, of course, undefined. Thus, when we divide by 𝑥, the number 0 is effectively in our blind spot. 

Having 0 in our blind spot is a serious problem if 0 happens to be one of the solutions that we’re looking for. 

(Similarly, if we divide both sides of an equation by (𝑥 − 2), we tacitly assume that 𝑥 ≠ 2, which means that 2 

is now in our algebraic blind spot.*) 

Fortunately, this problem is easy to avoid. If you are ever tempted to divide both sides of an equation by 

an expression involving 𝑥, do this instead: Push everything to one side of the equation, and then factor that 

expression out. You can then solve the equation with the Zero Product Theorem. (This doesn’t require division, 

so it keeps our blind spot empty.) For example, let’s apply this strategy to the equation we dealt with above: 

𝑥2 = 𝑥   ⇒    𝑥2 − 𝑥 = 0   ⇒    𝑥(𝑥 − 1) = 0   ⇒    𝑥 = 0, 1. 

Your problem: Without using the quadratic formula, solve the following equations:  

a) 𝑥2 = 5𝑥           b) 3𝑥2 − 4𝑥 = 0            c) −𝑥2 =
3

2
𝑥           d) 9(𝑥 − 2) = 3𝑥(𝑥 − 2). 

27. To solve an equation containing two algebraic expressions under square roots, the best strategy is to isolate 

one of them, and square both sides. This will produce an equation with only one radical, which is much better, 

since you already know how to solve such equations. 

a) Solve √2𝑥 + 1 − √𝑥 = 1 by adopting this strategy. 

b) Now solve the same equation by ignoring this strategy and squaring both sides right away, without 

bothering to isolate one of the radicals first.  

                                                           
* The problem here, to link the previous page’s footnotes, is that division by an algebraic expression may not always be defined. 

To divide by an algebraic expression is to divide by infinitely many numbers – one for each possible value of the expression. If 
one of those numbers (i.e. one of the expression’s possible values) is zero, then at least one of those infinitely many divisions 
is undefined. (And whatever values of 𝑥 make the algebraic expression equal to zero end up in our algebraic blind spot.) 

Incidentally, multiplying both sides of an equation by an algebraic expression can lead to problems, too. Multiplication, 
unlike division, is always defined… but, multiplication by zero (which could be one of the infinitely many multiplications 
involved) is not reversible! Hence, like any non-reversible operation, it can lead to bogus “solutions”. For example, 𝑥 = 3 has 
just one solution, 3. But if we multiply both sides by 𝑥, we obtain 𝑥2 = 3𝑥, which is not equivalent to 𝑥 = 3, because it has 
two solutions, 3 and 0, the second of which does not satisfy the original equation.  
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28. Figure out a way to solve the following equations: 

a) √√𝑥 + 16 − √𝑥 = 2   b) √𝑡 −
2

√𝑡
= 1  

29. (A paradox! A paradox! A most ingenious paradox!) 

Criticize the following argument:  

Let 𝑥 = 1. 

Then 𝑥2 = 𝑥. 

Hence 𝑥2 − 1 = 𝑥 − 1. 

That is, (𝑥 − 1)(𝑥 + 1) = 𝑥 − 1. 

Consequently, 𝑥 + 1 = 1. 

Thus, 𝑥 = 0. 

But 𝑥 = 1 by definition, so it follows that 𝟎 = 𝟏. 

a) How did this happen? Where is the flaw in the reasoning? 

b) Reproduce this argument for a friend who knows algebra – or even better, for a friend who knows calculus – 

and see if he or she can identify the problem.  
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Deriving the Quadratic Formula 

“Now if a 6 turned out to be 9, 

  I don’t mind, I don’t mind.” 

 - Jimi Hendrix  

Solving a linear equation is simple: We just isolate its variable. Bringing this “isolationist” strategy to 

quadratic equations, however, seems hopeless, because in a quadratic equation, the variable generally 

appears in two places at once. And yet, amazingly, we can isolate 𝑥 under these circumstances, but 

doing so requires some real algebraic artistry. 

Let’s begin with a specific quadratic: 𝑥2 + 6𝑥 + 6 = 0. First, try solving it on your own without the 

quadratic formula. You won’t succeed, but your failed attempts will deepen your own understanding 

and appreciation of the solution when you see it. 

Had you spent hours or days trying to solve that equation, you might eventually have found 

yourself, exhausted and desperate, wishing “If only the constant term were 9! For then we could rewrite 

the quadratic polynomial as the square of a linear polynomial, and solve the equation by factoring”: 

𝑥2 + 6𝑥 + 𝟗 = 0   ⇒     (𝑥 + 3)2 = 0    ⇒     𝑥 = −3 

If only… And yet, desperate wishing can be the mother of invention. We don’t have a 9 in our equation, 

but… we can put one there if we take care to keep the equation “balanced”. Watch carefully: 

     𝑥2 + 6𝑥 + 6 = 0 

     𝑥2 + 6𝑥 + 𝟗 + 6 = 𝟗      (adding 9 to both sides) 

         (𝑥 + 3)2 + 6 = 9   

              (𝑥 + 3)2 = 3  

               𝑥 + 3 = ±√3 

              𝑥 = −3 ± √3 

Huzzah! We’ve solved our equation! Now let’s consider our solution carefully to see what makes it tick; 

doing so will show us how to generalize it, so that it will work for all quadratic equations.  

Our method was to introduce a constant (9) that allowed us to replace our unruly quadratic with 

something much more manageable – a squared linear polynomial – in which the symbol 𝑥 appeared 

only once. After that, the equation was easy to solve; we simply isolated the one appearance of 𝑥. 

Let us think about what makes certain quadratics (such as 𝑥2 + 6𝑥 + 𝟗) capable of being folded up 

into the form (𝑥 + 𝑎)2. Expanding the “folded” form, we have 

(𝑥 + 𝑎)2 = 𝑥2 + 𝟐𝒂𝑥 + 𝒂𝟐. 

The coefficients on the right give us the answer we seek. Reading this last equation backwards, we see 

that a quadratic polynomial will fold up into a perfect square of the form (𝑥 + 𝑎)2 if… 

1. Its leading coefficient (i.e. coefficient of 𝑥2) is 1, 

              2. Its constant term is… the square of half its 𝑥-coefficient. 
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Thus, we can’t fold 𝑥2 + 6𝑥 + 6 up into a perfect square of the specified form, since its constant term 

isn’t the square of half its 𝑥-coefficient. But as we saw above, once we know the magic constant that we 

need (9), it’s easy enough to inject it into an equation. This insight yields a general method so important 

that it has its own name.  

 

 

 

Let’s pause for a moment and practice completing the square. Here are three examples. 

Example 1. Rewrite the expression 𝑥2 + 5𝑥 so that the symbol 𝑥 occurs only once. 

Solution. Since this quadratic polynomial has a leading coefficient of one, we can complete the 

square by the process described above. Cutting the 𝑥-coefficient in half gives us 5/2; squaring this 

gives us our magic constant, 25/4. Let us use it now to complete the square:  

     𝑥2 + 5𝑥 = 𝑥2 + 5𝑥 +
25

4⏟        
a perfect square

−
25

4
 

        = (𝑥 +
5

2
)
2
−
25

4
 . 

We’ve rewritten our original quadratic in a form in which 𝑥 appears only once.     

The next example will lead us almost to the doorstep of the quadratic formula. 

Example 2. Solve 𝑥2 − 8𝑥 + 11 = 0 without using the quadratic formula. 

Solution. The polynomial doesn’t factor, but we can complete the square and rewrite it so that 𝑥 

appears only once; we’ll then be able to solve the equation by isolating 𝑥. Since the leading 

coefficient is 1, we can follow the procedure above. Half of the 𝑥-coefficient is −4. Squaring this, 

we find that our magic constant is 16. Using this to complete the square, we obtain: 

                𝑥2 − 8𝑥 + 11 = 0 

  𝑥2 − 8𝑥 + 16⏟        
 a perfect square

− 16 + 11 = 0         (completing the square) 

              (𝑥 − 4)2 − 5 = 0 

(𝑥 − 4)2 = 5 

𝑥 − 4 = ±√5 

                                𝑥 = 4 ± √5.  

The method we used in this last example can be used to solve any quadratic equation whose leading 

coefficient is 1. And even if the leading coefficient is not 1, we can divide both sides of the equation by 

the leading coefficient to make it so. Watch carefully: 

Completing the Square. To rewrite 𝑥2 + 𝑏𝑥 so that 𝑥 appears only once, 

we add and subtract a certain “magic constant” that we obtain as follows:  

Cut the 𝑥-coefficient in half, then square the result. 

Note well: This recipe for the magic constant works only when the leading coefficient of the quadratic is 1. 
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Example 3. Solve 3𝑥2 + 12𝑥 + 5 = 0. 

Solution.   3𝑥2 + 12𝑥 + 5 = 0 

                   𝑥2 + 4𝑥 +
5

3
= 0  (dividing both sides by 3 to make the leading coefficient 1) 

𝑥2 + 4𝑥 + 4 − 4 +
5

3
= 0  (completing the square) 

                  (𝑥 + 2)2 +
5

3
= 4   

                        (𝑥 + 2)2 =
7

3
 

                              𝑥 + 2 = ±√7 3⁄  

                                       𝑥 = −2 ± √7 3⁄  .     

We can use this method to solve any quadratic equation. However, rather than completing the square 

each time we need to solve a quadratic equation, we can automate the process by deriving a formula 

(“the quadratic formula”) that takes us directly from a quadratic to its solutions, keeping the square-

completing details under the hood, where we need not think about them. If you understood this last 

example, then deriving the quadratic formula will be simple, even trivial. 

Problem. Derive the quadratic formula. That is, extract a formula for the solutions of the general 

quadratic equation  𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 from out of that equation itself. 

Solution. The method we use to derive the quadratic formula can be summarized in three words: 

Complete the square. A fair amount of algebra is involved, but it’s all routine. Here are the details. 

     𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 

              𝑥2 +
𝑏

𝑎
𝑥 +

𝑐

𝑎
= 0 (dividing both sides by 𝑎 to make the leading coefficient 1) 

           𝑥2 +
𝑏

𝑎
𝑥 +

𝑏2

4𝑎2
+
𝑐

𝑎
=

𝑏2

4𝑎2
 (completing the square) 

           (𝑥 +
𝑏

2𝑎
)
2
+
𝑐

𝑎
=

𝑏2

4𝑎2
 

                  (𝑥 +
𝑏

2𝑎
)
2
=

𝑏2

4𝑎2
−
𝑐

𝑎
 

                  (𝑥 +
𝑏

2𝑎
)
2
=
𝑏2 − 4𝑎𝑐

4𝑎2
 

           𝑥 +
𝑏

2𝑎
= ±√

𝑏2 − 4𝑎𝑐

4𝑎2
 

       𝑥 = −
𝑏

2𝑎
±√

𝑏2 − 4𝑎𝑐

4𝑎2
 

       𝑥 = −
𝑏

2𝑎
±
√𝑏2 − 4𝑎𝑐

2𝑎
 

       𝑥 =
−𝑏±√𝑏2 − 4𝑎𝑐

2𝑎
. ■ 



Precalculus Made Difficult  Chapter 3: Solving Equations 

52 
 

We’ve done it! Simply by completing the square, we’ve derived a remarkable formula for the exact 

solutions of any quadratic equation whatsoever. 

To sum up our discussion of quadratics, let us note that, apart from trivial equations in which 𝑥 can 

be isolated (such as 4𝑥2 = 9), there are only two ways that anyone ever solves a quadratic equation in 

practice: by factoring (with help from the zero product theorem), and, when factoring fails, by the 

quadratic formula.*  

 

Exercises 

30. Rewrite the following expressions in equivalent forms in which the symbol 𝑥 appears only once: 

a) 𝑥2 + 8𝑥  b) 𝑥2 + 9𝑥  c) 𝑥2 − 6𝑥  d) 𝑥2 −
2

3
𝑥 

e) 4𝑥2 + 8𝑥  f) −3𝑥2 +
3

4
𝑥  g) 𝑥2 + 3𝑥 + 1  h) 2𝑥2 − 4𝑥 + 4 

31. Solve the equation 2𝑥2 − 5𝑥 − 1 = 0 without using the quadratic formula. 

32. Derive the quadratic formula (without using any notes, of course). 

33. Here’s an appealing geometric interpretation of completing the square. 

Given an expression of the form 𝑥2 + 𝑏𝑥, we can complete the square by thinking of the two terms as the 

areas of a square and a rectangle. If we split the rectangle in half (along its “b” side) and paste the halves to 

two sides of the square as shown below, the resulting figure will be a square… with a bite out of one corner. 

 

 

 

 

 

To literally complete this square, we must fill in the missing corner. 

a) What is the area of the missing piece that will complete our square? 

b) Observe that this is indeed the “magic constant” described in the section above. 

c) This geometric demonstration only works when 𝑏 > 0. Explain why. 

d) Can you come up with a related geometric demonstration that will works when 𝑏 < 0?   

 

 

 

 

                                                           
* In examples 2 and 3, we solved quadratics by completing the square, but this was a temporary expedient, done only because 

we had not yet derived the quadratic formula. Now that we’ve derived it, solving a quadratic by completing the square would 
be a pointless reinvention of the wheel. 
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Why Negative Numbers? 

Whole numbers are for counting, fractions are for measuring, but what are negative numbers for? 

When, outside of a classroom, do we ever need to add, subtract, multiply, and divide negative numbers? 

Despite all evidence to the contrary, authors of arithmetic textbooks often assert that we need negative 

number arithmetic to make sense of debts, subzero temperatures, and the like. This is utter nonsense, 

as anyone with a brain in his head should be able to recognize after a few minutes of thought.  

If I owe Groucho $3, Chico $5, and Harpo $10, how much do I owe the Marx brothers altogether? 

Obviously, I owe them $18, a figure that I reached, just as you did, by adding three positive numbers. 

Granted, one could reach the same conclusion by computing (−$3) + (−$5) + (−$10)  =  −$18, but 

why bother? This example, moreover, is typical. Every so-called “real world application” of the negative 

number arithmetic can be solved in a natural way with positive numbers alone. You don’t believe me? 

Try to come up with an example that proves me wrong. Examine an arithmetic textbook sometime, and 

try to find among its “applied” examples and exercises even a single instance in which negative number 

arithmetic is indispensable. You will search in vain. History bears my claim out as well. In traditional 

bookkeeping, negative numbers were not used. Instead, debits were written in red ink. (This is why a 

business in debt is said to be “in the red.”) Chronology works similarly: We say that Archimedes died in 

212 B.C. We do not say that he died in −212. 

Having cleared the air of disingenuous answers, let’s repeat the question. Why do we need negative 

number arithmetic? The honest answer is that negative number arithmetic exists to simplify algebra. 

Without algebra, negative number arithmetic would not exist. And yet, not many centuries ago, even 

algebra was done without negatives. To give you a feel for algebra in the “pre-negative age,” let’s 

reconsider the problem of solving quadratic equations. 

To take a specific example, the equation −3𝑥2 + 5𝑥 + 1 = 0 would have been utter gibberish to 

those in the pre-negative age, on account of that mysterious leading coefficient. However, they would 

have found the equivalent (to our eyes) equation 3𝑥2 = 5𝑥 + 1 satisfactory. To solve this equation, we, 

of course, would use the quadratic formula, which yields two solutions, one negative and one positive: 

−5 + √37

−6
   and   

−5 − √37

−6
. 

But because the solution on the left is negative, pre-negative minds would say the equation has one 

solution: the one on the right, which they would have expressed in the equivalent form 

5 + √37

6
. 

How did they get this? We, of course, could obtain it from “our” form of the positive solution as follows: 

−5 − √37

−6
=
−5 − √37

−6
(
−1

−1
) =

5 + √37

6
 . 

But this would have been so much bollocks to our pre-negative friends. The original expression on the 

left-hand side would have been viewed as a heap of nonsense; our subsequent attempt to multiply it by 

another such heap, −1/−1, would have seemed the ravings of a lunatic.  
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Nonetheless, our pre-negative friends could easily have produced the positive solution directly, with no 

intervening negative numbers! How did they solve the problem? Exactly as most people would solve it 

today – by appealing to a formula that they had memorized, perhaps without understanding it. Their 

formula (or rather formulas) would have looked different than ours, though. This is how, in the pre-

negative age, a textbook discussion of quadratic equations could have been summarized: 

 
Thus, to solve 3𝑥2 = 5𝑥 + 1 in the pre-negative era, one would have used formula number 3 in the box 

above, which directly produces the solution 

𝑥 =
√52 + 4(3)(1) + 5

2(3)
=
√37 + 5

6
  

in such a way that negative numbers never intervene! 

The moral of this story is that it is entirely possible to do algebra without negative numbers. 

However, once we admit them, algebra becomes ever so much simpler. Algebra students sometimes 

grumble about having to memorize the quadratic formula. Be thankful at least that we have negatives! 

Memorizing the quadratic formula is a trifle compared to memorizing the contents of the box above. 

Negative number arithmetic is a tremendous laborsaving device, which is precisely why it was invented. 

 

Exercises. 

33. Pretend you are living in the pre-negative age. Solve the following quadratic equations while playing on “period 
instruments” (the boxed formulae in this section). Then solve them as you would today. 

a) 8𝑥2 + 4 = 5𝑥   b) 3𝑥2 + 4𝑥 = 1  c) 2𝑥2 = 𝑥 + 5 

34. Ponder the following words of Frances Maseres, an 18th-century mathematician: 

They [negative numbers] are useful only... to darken the very whole doctrines of the equations and to 
make dark of the things which are in their nature excessively obvious and simple. 

The pre-negative days were surprisingly recent.

A “Pre-Negative” Approach to Quadratic Equations. 

Quadratic equations come in four basic forms: 

1) 𝐴𝑥2 + 𝐵𝑥 + 𝐶 = 0. These obviously have no solution (a sum of positives can never be zero!) 

2) 𝐴𝑥2 + 𝐵𝑥 = 𝐶. These always have one solution. Namely, 𝑥 =
√𝐵2 + 4𝐴𝐶 −𝐵

2𝐴
. 

3) 𝐴𝑥2 = 𝐵𝑥 + 𝐶. These always have one solution. Namely, 𝑥 =
√𝐵2 + 4𝐴𝐶 + 𝐵

2𝐴
. 

4) 𝐴𝑥2 + 𝐶 = 𝐵𝑥. These are the oddballs. 

 If 𝐵2 < 4𝐴𝐶, then there is no solution. 

 If 𝐵2 = 4𝐴𝐶, there is one solution. Namely, 𝑥 =
𝐵

2𝐴
. 

 If 𝐵2 > 4𝐴𝐶, then there are two solutions. Namely, 𝑥 =
𝐵 ± √𝐵2 − 4𝐴𝐶

2𝐴
. 

 



 

 

 

Part II 

Geometry & Functions 
 

Chapter 4 

Basics of Coordinate Geometry  
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Coordinate Geometry: The Basic Idea 

Coordinate geometry is a way of thinking: Instead of thinking of a geometric figure as a complete entity, 

we think of it as an infinite collection of points.* This is not, of course, the way people usually think: We 

normally view the moon as a whole – as the moon; rarely do we think of it as an enormous collection of 

atoms, much less an infinite collection of mathematical points. Such, however, is the way of coordinate 

geometry.  

Let us begin. Pick a point in the plane and draw 

horizontal and vertical lines through it. We call the 

point the origin, and the lines the coordinate axes. 

Relative to these axes, we can specify any point’s 

location with two numbers, the point’s coordinates. 

The figure at right shows how this works: Point 𝑃’s 

coordinates are (3, −1) since it lies 3 units right of 

and 1 unit below the relevant axes. 

Next, we associate each axis with a variable. 

This will let us harness our coordinates to algebra. 

Unless otherwise specified, the horizontal axis will 

always be our 𝒙-axis, and the vertical our 𝒚-axis.† 

A graph, in coordinate geometry, is just a fancy term for any geometric object in the plane. Lines 

and squiggles of all sorts, including your signature, are graphs. By thinking of graphs as collections of 

points, and then thinking of these points as coordinates (i.e. as pairs of numbers), we build a bridge from 

the tangible geometric world to the abstract numerical world, and from there, to the world of algebra. 

Coordinate geometry lets us describe graphs algebraically. The process requires three steps. First, 

we mentally atomize a graph, thinking of it as an infinite set of points. Second, we think of each point as 

a coordinate pair. (So after two steps, we think of our graph as an infinitely long list of pairs of numbers.) 

Third, we use algebra to compress our infinite list of coordinate pairs into a finite package: a single 

equation satisfied by the coordinates of every point on the graph – and by no others. This, the equation 

of the graph, is an algebraic portrait of a geometric object.  

For a simple example, consider the graph at right, a line which bisects the first and 

third quadrants. It passes through (1, 1), (2, 2), (−1.4,−1.4), and every other point 

with equal coordinates. In short, a point (𝑥, 𝑦) in the plane lies on the line if and only if 

𝑥 = 𝑦. This being the case, the equation of the line is 𝒙 = 𝒚. 

Coordinate geometry provides algebra-tinted glasses through which we can view geometry, and 

geometry-tinted glasses through which we can view algebra. It is built upon a single principle, which is 

the basis for all applications of coordinate geometry. Understand it, and never forget it: 

 

                                                           
* Coordinate geometry is also called “analytic geometry” because when we use it, we analyze figures into points. 
† Accordingly, we often call a point’s first and second coordinates its “𝑥-coordinate” and its “𝑦-coordinate” respectively. 

The FPCG (Fundamental Principle of Coordinate Geometry). 

A point lies on a graph if – and only if – its coordinates satisfy the graph’s equation. 
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Example 1. The graph at right seems to pass through the 

point (−1,1). Does it really? 

Solution. Substituting −1 and 1 for 𝑥 and 𝑦 respectively in 

the graph’s equation yields 

(−1)3 + (−1 ∙ 1)2 − (−1) = 1, 

which is a true statement, as you should verify. Therefore, the 

point’s coordinates do satisfy the equation. Consequently, the 

FPCG tells us that (−1,1) does indeed lie on the graph.   

A graph’s equation relates the two coordinates of every point on the graph: If we know one coordinate 

of such a point, then we can use the graph’s equation to find the point’s other coordinate.  

Example 2. The equation of the graph at right (an ellipse) is 

3𝑥2 − 2𝑥𝑦 + 4𝑦2 + 11𝑥 − 6𝑦 = 54. Find the exact coordinates of the 

two points at which the ellipse crosses the 𝑥-axis. 

Solution. Both points have 𝑦-coordinate 0. According to the ellipse’s 

equation, when 𝑦 = 0, we have 3𝑥2 + 11𝑥 = 54. 

Solving this yields  𝑥 =
−11 ± √769

6
. 

Hence, the two points are (
−11 + √769

6
, 0) and (

−11 − √769

6
, 0).   

Sometimes symmetry considerations can be useful, as in this next example. 

Example 3. The figure at right (a parabola) is the graph of the equation  

𝑦 = −𝑥2 + 5𝑥 − 4. Find the coordinates of the parabola’s peak.  

Solution. Symmetry ensures that the graph’s peak is directly above the 

midpoint of segment 𝐴𝐵. Thus, the peak’s 𝑥-coordinate must be 5 2⁄  

(since 5/2 is the average of  1 and 4).  

When 𝑥 = 5/2 for a point on the parabola, it follows from the 

parabola’s equation that 𝑦 = −(5 2⁄ )2 + 5(5 2⁄ ) − 4 = 9/4. 

Hence, the peak occurs at the point (5 2⁄ , 9 4⁄ ).     

 

Exercises.  
1. a) Does the point (−4,2) lie on the graph in Example 1?  What about (1,1)? 

b) Find another point that lies on it, and prove that it lies on it. 

c) Does the graph ever cross the 𝑦-axis (perhaps at some point light-years above the 𝑥-axis)? 

If so, precisely where does it cross? If not, how can you be certain that it never crosses? 

2. At which point does the parabola in Example 3 cross the 𝑦-axis? 

3. There is exactly one point on the parabola in Example 3 whose 𝑥-coordinate is 6. Find its 𝑦-coordinate. 

4. Find the exact coordinates of the two points where the ellipse in Example 2 crosses the 𝒚-axis. 

5. Two points on Example 2’s ellipse have 𝑥-coordinate 1. Locate them on the graph and find their coordinates.  
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Straight Lines: Preliminaries 

So much for the general ideas of coordinate geometry. Let us dig into specifics, beginning with straight 

lines. The special cases of vertical and horizontal lines are trivial, as the next example shows.  

Problem. Find the equation of the vertical line passing through (2, 0).  

Solution. By definition, the line’s equation is satisfied by the coordinates of all 

points on the line – and by no others. Can we think of such an equation? 

The answer is almost obvious: Every point on the vertical line (and no point 

off of it) has an 𝑥-coordinate of 2, so the line’s equation is just  𝒙 = 𝟐.   

By similar logic, the equation of the horizontal line that lies 3 units below the 𝑥-axis is 𝑦 = −3. 

The equation of an oblique line (neither vertical nor horizontal) is more involved. To find it, we must 

specify the feature that distinguishes straight lines from all other graphs, and translate it into algebraic 

language. Most curves rise more steeply at some points than others. The distinguishing feature of a line 

is that it is equally steep everywhere. We measure this steepness by a number called the line’s slope.   

 

 

 

For example, suppose we know that the slope of the line in the figure at right is 2.3. 

Between points 𝐴 and 𝐵, this line runs horizontally by 5 units. As it does so, by how many 

units does it rise vertically? Since we know the line’s slope, this is no mystery at all (despite 

the figure’s question mark); the line must rise vertically by precisely 2.3(5) = 11.5 units.  

Such is the intuitive meaning of slope. To discuss slope algebraically, it helps to use some notation 

with which you may already be familiar: the expression ∆𝒙 (“delta 𝑥”), which refers to the change in 𝑥. 

For example, if 𝑥’s value has changed from −5 to 14, it has increased by 19 units; hence, ∆𝑥 = 19. 

(Similarly, if 𝑧’s value changes from 11 to 8, it decreases by 3 units; hence, ∆𝑧 = −3.) In general, 

∆𝑥 = (𝑥’s value after the change) – (𝑥’s value before the change). 

With this notation in hand, we can express the formula for slope quite compactly. 

The figure at right represents a line whose slope is 𝑚. By our definition of slope, 

whenever the line runs ∆𝑥 units, it must rise by precisely 𝑚(∆𝑥) units. Hence, 

between any two points on the line, we have ∆𝑦 = 𝑚(∆𝑥). Dividing both sides by 

∆𝑥 yields 𝑚 = ∆𝑦 ∆𝑥⁄ . That is,  

 

 

We can use this “rise over run” formula to compute a line’s slope from any two of its points.  

Example. Find the slope of the line passing through (−1, 2) and (3, 7). 

Solution. The line’s slope is  
∆𝑦

∆𝑥
=

7 − 2

3 − (−1)
=
5

4
 .  

Definition. A line’s slope is the number of units it rises vertically 
     for each unit that it runs horizontally. 

Slope =
Δ𝑦

Δ𝑥
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Exercises. 
Find the equations of… 

6. the vertical line through (−4,0).     7. the horizontal line through (0,2).       8. the 𝑥-axis.              9. the 𝑦-axis.     

10. the vertical line through (𝑎, 0).    11. the horizontal line through (0, 𝑎).    12. the vertical line through (0, 𝑎).     

Sketch the graphs of… 

13. 𝑥 = 1       14. 𝑦 = −2       15. 𝑦 = 0       16. 𝑥 = 𝜋 

17. Draw lines passing through the origin with the following slopes: 1, 2, 5, −1, −2,−5, 0, 1/2, − 1 2⁄ . 

(Note that a line with negative slope falls instead of rises, while a line with zero slope is horizontal.) 

18. Suppose that a line has slope 3 4⁄  and passes through (2,5). 

a) The line will pass through a point whose 𝑥-coordinate is 9. What must the 𝑦-coordinate of that point be? 

b) The line will pass through a point whose 𝑥-coordinate is 11. What must the 𝑦-coordinate of that point be? 

19. If, over a three-hour period, the temperature 𝑇 drops from 9° to −11°, what is ∆𝑇? 

20. When a point moves from (2,3) to (7,12), what is ∆𝑥? What is ∆𝑦? What is ∆𝑦 ∆𝑥⁄ ? 

21. When a point moves from (7,12) to (2,3), what is ∆𝑥? What is ∆𝑦? What is ∆𝑦 ∆𝑥⁄ ? 

22. Find the slope of the line passing through (2, 3) and (5, 15).     

23. Find the slope of the line through (−200, 3010) and (−5, −6000). 

24. If a line passes through points in the 2nd and 4th quadrants, what do we know about its slope? 

 

Straight Lines: The Point-Slope Form 
“Boy, tell your story in a straight line, not in curves... 

for to get a clear idea of the truth, one needs proofs and more proofs.” 

  - Cervantes, Don Quixote, Part II, Ch. XXVI 

The solution to this next problem is the key to all that follows.  

Problem 1. Derive the equation of the line through (2, 1) with slope −3. 

Solution. We seek an equation satisfied by the coordinates of all points 

on the line. To this end, we’ll let (𝑥, 𝑦) be a variable point on the line. 

(Its variability is what allows it to represent all the line’s points.)  

The trick for deriving the line’s equation is to find two distinct expressions for the line’s slope. 

(One will involve the variable point’s coordinates.) These expressions will represent the same 

thing, so they will equal one another. Thus, we’ll be able to put an equals sign between them; the 

result will be an equation satisfied by the variable point’s coordinates (that is, by the coordinates 

of every point on the line). With this strategy in mind, the derivation is just four lines long: 

On one hand, wherever the variable point (𝑥, 𝑦) lies on the line, the slope from (2,1) to (𝑥, 𝑦) 

is ∆𝑦/∆𝑥 = (𝒚 − 𝟏)/(𝒙 − 𝟐). On the other hand, we’ve been given that this line’s slope is −𝟑. 

Hence, wherever the variable point lies on the line, it remains true that (𝑦 − 1) (𝑥 − 2)⁄ = −3. 

Therefore, this is the line’s equation.  

We could mimic this argument whenever we want to find a line’s equation, but mathematicians are lazy. 

Instead of reinventing the wheel each time, let’s just solve this problem once and for all in the abstract.  
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Problem 2. Derive the equation of the line through (𝑥0, 𝑦0) with slope 𝑚. 

Solution. Let (𝑥, 𝑦) be a variable point on the line. Wherever it lies, the 

slope from (𝑥0, 𝑦0) to (𝑥, 𝑦) is ∆𝑦/∆𝑥 = (𝑦 − 𝑦0) (𝑥 − 𝑥0)⁄ . But the 

line’s slope is also known to be 𝑚. Hence, wherever the variable point 

may roam on the line, it remains true that (𝑦 − 𝑦0) (𝑥 − 𝑥0)⁄ = 𝑚. 

Clearing fractions, we obtain the line’s equation in a fraction-free form:  

𝒚 − 𝒚𝟎 = 𝒎(𝒙 − 𝒙𝟎).   

Lest you forget this tremendously important formula, I’ll summarize what we’ve learned here in a box. 

The “Point-Slope” Formula for a Line 

The equation of the line passing through point (𝑥0, 𝑦0) with slope 𝑚 is 

𝒚 − 𝒚𝟎 = 𝒎(𝒙 − 𝒙𝟎). 

Whenever we use this point-slope formula to find a particular line’s equation, we apply a bit of algebraic 

polish at the end by distributing the slope and isolating 𝑦, as in the following example. 

Problem 3. Find the equation of the line passing through (−3,4) with slope 2. 

Solution. By the point-slope formula (with 𝑥0 = −3, 𝑦0 = 4, and 𝑚 = 2), the line’s equation is 

     𝑦 − 4 = 2(𝑥 − (−3)). 

After applying the customary algebraic polish, this becomes  𝒚 = 𝟐𝒙 + 𝟏𝟎.    

You have just witnessed a remarkable mathematical pattern. Let us pause to acknowledge and savor it. 

First, we solved a particular problem: We found the equation of the line through (2,1) with slope −3. 

This required the clever idea of equating two expressions for the slope, one involving a variable point’s 

coordinates. Recognizing this idea’s fruitfulness, we reconsidered the problem under general conditions, 

stripping away its particulars to expose its abstract essence: Find the equation of the line through point 

(𝑥0, 𝑦0) with slope 𝑚. Solving this abstract problem led us to discover the point-slope formula, which 

reduces the original particular problem (and any other one like it) to a mechanical triviality. 

You’ve seen this pattern before. Solving our first substantial quadratic equation required ingenuity: 

the idea of “completing the square.” Recognizing that idea’s importance, we carried it up to the abstract 

air and applied it to the general quadratic, 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, thereby deriving the quadratic formula.  

We begin and end in particulars, but derive power from our flights into abstraction.  

Exercises. Find the equations of the following lines. Also find the points where the lines cross the axes.  

25. The line through (5, 1) with slope 2.         26. The line through (4, −7) with slope −6.           

27. The line through (
2

3
, −

1

6
) with slope −

3

2
. 

28. The line through (−1,−2) and (3,1).  [Hint: You haven’t been given the slope, but you can find it.]  

29. The line through (
1

4
,
2

5
) and (−

3

2
, 0).               30. The line through (0, 𝑏) with slope 𝑚. 
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Straight Lines: The Slope-Intercept Form 
“ This right line – The pathway for Christians to walk in! – say divines 

– The emblem of moral rectitude! – says Cicero – The best line! – 

say cabbage planters – is the shortest line, says Archimedes, which 

can be drawn from one given point to another.”  

 - Laurence Sterne, Tristram Shandy, Book VI, Chapter XL 

The point-slope formula reveals that the line through (0, 𝑏) with slope 𝑚 has a 

particularly simple equation: 𝒚 = 𝒎𝒙 + 𝒃. This is “the slope-intercept form” of the 

line, so called because its first parameter, 𝑚, represents the line’s slope, and its 

second, 𝑏, represents the line’s “𝑦-intercept” (the place it crosses the 𝑦-axis).  

The “Slope-Intercept” Form of a Line 

The equation of the line with slope 𝑚 and 𝑦-intercept 𝑏 is 

𝒚 = 𝒎𝒙 + 𝒃. 

Although we usually use the point-slope form to find a line’s equation, we always simplify the result and 

report it in slope-intercept form on account of the latter’s clear geometric interpretation. When you see 

the equation 𝑦 = 3𝑥 − 1, for example, you can picture in your mind’s eye the corresponding graph – 

a line through (0,−1) that rises 3 units for every one unit that it runs. Under certain circumstances, 

we can reverse the process and “read” a line’s equation directly off of its graph. For example, 

 

Example 1. What is the equation of the line depicted at right?   

Solution. Between the points at which the line crosses the axes, it “runs” 3 

units and “rises” −2 units. Thus, its slope is −2 3⁄ . Its 𝑦-intercept is 2, so 

by the slope-intercept form, its equation must be 

𝒚 = −
𝟐

𝟑
𝒙 + 𝟐.      

Example 2. Fahrenheit depends linearly on Celsius. (That is, the graph of the formula that 

converts Celsius to Fahrenheit is a straight line.) Use this fact to derive the conversion formula.  

Solution. Naturally, we’ll label our axes 𝐶 and 𝐹 instead of 𝑥 and 𝑦, 

but this won’t change anything of importance. Two points determine 

a line, so if we can think of two points that lie on the line we seek, we 

can find its equation. Fortunately, there are two points that everyone 

knows: Water’s freezing point gives us one, (0, 32), and its boiling 

point gives us the other, (100, 212). All that remains is to find the 

equation of the line passing through them. 

The figure shows that its slope is  
∆𝑦

∆𝑥
=
212 − 32

100 − 0
=
9

5
. 

The line crosses the vertical axis at 32, so by the slope-intercept form, its equation must be 

𝑭 =
𝟗

𝟓
𝑪 + 𝟑𝟐.    
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Exercises 

31. Find the equation of each of the following lines – and the points where each line crosses the axes.  

a) The line with slope 7 and 𝑦-intercept 2         b) The line through (1,2) and (4,0)  

c) The line through (2, −1/3) with slope 1         d) The line with slope 7 and 𝑥-intercept 2 

32. In Example 2, you saw that the formula for converting Celsius to Fahrenheit is 𝐹 = (9 5⁄ )𝐶 + 32.  

a) For each degree that the Celsius scale increases, how many degrees does Fahrenheit increase? 

b) If the temperature rises by 5℃, what is the increase in degrees Fahrenheit? 

c) Find the formula for converting Fahrenheit to Celsius. 

d) Is there a temperature at which Fahrenheit and Celsius are equal? If so, what is it? If not, why not? 

33. Sketch graphs of the following equations, and find where the graphs intersect the axes. 

a) 𝑦 =
1

2
𝑥 − 2           b) 𝑦 = −2𝑥 + 5           c) 3𝑥 + 4𝑦 = 5           d) 𝑦 =

3

8
𝑥           e) 𝑥 = −20  

34. Find the equations of the following lines: 

… b)                                                                a)                  c)   

 

 

 

 

35. Parallel lines have equal slopes. (This is fairly obvious, as you should convince yourself.) Using this fact… 

a) Find the equation of the line that passes through (3,2) and is parallel to the graph of 𝑦 = −4𝑥 + 7. 

b) Find the equation of the line through the origin that is parallel to the graph of 2𝑥 + 5𝑦 = 8. 

36. Perpendicular lines have negative reciprocal slopes. (For example, if a line has slope 2/5, lines perpendicular to 

it have slope −5/2.) This is not at all obvious. Here – for the benefit of the curious – is a proof that this is true, 

followed by a couple of exercises for the benefit of everyone. 

 (Proof: The figure at right shows perpendicular lines, with slopes 𝑚1 and 𝑚2. 

We must prove that 𝑚1 = −1/𝑚2. 

Draw a 1-unit horizontal line segment rightwards from the intersection point. 

From its endpoint, draw a vertical line extending to the two original lines. 

This creates a pair of similar right triangles. 

The tall one’s height is, by the definition of slope, 𝑚1. 

The short triangle’s height is −𝑚2.* 

Similar triangles have the same proportions, so here, 𝑚1 1⁄ = 1 −𝑚2⁄ . 

That is, 𝑚1 = −1/𝑚2, as claimed.) 

a) Find the equation of the line passing through (3,2) and perpendicular to the graph of 𝑦 = −4𝑥 + 7. 

b) Find the equation of the line through the origin and perpendicular to the graph of 2𝑥 + 5𝑦 = 8. 

 

 

                                                           
* That negative sign is a potential source of confusion. To understand it, first note that since 𝑚2 is the slope of a downward-

sloping line, 𝑚2 is a negative number. Thus −𝑚2 is a positive number. Namely, −𝑚2 is the number of units one falls vertically 
on the line if one runs 1 unit horizontally. Thus, −𝑚2 is the height of the short triangle, as claimed. 
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37. (Linear Equations in the form 𝒂𝒙 + 𝒃𝒚 = 𝒄). 

Sometimes it’s convenient to write linear equations in the form 𝒂𝒙 + 𝒃𝒚 = 𝒄. One of this form’s advantages is 

that it lets us dispose of ugly fractional coefficients. (For example, 𝑦 = (2 3⁄ )𝑥 − (1 7)⁄  can be rewritten, after 

clearing fractions and rearranging terms, as 14𝑥 − 21𝑦 = 3.) 

     Moreover, when a line’s equation is written in this form, we can read both of its intercepts off its equation. 

Consider 14𝑥 − 21𝑦 = 3. What is this line’s 𝑦-intercept? Well, where the line crosses the 𝑦-axis, 𝑥 must be 0, 

and let 𝑥 be 0 in this equation, then 𝑦 = −1/7 (as you can surely calculate in your head). A similar thought 

process shows that the line’s 𝑥-intercept is 3 14⁄ . As a result, it is supremely easy to graph a linear equation 

when it is written in this form: Just mark the two intercepts on the axes, and then draw the line that passes 

through them. Use this method to graph the following lines: 

a) 3𝑥 + 6𝑦 = 18                  b) −3𝑥 − 8𝑦 = 48                  c) 5𝑥 + 3𝑦 = 10                  d) 2𝑥 + 7𝑦 = 3 
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Pythagorean Gold Rush 
“Geometry has two great treasures: one is the theorem of Pythagoras, 

the other the division of a line into mean and extreme ratio. The first 

we may compare to a mass of gold, the second a precious jewel.”  

- Johannes Kepler 

Suppose the three squares in the figure at right are made of gold. You and a 

friend are going to share them. One of you will get the large square; the 

other, however, will get the small and medium squares. Your magnanimous 

friend lets you decide which share you’ll get. Assuming you want as much gold 

as you can get, which option will you choose for yourself? The large square? 

Or the other two? Look at the figure closely and consider before deciding. 

Did you decide? Now read on. 

When posed this problem, many people are surprised to learn that it does not matter which option 

you choose, for the largest square contains exactly as much gold as the other two squares combined! 

This counterintuitive result follows directly from the most famous of all geometric theorems. 

 

 

 

Students too often meet the Pythagorean Theorem in an equivalent but lusterless algebraic form that 

obscures its connection to area. This is most unfortunate, because thinking about it in terms of area 

(as Pythagoras did) helps us recognize the Pythagorean Theorem as genuinely surprising. But why does 

this surprising theorem hold? 

There are many proofs of the Pythagorean Theorem. The following is one of the cleverest. 

Proof of the Pythagorean Theorem. 

Given any right triangle, make two identical 

squares whose edges are each as long as the 

sum of the triangle’s legs. Paint the squares 

grey. Since the squares are identical, they 

enclose the same area. 

Next, make eight identical copies of our right triangle. Arrange these on the squares, as in the 

figure below, four per square, covering up some of the grey paint. Clearly, the area of gray paint 

left uncovered by triangles will be equal in the two 

squares. But look: The uncovered grey paint on the left 

is the square on the hypotenuse. The uncovered grey 

paint on the right is the sum of the squares on the legs! 

This argument will obviously work for any right 

triangle, so we’ve proved the Pythagorean Theorem. ■ 

 

The Pythagorean Theorem. 

In any right triangle, the square on the hypotenuse is the sum of the squares on the legs. 
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The Pythagorean Theorem relates the three sides of any right triangle; if we know any two sides, the 

Pythagorean Theorem will always give us the third. 

Example. If a right triangle has a 12 cm hypotenuse, and a 10 cm leg, how long is its other leg? 

Solution. Let 𝑥 be the remaining leg’s length. 

By the Pythagorean Theorem, we know that 122 = 102 + 𝑥2. 

Solving this for 𝑥, we find that 𝑥 = √44 = 2√11. 

That is, the remaining leg of the right triangle is 𝟐√𝟏𝟏 ≈ 6.63 cm long.   

 

Exercises. 

38. If a right triangle has a 15 inch hypotenuse, and a 1 inch leg, how long is its other leg? 

39. If the legs of a right triangle are 3 miles and 8 miles, how long is its hypotenuse? 

40. If the two longest sides of a triangle are 6 units and 4 units, does the Pythagorean Theorem tell us anything 

about the shortest side? If so, what does it tell us? If not, why not? 

41. If the two longest sides of a right triangle are 6 units and 2√5 units, does the Pythagorean Theorem tell us 

anything about the shortest side? If so, what does it tell us? If not, why not? 

42. Everyone knows that a rectangle with base 𝑏 and height ℎ has area 𝑏ℎ.  

Less well-known is the fact that a parallelogram with base 𝑏 and height ℎ also has area 𝑏ℎ.* 

 (Proof. In the figure at right, we cut a triangle from a 

parallelogram, then reattach it to the opposite side, 

turning the parallelogram into a rectangle.  Since no 

area was created or destroyed during this operation, 

the original parallelogram’s area must equal that of 

the rectangle, which is, of course, 𝑏ℎ.)  

Your problem: Prove that every triangle’s area is half the product of its base and height. 

[Hint: We found the parallelogram’s area formula by relating a parallelogram to a shape whose area we knew 

already. Use the same strategy with the triangle. Be sure that your argument holds for all triangles, not just 

right  triangles.] 

43. In this exercise, you’ll prove the Pythagorean Theorem in another way. The proof begins as follows: 

Consider an arbitrary right triangle. Call its hypotenuse 𝑐 and its legs 𝑎 and 𝑏.  

To prove the Pythagorean Theorem, we must prove that 𝑐2 = 𝑎2 + 𝑏2. 

To this end, arrange four copies of the right triangle as shown in the figure. 

Your problem: Complete the proof. 

[Hint: Compute the large square’s area in two different ways, then equate the 

expressions you obtain. After some algebraic manipulation, you’ll be able to 

rewrite your equation as 𝑐2 = 𝑎2 + 𝑏2, thus proving the theorem.] 

 

 

                                                           
* A parallelogram’s “height” is the distance between its parallel bases, not the length of its sloped sides. 
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The Distance Formula 
“Viewed from a distance, everything is beautiful.” 

 - Tacitus 

Distance is coordinate geometry’s lifeblood: A point’s coordinates specify its distances from the axes, 

and all the major geometric magnitudes (lengths, areas, volumes) are distances or products of distances. 

The following “distance formula” is therefore of paramount importance. 

The Distance Formula. 

The distance 𝑑 between any two points may be computed (from their coordinates) as follows: 

𝑑 = √(∆𝑥)2 + (∆𝑦)2. 

Proof. We can view the line segment joining any two points in the plane 

as the hypotenuse of a right triangle, whose legs are parallel to the axes 

and have lengths |∆𝑥| and |∆𝑦|.* The Pythagorean Theorem yields 

𝑑2 = |∆𝑥|2 + |∆𝑦|2 

          = (∆𝑥)2 + (∆𝑦)2.† 

Taking the square root of both sides of this equation, we obtain the distance formula.   ■ 

The distance formula is thus a disguised version of the Pythagorean Theorem – one of that theorem’s 

many masks. You’ll meet others in later courses. 

Example. Find the distance between the points (−2,−11) and (10,−9). 

Solution. By the distance formula, the distance we seek is 

𝑑 = √(∆𝑥)2 + (∆𝑦)2 = √(10 − (−2))2 + (−9 − (−11))2 = √148 = 𝟐√𝟑𝟕. 

Should you require a decimal approximation, a calculator will tell you that 2√37 ≈ 12.17.    

You’ve already mastered the equation of a line. Now that you know the distance formula, you can also 

understand the equation of a circle, which we’ll derive after the following 

 

Exercise. 
44. Find the exact distances between the points in the following pairs: 

a) (2,3) and (10,9)                b) (−1,13) and (9,10)         c) (3, −1/4) and (−2, 13/2). 

d) (𝑥1, 𝑦1) and (𝑥2, 𝑦2)              e) (2,5) and (2,13)  [You don’t need the distance formula here.] 

f) The proof above actually has a small flaw. (Did you notice it?) The problem is that certain line segments can’t 

be viewed as hypotenuses of right triangles whose legs are parallel to the axes. When does this happen? 

Does the distance formula still hold in those cases? If so, explain why. If not, provide a counterexample.  

                                                           
* We need the absolute values because the side lengths of the triangle must be positive, whereas  𝑥 and 𝑦 can be negative. 

In the figure accompanying the proof, for instance, if we run from 𝑃 to 𝑄, then 𝑥 > 0, but 𝑦 < 0. 

† Squaring a real number and squaring its absolute value obviously yield the same result, so in general, |𝑥|2 = 𝑥2.  
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Circles 
“It is he that sitteth upon the circle of the earth, 

  and the inhabitants thereof are as grasshoppers.” 

 - Isaiah 40:22 

As straightness is distinguished by a constant slope, so circularity is distinguished by a constant radius: 

All points on a circle are equidistant from its center. This defining property of a circle yields its equation. 

Problem 1. Derive the equation of the unique circle with center (2, 1) and radius 3. 

Solution. We want an equation satisfied by the coordinates of all the 

circle’s points. To this end, let (𝑥, 𝑦) be a variable point on the circle. 

(Its variability lets it represent all points on the circle.) 

We’ll express the distance between (2,1) and (𝑥, 𝑦) in two ways: 

By the distance formula, it is √(𝒙 − 𝟐)𝟐 + (𝒚 − 𝟏)𝟐. 

By the definition of a circle’s radius, it is 𝟑. 

Thus, √(𝑥 − 2)2 + (𝑦 − 1)2 = 3 for all points (𝑥, 𝑦) on the circle. 

We can polish this by squaring both sides to eliminate the unsightly 

square root. Doing so here, we have this particular circle’s equation: 

(𝒙 − 𝟐)𝟐 + (𝒚 − 𝟏)𝟐 = 𝟗.     

Now we’ll repeat this argument abstractly; we’ll derive the equation of the circle with center (𝑥0, 𝑦0) 

and radius 𝑟. Once we have it, we’ll never need to derive the equation of a particular circle again: 

Instead, we’ll just plug the relevant information into a formula, which will produce the equation for us.  

Problem 2. Derive the equation of the unique circle with center (𝑥0, 𝑦0) and radius 𝑟. 

Solution. We want an equation satisfied by the coordinates of all the 

circle’s points. To this end, let (𝑥, 𝑦) be a variable point on the circle. 

(Its variability lets it to represent all points on the circle.) 

We’ll express the distance between (𝑥0, 𝑦0) and (𝑥, 𝑦) two ways: 

By the distance formula, it is √(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2. 

By the definition of a circle’s radius, it is 𝑟. 

Thus, √(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 = 𝑟 for all points (𝑥, 𝑦) on the circle. 

We traditionally polish this by squaring both sides, whereby we obtain 

the cleaner form  (𝒙 − 𝒙𝟎)
𝟐 + (𝒚 − 𝒚𝟎)

𝟐 = 𝒓𝟐.     

Let us summarize the result we’ve just established: 

The Equation of a Circle 

The equation of the circle with center (𝑥0, 𝑦0) and radius 𝑟 is 

(𝒙 − 𝒙𝟎)
𝟐 + (𝒚 − 𝒚𝟎)

𝟐 = 𝒓𝟐 
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Problem 3. Find the equation of the circle with center (−8, 0) and radius 7. 

Solution. By the boxed equation above (with 𝑥0 = −8,  𝑦0 = 0, 𝑟 = 3), the circle’s equation is  

(𝑥 − (−8))2 + (𝑦 − 0)2 = 49.     

After simplification, this becomes    (𝒙 + 𝟖)𝟐 + 𝒚𝟐 = 𝟒𝟗.            

The center and radius will rarely be handed to you on a silver platter. But given sufficient information to 

find them, you can still produce the circle’s equation, as in this next example. 

Problem 4. Find the equation of the circle that has a diameter joining the points (−1, 6) and (3, 4).  

Solution. To find this circle’s equation, we’ll need its center and radius. 

Its center, 𝐶, is the midpoint of the given diameter. The midpoint’s 

coordinates are the averages of the endpoint’s coordinates. 

Thus, the circle’s center is (
−1 + 3 

2
,
6 + 4

2
) = (1, 5). 

As for the radius, this is just the distance from the center to (3,4). 

The distance formula tells us that this is 

√(3 − 1)2 + (4 − 5)2 = √5. 

Now that the circle’s center and radius are known, we have its equation: 

(𝒙 − 𝟏)𝟐 + (𝒚 − 𝟓)𝟐 = 𝟓.     

 

Exercises. 

45. The so-called “unit circle” is the circle of radius 1 centered at the origin. What is its equation? 

46. a) Find the equation of the circle with center (−3, 2) and radius 4. 

b) Find the points where the circle in part (a) crosses the axes. 

c) Find the points where the circle in part (a) crosses the line 𝑥 = −1.   

d) Find any ten points on the circle (including the ones you’ve found already). 

47. a) Find the equation of the circle with center (1, 1/2) and radius 1/2. 

b) Find the points where the circle in part (a) crosses the axes. 

c) Find the points where the circle in part (a) crosses the line 𝑦 = 1/2. 

    [Think geometrically. You shouldn’t have to use an equation for this part.] 

d) Find the coordinates of any ten points on the circle (including the ones you’ve found already). 

48. Find the equation of each of the following circles. Also, graph the circles and label their key points (center and 

intersections with axes) with their coordinates. 

       a) the circle that has a diameter joining the points (−2,6) and (3,4). 

       b) the circle that passes through (2,5) and has center (3, −1).  

       c) the circle with diameter 7 centered at the origin. 

49. Graph the following equations, and give the coordinates of key points on each graph. 

       a) 𝑥2 + 𝑦2 = 1  b) (𝑥 + 2)2 + (𝑦 − 3)2 = 25  c) 𝑥2 + (𝑦 + 1)2 = 5 

50. Find the equations of four different circles of radius √5 that pass through (1,1).   
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51. A square’s vertices are (0,0), (0,1), (1,0), (1,1). A circle passes through all of them. Find its equation. 

52. Suppose that the part of the ground illuminated by a certain street lamp is a circular disc 80 feet in diameter. 

The lamp is located 30 feet east and 20 feet north of the intersection of those two well-known perpendicular 

streets, Horizontal Ave. and Vertical Lane. 

       a) How many feet of Horizontal Ave. does the lamp illuminate? 

       b) How many feet of Vertical Lane does the lamp illuminate?  

       c) How many square feet of ground does the lamp illuminate?  

53. (Semicircles) Whenever we try to isolate a variable in a circle’s equation, we will end up with two equations. 

For example, if we massage (𝑥 − 2)2 + (𝑦 + 3)2 = 5 until 𝑦 is isolated, we obtain  𝑦 = −3 ± √5 − (𝑥 − 2)2, 

as you should verify.* These graphs of these two equations (one with the plus sign and one with the minus sign) 

are the top half and bottom half of the circle, respectively.  

       a) Explain why the graph of the equation with the + is the circle’s top half. 

       b) Now try isolating 𝑥. You will again obtain two equations. What are their graphs? 

       c) Find the equation of the bottom half of the unit circle (i.e. the circle with center (0,0) and 𝑟 = 1). 

       d) Find the equation of the right half of the circle with center (−1,2) and radius 6. 

       e) What does the graph of 𝑦 = −√4 − 𝑥2 look like?  

 

  

                                                           
* Remember, when taking square roots of both sides of an equation, we must insert ± on one side. To recall why, think about 

the equation 𝑥2 = 9. 
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Six Basic Graphs 

You should learn the shapes of the following graphs so well that they – like circles and lines – appear 

before your mind’s eye whenever you encounter their equations: 

 

 

 

 

 

 

Thinking about each of these preceding equations for a few minutes should suffice to explain their 

graphs’ shapes. Do this before you move on. Then do the same for the next three graphs, whose shapes 

you should also learn: 

 

 

 

Exercises. 

54. Does the graph of 𝑦 = √𝑥 ever cross the line 𝑦 = 10? If so, at what point does it cross? 

55. Why does the graph of 𝑦 = √𝑥
3

 have points in the third quadrant, unlike the graph of  𝑦 = √𝑥 ? 

56. To attain large 𝑦-values for either of the functions in the last problem, one needs to put in very large 𝑥-values. 

In other words, 𝑦 = √𝑥 and 𝑦 = √𝑥
3

 both grow very slowly. 

Which of these two slowpokes grows faster than the other? Give some numerical evidence for your claim. 

57. Among 𝑦 = 𝑥2,    𝑦 = 𝑥3,   and 𝑦 = |𝑥|, which grows fastest? Which grows slowest? 

58. Does the graph of 𝑦 = 1/𝑥 ever touch either axis? How can you be certain? 

59. There is one point that lies on all six of the graphs above. What are its coordinates? 

60. Sketch the basic shapes of the graphs of 𝑦 = 𝑥4,   𝑦 = 𝑥5,   𝑦 = 𝑥6,   and 𝑦 = 𝑥7. 

61. Describe the relationship between the graphs of 𝑦 = 𝑥,   𝑦 = −𝑥,  and 𝑦 = |𝑥|. 
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Intersections 

The intersections of two graphs are the points lying on both of them. A simple method to find them is 

based directly on the Fundamental Principle of Coordinate Geometry. 

Example 1. Determine where the line  𝑦 = 2𝑥  intersects the ellipse  𝑥2 + 9𝑦2 − 9 = 0.   

Solution. Let (𝑎, 𝑏) represent any point lying on both graphs. 

Since it lies on the ellipse’s graph, its coordinates must, by the 

FPCG, satisfy the ellipse’s equation. Thus, we know that 

          𝑎2 + 9𝑏2 − 9 = 0. 

Similarly, since it lies on the line’s graph, the FPCG tells us that  

𝑏 = 2𝑎. 

A-ha! We now have two equations in two unknowns, a situation we learned to grapple with in the 

previous chapter. Recall the process: First, we combine the equations into a single equation in one 

unknown. From there, we can just follow our noses to the problem’s end. Here, for example, we 

can combine the equations by substituting the second into the first, which gives us 

𝑎2 + 9(2𝑎)2 − 9 = 0. 

Solving this, we find that 𝑎 = ±3/√37. These are the 𝑥-coordinates of the intersection points. 

Since these points lie on the line, we can now use its equation to determine their 𝑦-coordinates.* 

Doing so, we find that the corresponding 𝑦-coordinates are ±6/√37.  

Hence the ellipse and the line intersect at (3/√37,   6/√37) and (−3/√37, −6/√37).   

Such is the process for finding intersections. Its logic, I hope, is crystal clear. If we’re willing to sacrifice 

some clarity, however, we can accelerate the process. Introducing the point (𝑎, 𝑏) into the problem is – 

from a strictly computational standpoint – superfluous. As far as our computations are concerned, we 

can cut to the chase by combining the graphs’ equations as given (i.e. with their 𝑥’s and 𝑦’s intact), 

proceeding to the solution from there.† Explicitly introducing 𝑎 and 𝑏 as the coordinates of an 

intersection point has psychological value, since it helps us understand the logic behind the technique, 

but in hindsight, once we’ve digested that logic, we see that it isn’t computationally necessary. We may 

therefore abandon those training wheels and proceed to the faster, simplified procedure. 

With some new terminology, we can summarize the procedure concisely. Solving a system of two 

equations means finding those coordinate pairs that satisfy both equations.‡  

 
 

                                                           
* We could use the ellipse’s equation to find their 𝑦-coordinates, but the line’s equation is much simpler. 
† Doing this in example 1 yields the equation 𝑥2 + 9(2𝑥)2 − 9 = 0 instead of 𝑎2 + 9(2𝑎)2 − 9 = 0. Of course, these equations 

have the same solutions, which represent the 𝑥-coordinates of the intersection points.  
‡ For example, the system consisting of the two equations 𝑥 + 𝑦 = 2 and 𝑦 = 𝑥2 has two solutions. One solution is (1,1), which 

clearly satisfies both equations. I’ll leave it to you as an exercise to find this system’s other solution. 

Finding the Intersections of Two Graphs. 
To find the intersections of two graphs, we solve the system of their equations.  
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Solving a system of two equations in two unknowns is a three-step process. First, combine the equations 

via some sort of substitution so as to produce an equation in one unknown. Second, solve this equation. 

Third, substitute its solution back into one of the original equations and obtain the remaining unknown.  

Example 2. Find the intersection points of the circle and line at right.  

Solution. Because the circle is centered at the origin and its radius is 2, 

its equation is 𝒙𝟐 + 𝒚𝟐 = 𝟒. Since the line has slope 2 and 𝑦-intercept 0, 

its equation is 𝒚 = 𝟐𝒙. We want to find the points whose coordinates 

satisfy both of these equations. 

To find them, we’ll solve the system of these two equations. 

First, we must combine the two equations into a single equation involving just one unknown. 

We can do this by substituting the second equation into the first, yielding  𝑥2 + (2𝑥)2 = 4. 

Second, we solve this equation. Doing this (I’ll leave the details to you) yields 𝑥 = ±2 √5⁄ . 

These are the 𝑥-coordinates of the two intersection points. 

Finally, to obtain the corresponding 𝑦-coordinates, we substitute these 𝑥-coordinates back 

into the line’s equation, whereby we find that 𝑦 = ±4/√5.  

We therefore conclude that the line and circle intersect at (
2

√5
,
4

√5
) and (

−2

√5
,
−4

√5
).    

Example 3. Find the intersection points of the two circles at right.  

Solution. Clearly, the larger circle’s equation is 𝒙𝟐 + (𝒚 − 𝟐)𝟐 = 𝟒, 

while the smaller circle’s is 𝒙𝟐 + 𝒚𝟐 = 𝟏. 

First, we must combine these two equations in two unknowns 

into one equation in one unknown. We can accomplish this by 

rewriting the small circle’s equation as 𝑥2 = 1 − 𝑦2, and substituting 

this into the large circle’s equation to get (1 − 𝑦2) + (𝑦 − 2)2 = 4. 

Second, we solve this equation. Doing so (you should supply the 

details) reveals that 𝑦 = 1/4. This tells us that the 𝑦-coordinate of 

both intersection points is 1/4. 

Finally, we obtain the points’ 𝑥-coordinates by substituting 𝑦 = 1/4 into the small circle’s 

equation, thus obtaining an equation in 𝑥 alone: 𝑥2 + (1 4⁄ )2 = 1. Solving it yields 𝑥 = ±√15 4⁄ . 

Thus, the intersection points of the two circles are (√15/4, 1/4) and (− √15/4, 1/4).     

When solving intersection problems, you may spell out the details as I did in example 1, or make use of 

the accelerated procedure we used in examples 2 and 3. The choice is yours; either way, be sure you 

understand why that method works.   

  



Precalculus Made Difficult  Chapter 4: Basics of Coordinate Geometry 

73 
 

Exercises. 

62. Sketch the graphs of the following equations, and find the point(s) where they intersect:  

a) 𝑦 = 3𝑥 − 2,    𝑦 = −2𝑥 + 3          b) 5𝑥 + 3𝑦 = 3,    2𝑥 − 7𝑦 = 1          c) 𝑥2 + 𝑦2 = 1,    𝑦 = −
2

3
𝑥 

d) (𝑥 − 2)2 + (𝑦 + 1)2 = 3,    𝑥 + 3𝑦 = 3          e) 𝑦 = 𝑥3,    𝑦 = 3𝑥          f) 𝑦 = 𝑥2,   𝑦 = 2𝑥 + 1        

g) 𝑥2 + 𝑦2 = 1,    𝑦 = 𝑥2          h) 𝑦 = √𝑥
3

,    𝑦 = 𝑥 2⁄           i) 𝑦 = √𝑥,    𝑥 = 4000000        

j) 𝑦 = √9 − (𝑥 − 1)2 ,    𝑦 = 𝑥 + 1    [Hint: Review exercise 53.] 

63. Mr. Anonymous tries to find the intersections of the lines  𝑦 = 2𝑥 + 1  and   𝑦 = 2𝑥 + 2 as follows: 

First, he equates the two expressions for 𝑦, obtaining 2𝑥 + 1 = 2𝑥 + 2. 

He then subtracts 2𝑥 from both sides, obtaining the absurd statement 1 = 2. 

What happened? What does this mean? Did Mr. Anonymous make a mistake somewhere? Discuss. 

64. Later, Mr. Anonymous attempts to find the intersections of 𝑥2 + 𝑦2 = 1  and   𝑦 = 𝑥 + 2. 

He begins by substituting the linear equation into the circle’s equation. After some algebraic manipulation, the 

result is the quadratic equation 2𝑥2 + 4𝑥 + 3 = 0, which has no real solutions, as you should verify. 

What does this mean geometrically? 

65. The figure at right shows the graphs of two lines 

       with their corresponding equations. 

a) Do they cross? If so, where? If not, why not? 

b) Find the equation of the line passing through (0,0) 

and perpendicular to the upper line in the figure. 

[Hint: Recall Exercise 36.] 

c) Where does the line whose equation you found in 

part (b) cross the lower line in the figure? 

66. The hyperbola in the figure at right is the graph of 𝑦 = 1/𝑥. 

Find the coordinates of the four points at which it intersects the circle.  

[Hint: You will end up with a 4th-degree polynomial equation that you must solve. 

Don’t give up. Look closely and you will see that it is really a quadratic in disguise.] 

67. A line segment’s perpendicular bisector is the unique line that is perpendicular to 

the segment and passes through its midpoint. Around 300 B.C., Euclid proved that 

all three perpendicular bisectors of any triangle’s sides intersect at a single point. 

This point, moreover, turns out to be triangle’s circumcenter, the center of the 

unique circle (the triangle’s “circumcircle”) that passes through all three of the 

triangle’s vertices.  

Your problem: Find the equation of the unique circle passing through the points… 

a) (0,0), (3,0), (0,2)            b) (0,0), (4,0), (−2,2)            c) (0,0), (2,4), (6,2).  
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Intersections (encore) 

One common trick for finding intersections is particularly well-suited to the equations of lines. The trick 

is simple and involves just two ideas. 

We know, of course, that multiplying an equation’s sides by the same nonzero constant produces an 

equivalent equation – that is, an equation with the same solutions. But if two equations are satisfied by 

the same coordinate pairs, then they have the same graph. This observation yields our first big idea: 

 

Suppose, for example, that we’re working with the graph of 2𝑥 + 5𝑦 = 1. If we realize that replacing 

this equation with 6𝑥 + 15𝑦 = 3 would be more convenient (for some algebraic reason or other), we 

can safely make this algebraic change without affecting the underlying geometry.* 

Next, let us consider a balanced scale, with objects of equal weight already resting on its two pans. 

If we place an additional pound of gold on one pan, and 16 ounces of gold on the other, then the scale 

will obviously remain balanced, because adding equals to equals preserves the equality. (Or, restated 

algebraically, if 𝑎 = 𝑏 and 𝑐 = 𝑑, then 𝑎 + 𝑐 = 𝑏 + 𝑑.) This is our second big idea: 

 

 

Our new technique combines these two ideas, and is best understood by an example. 

Example. Find the point (𝑥, 𝑦) where the lines  5𝑥 + 3𝑦 = 3  and  2𝑥 − 7𝑦 = 1 cross. 

Solution. First, “multiply the equations” by strategically-chosen constants: 2 and −5, respectively. 

This preserves the equations’ graphs, while making the equations themselves easier to combine. 

The equations become 10𝑥 + 6𝑦 = 6 and −10𝑥 + 35𝑦 = −5. We can combine these simply 

by adding their sides. This eliminates the 𝑥’s, leaving just one equation in one unknown: 41𝑦 = 1. 

From this, we can read off the 𝑦-coordinate of the lines’ intersection: 1/41. 

Feeding this into either of the original equations yields the 𝑥-coordinate: 24/41. 

The intersection is therefore  (24 41⁄ , 1 41⁄ ).    

The trick is to multiply the equations by well-chosen constants, thereby positioning us to eliminate a 

variable merely by adding the resulting equations. 

Exercises.  
68. In the preceding example, we “multiplied the equations” by 2 and −5, but other values will work, too. Think of 

another promising pair of numbers; use them to re-solve the problem, and verify that the solution is the same. 

69. Use this technique described above to find the intersection points of the graphs of… 

       a) 3𝑥 + 5𝑦 = 2,   6𝑥 − 4𝑦 = 1  b) 2𝑥 − 7𝑦 = 5,   3𝑥 + 7𝑦 = 4    

       c) 19𝑥 − 3𝑦 = 4,  −4𝑥 − 6𝑦 = 1            d) 𝑥 + 𝑦 = 1,   2𝑥 − 𝑦 = 1 

                                                           
* Techniques that preserve something’s content while altering its form are rife in mathematics. Compare the “multiply by 1 

trick” from Chapter 1, or completing the square (an example of the “add 0 trick”) from Chapter 3.   

Multiplying the sides of an equation by the same nonzero constant preserves its graph. 

 

Adding the sides of two valid equations produces a third valid equation. 

 



 

 

 

 

 
 

Chapter 5 

Functions 
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Definition.  A function is a rule that transforms numbers into numbers in an unambiguous way. 

Functions 
“Classical geometry handles a number world of day. 

Function theory is the genuine mathematic of night.” 

 - Oswald Spengler, Decline of the West, Chapter VI, part I. 

We begin this chapter with one of the most important definitions in all of mathematics. 

By unambiguous, I mean that for each possible input into the function, there is only one possible output. 

“One in, one out” is a function’s motto. The following examples will clarify this idea. 

Example 1. Consider this rule: When given a number, we square it. Is this rule a function? 

Solution. Yes. For each possible input, there’s only one possible output. Put in 12, and only 144 

can come out. Put in −8 and only 64 can come out. One in, one out. No ambiguity.    

Example 2. Another rule: Given any number, we return the number 7. Is this rule a function? 

Solution. Yes it is. There’s no ambiguity here either. It’s a boring function, but it’s a function.  

Example 3. Another rule: Given a number, we return one of its square roots. Is this a function? 

Solution. This is not a function. For some inputs, two outputs are possible. (Example: If the input 

is 9, the output could be either 3 or −3.*) This ambiguity means that the rule is not a function.    

Example 4. Another: Given a number, we return its non-negative square root. Is this a function? 

Solution. Yes it is. By specifying that we want the nonnegative square root, we remove that pesky 

ambiguity marring the previous example. This function is called the square root function.  

A function’s domain is the set of numbers that it accepts as inputs. The domain of many functions 

(including the “squaring function” from Example 1) is the set of all real numbers. Other functions have 

smaller domains. For example, negative numbers can’t go into the square root function, because 

negatives lack square roots.† Consequently, the square root function’s domain consists of all 

nonnegative real numbers.  

A function’s range is the set of all numbers it can produce as outputs. For example, 100 is in the 

squaring function’s range, but −100 isn’t. Indeed, the squaring function’s range is all nonnegative real 

numbers. (This also happens to be the square root function’s range.) 

 

  

                                                           
* Recall that a square root of 𝑥 is defined to be any number whose square is 𝑥, whereas the symbol √𝑥 specifically denotes 𝑥’s 

nonnegative square root. 

† On many calculators, entering √−5 elicits the message “domain error.” Now you know what this means. Incidentally, in the 
complex number system (as opposed to the real number system), it is possible to take the square root of a negative number, 
but that is beyond this course’s scope. For our purposes, a function is a rule that turns real numbers into real numbers. 
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Notation. If 𝑓 is a function, and 𝑥 is an input, then 𝒇(𝒙) is the corresponding output.  

(Note: We read 𝑓(𝑥) aloud as “𝑓 of 𝑥”.) 

Terminology. 

If 𝑋’s value completely determines 𝑌’s value, we say that “𝒀 is a function of 𝑿.” 

In such a relationship, we call 𝑌 the dependent variable (for it depends on 𝑋), and 𝑋 the independent variable. 

 

Function Notation 
“Do not laugh at notations; they are powerful. In fact, 

mathematics is, to a large extent, the invention of better notations.” 

 - Richard Feynman, The Feynman Lectures on Physics, Chapter 17, section 5. 

 

We usually denote a function by a letter (often 𝑓 or 𝑔). For example, if we decide to call the square root 

function 𝑔, we might say that “𝑔’s domain is all nonnegative numbers” or that “𝑔 turns 400 into 20.” 

The following notation builds on this convention, and is crucial for all that follows.  

Example. Let 𝑔 be the square root function. Since 𝑔(81) represents 𝑔’s output when we input 81, 

it follows that 𝑔(81) = 9. Similarly, 𝑔(169) = 13, and 𝑔(12) = √12 = 2√3.  

A word of warning: Confused beginners sometimes think that, say, 𝑓(40) means 𝑓 multiplied by 40. 

It doesn’t. To test your understanding, answer the following questions about our square root function 𝑔. 

Do not read on until you have answered them. 

1. Find the value of 𝑔(9).           2. Find the value of  9𝑔(9).    3. Find the value of 𝑔(𝑔(9)). 

4. Find the value of 𝑔(9𝑔(9)).        5. Solve the equation 𝑔(𝑥) = 9. 

If you missed #1 (its answer is 3), you aren’t reading attentively. If you missed #2 (its answer is 27), 

observe that 9𝑔(9) = 9 ∙ 3. Following the customary order of operations will take care of the next two: 

their answers are √3 and √27 (or 3√3). Finally, the fifth question asks, “𝑔 of what is 9?” In other words, 

what number does 𝑔 turn into 9? The only such number is 81, so the equation’s only solution is  𝑥 = 81. 

 

Applied Examples 

In some situations, one variable’s value completely determines the value of some other variable. 

Whenever this happens, a function is at work. 

Example 1. A square’s side determines its perimeter. (Ex: If a square’s side is 3 cm, its perimeter 

must be 12 cm.) Thus, a function is at work here, unambiguously turning lengths into perimeters. 

Thus, we can summarize example 1 by saying, “A square’s perimeter is a function of its side length.” 

Once the independent variable (side length) is fixed, the dependent variable (perimeter) is fixed, too. 
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In applied contexts, we typically name functions after their outputs. Hence, we might call the function in 

the previous example 𝑃, since it turns lengths into perimeters. We could then use functional notation to 

write such compact statements as 𝑃(3) = 12.  

The problem of recognizing when a functional relationship exists is distinct from the problem of 

actually producing a formula for the function. The next few examples should clarify this. 

Example 2. All equilateral triangles have the same shape. They differ only in size. Once we specify 

an equilateral triangle’s side length, it should be clear that the triangle’s area will be determined. 

(We may or may not be able to find that area, but it surely has some definite value!) In other 

words, an equilateral triangle’s area is a function of its side length. 

If we call this function 𝐴, then notation such as 𝐴(3) acquires a precise geometrical meaning 

and can be used in mathematical “sentences.” For example, 𝐴(3) < 𝐴(4) is just a compact way of 

stating an obvious fact: An equilateral triangle whose sides are 3 units long takes up less space 

than an equilateral triangle whose sides are 4 units long. 

Example 3. If a ball is dropped from 144 feet above the ground, its height (in feet) is a function of 

the time elapsed (in seconds) since it was dropped. If we call this function ℎ, then notation such 

as ℎ(1.2) acquires physical meaning, even when we don’t know its numerical value; it represents 

the ball’s height 1.2 seconds after being dropped. Despite our ignorance of the precise value of 

ℎ(1.2), we can still make statements about it. For example, it is certainly true that ℎ(1.2) < 144. 

Sometimes, we can swap the roles of the independent and dependent variables. We could, for example, 

do this in Example 1, by thinking of the square’s perimeter as the independent variable that determines 

the square’s side length. (Ex: If we choose a square whose perimeter is 40 cm, its sides must be 10 cm.) 

Be careful, though: Not all functional relationships are reversible. Here is an irreversible one.  

 

Example 4. An American’s birth year is a function of his or her Social Security number. This sounds 

peculiar, but a little thought reveals that it is true: Given any specific SSN (say, 345217212), 

it belongs to a unique American, who was, naturally, born in some particular year (say, 1960). 

This meets the “one in, one out” criterion, so birth year is indeed a function of SSN, as claimed.* 

It is not, however, a not reversible function; that is, SSN is not a function of birth year. To see 

why, note that in any particular year we care to specify (say 1979), many thousands of Americans 

were born, each with a distinct SSN. Which SSN should be the output of the alleged function? 

Because of this ambiguity, SSN is not a function of birth year.  

 

 

 

                                                           
* This example nicely demonstrates that functional relationships need not be causal relationships. Every social security number 

“points” unambiguously to some American (and hence, to his or her year of birth), but social security numbers obviously do 
not cause births to occur in particular years. 
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Exercises 

1. If ℎ is the function defined in Example 3, what is the numerical value of ℎ(0)? 

2. The ball in Example 3 will hit the ground exactly three seconds after being dropped. (You’ll learn why in physics.) 

What is the value of ℎ(ℎ(3))?  

3. Let 𝐴 be the function in Example 2. 

a) What does 𝐴(10) represent geometrically? 

b) How many solutions does the equation 𝐴(𝑥) = 10 have? What do they represent geometrically? 

4. Let 𝑘 be the function that divides numbers by two, squares the result, and finally adds 1.  

a) Find the value of 𝑘(5)                  b) Find the value of  5 + 𝑘(6)                  c) Find the value of 𝑘(𝑘(−2)) 

d) Find the value of  𝑘(𝑘(0) + 𝑘(1))          e) What is the domain of 𝑘?           f) Is 5 in the range of 𝑘?  

g) What is the smallest number in the range of 𝑘?               h) What is the largest number in the range of 𝑘?  

5. Some terminology: To evaluate a function at a number is to put the number in the function, and get the output. 

Thus, to evaluate 𝑘 (from the previous exercise) at 8 is to observe that 𝑘(8) = 17. 

a) Evaluate 𝑘 at 0             b) Evaluate 𝑘 at 10   c) Evaluate 𝑘 at 1 

6. As we’ve discussed, the area of an equilateral triangle is a function of its side length. Is the converse statement 

also true? (That is, is the side length of an equilateral triangle a function of its area?) 

7. Is the area of an isosceles triangle a function of the length of its base? 

8. Is a sphere’s volume a function of its diameter? 

 

Functions Described by Formulas 

We can describe many functions by formulas. Consider, for example, the function that adds its input to 

its input’s square. We can describe this function concisely by the formula  

𝑓(𝑥) = 𝑥2 + 𝑥 . 

There’s nothing special about the letter 𝑥. The formula 𝑓(𝑡) = 𝑡2 + 𝑡 describes this function just as well, 

as does 𝑓() = ()2 +, for that matter. The variable is just a “dummy variable”, a mere placeholder. 

The dummy’s symbol is as insignificant as the color of ink in which we write it. 

Evaluating a function described by a formula. 

To evaluate a function at a given input (either a number or an algebraic expression*), we substitute the 

input for the dummy variable everywhere that the dummy occurs in the function’s formula. 

Note: Since we think of the input as a single package, we must enclose it in parentheses when we substitute it for the dummy. 

Let’s look at a few examples. 

  

                                                           
* Since algebraic expressions stand for numbers, functions can accept algebraic expressions as inputs, too. 
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Example 1. If 𝑓(𝑥) = 𝑥2 + 𝑥, find 𝑓(−5). 

Solution.  𝑓(−5) = (−5)2 + (−5) 

          = 25 − 5 = 20.         

Observe the parentheses in Example 1. Had we omitted them, we might have reached the erroneous 

conclusion that 𝑓(−5) = −30, since −52 + (−5) = −30. This is a common mistake. Don’t be common.  

Example 2. If (𝑥) = 𝑥2 + 𝑥 , find 𝑓(3√𝑟 − 1). 

Solution.    𝑓(3√𝑟 − 1) = (3√𝑟 − 1)
2
+ (3√𝑟 − 1) 

           = (9𝑟 + 1 − 6√𝑟) + (3√𝑟 − 1) 

                 = 9𝑟 − 3√𝑟 .         

In Example 2, the input was an algebraic expression rather than a number, but the process was the 

same: We substituted the expression – enclosed in parentheses because it is a single package – for the 

dummy 𝑥 everywhere that it occurred in the formula for 𝑓. The rest was just algebra. The input can even 

be an expression involving the dummy variable itself. The process remains the same:   

Example 3. If  𝑘(𝑥) =
1

𝑥2
+ 𝑥,  find   𝑘 (−

1

𝑥
) and express the result as a single fraction. 

Solution.   𝑘 (−
1

𝑥
) =

1

(− 
1

𝑥
)
2 + (−

1

𝑥
)       (evaluating the function)  

              =
1

  
1

𝑥2
  
−
1

𝑥
  =   𝑥2 −

1

𝑥
  =   

𝒙𝟑 − 𝟏

𝒙
.    (algebra)  

Note that the first step was just a straight substitution: We simply substituted (−1 𝑥⁄ ) for the dummy 𝑥 

everywhere that it occurred in the formula that defines the function. 

 

Exercises 

9. Let 𝑓(𝑥) = 𝑥3 − 1.  

a) Compute 𝑓(1 + 2)       b) Compute 𝑓(1) + 𝑓(2)       

c) There’s an important moral to be learned here: Function notation does not distribute over addition! 

(You just saw a specific instance, after all, in which 𝑓(1 + 2) ≠ 𝑓(1) + 𝑓(2).) 

10. Compute √16 + 9, then compute √16 + √9, and state the appropriate moral. 

11. Compute (4 + 5)2, then compute 42 + 52, and state the appropriate moral. 

12. Compute |7 + (−2)|, then compute |7| + |(−2)|, and state the appropriate moral. 

13. Let 𝑓(𝑥) = 𝑥2 − 𝑥 + 1.   

a) State 𝑓’s domain.  b) Is 0 in 𝑓’s range?  c) Solve 𝑓(𝑥) = 1. 

Evaluate and simplify:  

d) 𝑓(3)   e) 𝑓(−3)   f) 𝑓 (−
3

7
)  g) 𝑓(− √8)  

h) 𝑓(1 + 2 + 3)  i) 𝑓(3𝑐)   j) 𝑓(𝑎 + 𝑏√7)  k) 𝑓(− √5𝑥) 
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14. Let 𝑔(𝑥) = 𝑥 −
1

𝑥
.   

a) State 𝑔’s domain.  b) Is 10 in 𝑔′𝑠 range?  c) Solve 𝑔(𝑥) + 3 = 4. 

Evaluate and simplify, ultimately expressing each result as a number or a ratio of polynomials:  

d) 𝑔(1)                      e) 𝑔 (
2

7
)                      f)  𝑔(−𝑥)                      g) 𝑔 (𝑡 +

1

𝑡
)                      h) 𝑔 (𝑥 −

1

𝑥
) 

15. If ℎ(𝑥) = 2𝑥2 − 𝑥  and  𝑘(𝑥) = 𝑥 − 3,  

a) Solve the equation 2ℎ(𝑥) = 𝑘(5𝑥).  

Compute and simplify: 

b) ℎ(𝑘(0))                       c) 𝑘(ℎ(0))                      d) ℎ(𝑘(𝑥))                       e) 𝑘(ℎ(𝑥))                      f) ℎ(𝑥)𝑘(𝑥) 

g) ℎ(𝑥) + 𝑘(𝑥)               h) 
ℎ(3 + 𝑘(𝑥))+𝑥

2𝑥2
              i) ℎ(𝑘(3))ℎ (𝑘 (ℎ(𝑘(𝑥)))) 

16. Determine the domains of the following functions by thinking about what they cannot accept as inputs: 

       a) 𝑓(𝑥) = √𝑥 − 3          b) 𝑔(𝑥) =
5

𝑥 + 2
            c) ℎ(𝑥) =

−33

𝑥(𝑥 − 2)
           d) 𝑘(𝑥) =

√4𝑥 + 1

𝑥2 − 𝑥
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Playing With the Difference Quotient 

Expressions of the type we’ve been considering may seem arcane, but they occur throughout 

mathematics – particularly in an expression that lies at the heart of calculus, the so-called “difference 

quotient” of a function. I do not propose to explain the difference quotient’s significance here. I am 

introducing it only to give you a sense of how important it is that you master functional notation and 

basic algebra if you intend to study calculus in the future. There are plenty of challenging ideas in 

calculus itself; trying to master them with an inadequate grasp of algebra is like trying to read 

Shakespeare’s sonnets while struggling with the rudiments of the English language. It doesn’t work. 

With that in mind, I offer the following definition. There is no need to memorize it. For the purposes of 

this class, the difference quotient merely provides a playground in which to practice your skills. 

 

 

 

 

 

Thus, for example, the difference quotient of the function 𝑓(𝑥) =
1

𝑥
+ 1 is 

                    
𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
=
(
1

𝑥 + ℎ
+ 1)

⏞        
𝑓(𝑥+ℎ)

− (
1
𝑥 + 1)
⏞    
𝑓(𝑥)

ℎ
=
(
1 + 𝑥 + ℎ
𝑥 + ℎ

) − (
1 + 𝑥
𝑥 )

ℎ
 

                                                    =
   
𝑥 +  𝑥2  +  𝑥ℎ − (𝑥 +  ℎ + 𝑥2  +  ℎ𝑥)

(𝑥 +  ℎ)𝑥
   

ℎ
=

−ℎ

(𝑥 +  ℎ)𝑥ℎ
=

−1

(𝑥 +  ℎ)𝑥
 . 

Be sure you understand why each and every one of those equalities hold. This is precisely the sort of 

calculation you’ll be expected to carry out with ease on the first day of calculus. Yes, I repeat: with ease. 

The difference quotient itself is only part of a larger (more interesting) expression called a derivative. 

The goal in the first days of calculus is to understand the derivative’s significance. If you are still fumbling 

over basic algebra and function notation at that point, you won’t be moving on to Calculus 2 the next 

quarter. If you still have trouble with algebra, now is the time to clear it up before it is too late. Master it 

by working through books, working with others, and in general, doing whatever it takes. Your teachers 

will help, but no one can put algebra into your head. The hard work of learning is up to you. 

 

Exercise  

17. The difference quotient of a function 𝑓 is the expression  
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
.  

Compute and simplify the difference quotients of the following functions as much as possible. 

a) 𝑓(𝑥) = 𝑥    b) 𝑓(𝑥) = 𝑥2   c) 𝑓(𝑥) = −𝑥2  d) 𝑓(𝑥) = 𝑥3 

e) 𝑓(𝑥) = −𝑥2 + 3𝑥  f) 𝑓(𝑥) = −
2

𝑥
   g) 𝑓(𝑥) = √𝑥    (Hint: Rationalize the numerator) 

Given a function f, its difference quotient is defined to be the expression 

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
. 
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Expressing A as a Function of B  

When two variables are related by a function, it’s often worthwhile to link them with an explicit formula. 

To “express one variable as a function of another” simply means to find such a formula. More precisely, 

to express 𝐴 as a function of 𝐵 means to find a formula of the form  

𝐴 = (some expression in which 𝐵 is the only variable). 

Example 1. Express a circle’s area, 𝐴, as a function of its radius, 𝑟. 

Solution. Here, we need only write down a familiar friend:  𝑨 = 𝝅𝒓𝟐.    

[It’s acceptable, but unnecessary, to write 𝐴(𝑟) = 𝜋𝑟2.] 

Example 2. Express a circle’s radius, 𝑟, as a function of its area, 𝐴. 

Solution. We need something of the form  𝑟 = (some expression in which 𝐴 is the only variable). 

We already have a relationship linking these variables (𝐴 = 𝜋𝑟2), so to write 𝑟 as a function of 𝐴, 

we simply rearrange this relationship, isolating 𝑟 on one side. Doing so, we obtain  𝒓 = √𝑨 𝝅⁄ .    

 

Example 3. Express an equilateral triangle’s area, 𝐴, as a function of its side length, 𝑥. 

Solution. We seek something of the form   𝐴 = (some expression in which 𝑥 is the only variable). 

There’s no well-known formula linking 𝐴 and 𝑥, so we must forge our own. 

But how? We know something about the triangle’s area: The area of any 

triangle is half its base times its height. Thus, if we call the triangle’s height ℎ 

(as shown in the figure), we have  

    𝐴 =
1

2
(𝑏𝑎𝑠𝑒)(ℎ𝑒𝑖𝑔ℎ𝑡) =

1

2
𝑥ℎ          () 

We’ve now written 𝐴 as a function of two variables, 𝑥 and ℎ, which is a start, 

but we can’t have ℎ in our final formula. To eliminate it, we must find a way 

to write ℎ in terms of 𝑥. Very well… How are ℎ and 𝑥 related to one another? 

The figure shows us how: ℎ, 𝑥, and 𝑥/2 are the sides of a right triangle. 

Applying the Pythagorean Theorem establishes our link:  𝑥2 = (𝑥 2⁄ )2 + ℎ2.   

Solving this last equation for ℎ, we obtain (as you should verify)  ℎ =
√3

2
𝑥. 

Substituting this into () eliminates ℎ from that equation, yielding 

    𝐴 =
1

2
𝑥 (

√3

2
𝑥) =

√3

4
𝑥2. 

Our problem is solved. We’ve expressed 𝐴 as a function of 𝑥:   𝑨 =
√𝟑

𝟒
𝒙𝟐.    

     

Observe that this last example really required just two ideas: First, we wrote 𝐴 in terms of 𝑥 and ℎ (using 

a familiar formula), then we used the Pythagorean Theorem to eliminate ℎ. The rest was just algebra. 

As is so often the case, our figures guided us to the solution. Draw pictures!  
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A cube’s body diagonal is one that runs through its “body”, while a face diagonal lies within one of its 

square faces. (In the figures below, 𝐴𝐶′ is a body diagonal; 𝐴𝐶 and 𝐴′𝐵 are face diagonals.) 

Example 4. Express a cube’s body diagonal, 𝑑, as a function of its surface area, 𝑆. 

Solution. There’s no obvious link between 𝑑 and 𝑆, so we’ll try an old strategy: 

Relate both variables to a third variable. (This will often help us bridge the gap.) 

Here, we’ll relate our two variables to the cube’s edge length, which we’ll call 𝑥. 

Linking 𝑆 to 𝑥 is easy: Each of the cube’s six faces has area 𝑥2, so  

        𝑆 = 6𝑥2. (1) 

A picture will help us link 𝑥 to 𝑑. Draw the face diagonal 𝐴𝐶 as shown at right. 

This introduces two right triangles, which are always a welcome sight, since they 

set the stage for the Pythagorean Theorem. We apply it first to ∆𝐴𝐵𝐶, obtaining 

𝐴𝐶 = √2𝑥. (You should supply the details.) Next, we apply it to ∆𝐴𝐶𝐶′, and find 

that 𝑑2 = 𝑥2 + (√2𝑥)
2
. After simplification, this becomes, as you should verify,  

        𝑑 = √3𝑥. (2) 

Having linked 𝑆 to 𝑥 and 𝑥 to 𝑑, we can now cross the bridge. 

Solving for 𝑥 in equation (1) and substituting the result into (2) yields, as you should verify, 

       𝒅 = √𝑺 𝟐⁄  , 

which expresses the body diagonal of a cube as a function of its surface area, as required.   

Now it’s your turn. 

 

Exercises 

18. Express the side length of a square as a function of its area. 

19. Express the perimeter of a square as a function of its area. 

20. Express the area of a square as a function of its perimeter. 

21. Express area of a circle as a function of its circumference. 

22. Express the circumference of a circle as a function of its area. 

23. Express area of a semicircle as a function of its perimeter. 

24. Express the perimeter of a semicircle as a function of its area. 

25. Express the body diagonal of a cube as a function of its face diagonal. 

26. Express the volume of a cube as a function of its surface area. 

27. Express the volume of a sphere as a function of its diameter. 

[You’ll need the formula for a sphere’s volume, 𝑉 = (4/3)𝜋𝑟3, which you should memorize.]  

28. Express the radius of a sphere as a function of its volume. 

29. Express the volume of a sphere as a function of its surface area.  [Recall that a sphere’s surface area is 4𝜋𝑟2.] 

30. A regular tetrahedron is a triangular-based pyramid, all four faces of which are congruent equilateral triangles. 

Express the surface area of a regular tetrahedron as a function of its edge length. 

31. A regular icosahedron is a solid composed of twenty congruent equilateral triangles. (Look online for a picture 

of one.) Express the edge length of a regular icosahedron as a function of its surface area. 

32. Express the area of an equilateral triangle as a function of its height. 
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Functions Defined by Graphs...   

A function, as you know, is an unambiguous rule that transforms 

numbers into numbers. Functions are often defined by formulas, but they 

can also be defined by graphs.  

For example, we can interpret the graph at right as a function (which 

I’ll call 𝑓) as follows: Given an input 𝑎, slide your finger along the vertical 

line 𝑥 = 𝑎 until it hits the graph at a point. Let this point’s 𝑦-coordinate 

be the function’s output, 𝑓(𝑎). Using this definition of 𝑓, we can see that 

𝑓(−2) = −1, 𝑓(0) = 1, and 𝑓(1) = 2.  

What I’ve just described is the standard way to read a graph as a function, 

but this won’t work for every graph. Namely, it won’t work for any graph 

that is cut more than once by a vertical line. Consider, for example, the 

graph at left. If we attempt to read it as a function 𝑔 in the standard way, 

we’ll fail. What, for instance, would be the value of 𝑔(4)? Is it 1? Or −4? 

This ambiguity immediately disqualifies the graph from functionhood. 

Never forget the function’s motto: one in, one out. 

 

 

... and Graphs Defined by Functions   

Given any equation involving 𝑥 and 𝑦, we know that its graph is the set of all points (𝑥, 𝑦) that satisfy it. 

An equation of the form 𝑓(𝑥) = (stuff involving 𝑥) involves only one variable, so we define its graph to 

be the graph of the related equation 𝒚 = (stuff involving 𝑥).  

For example, the graph of 𝑓(𝑥) = 𝑥2 is simply the graph of  𝑦 = 𝑥2, 

the familiar parabola at right that we all know and love. 

Each point on a function’s graph corresponds to an input/output pair. 

That is, each point on a function’s graph has the form (𝑎, 𝑓(𝑎)). 

For example, the graph of 𝑓(𝑥) = 𝑥2 contains point (2, 𝑓(2)) = (2,4), 

a fact which will surprise no one who is familiar with the graph of 𝑦 = 𝑥2. 

Indeed, apart from notation, there’s nothing new here. Graphs of functions 

are just graphs of equations with the special form 𝒚 = (stuff involving 𝑥). 
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A Preview of Your First Day of Calculus  

For an example of how we use functional notation in mathematics (and for a 

preview of calculus), consider the figure at right, which depicts part of a curve 

called a hyperbola. This particular hyperbola is the graph of  𝑓(𝑥) = (1/𝑥) + 1. 

Observe that for every 𝑥 within 𝑓’s domain, there is a unique point (𝑥, 𝑓(𝑥)) 

on the hyperbola; at each such point, the hyperbola has a unique tangent line; 

each tangent line has a particular slope. Putting all this together, we see that the 

slope of a tangent line is a function of the 𝑥-coordinate of its point of tangency. 

That last sentence is densely packed with mathematical ideas; please dwell on it a 

bit until you are sure that you fully understand it. This brings us to our calculus 

problem, whose solution will weave together several of this chapter’s threads.  

Our problem: Express the slope of the tangent at (𝒙, 𝒇(𝒙)) as a function of 𝒙. 

That is, we want an explicit formula of the form 

Tangent line’s slope = (some expression in which 𝑥 is the only variable). 

Before we solve this problem, let us identify what makes it unlike any problem we’ve considered before. 

Finding a line’s slope is a trivial “rise over run” affair if we know the coordinates of any two of its points. 

This won’t work here; we know only one point on the tangent line: (𝑥, 𝑓(𝑥)). 

From our lone point, it seems we have nowhere to run. Still, we will rise to this 

challenge. We’ll begin by approximating the tangent with another line. We do this 

by picking a second point on the hyperbola near (𝑥, 𝑓(𝑥)), then drawing the line 

through it and (𝑥, 𝑓(𝑥)). (See the dashed line in the figure at right.) Such a line is a 

kind of “tangent impersonator”. Its slope is somewhat close to the slope we want. 

Moreover – and this is the key insight! – the closer the second point is to (𝑥, 𝑓(𝑥)), 

the better the “impersonation” of the tangent becomes. And eventually, when the 

distance between the two points is infinitesimally small, the tangent impersonator 

will be indistinguishable from the genuine tangent itself. 

Now let’s translate this geometric idea into algebraic language. 

If we let ℎ stand for a very small number, we can label our second point 

(𝑥 + ℎ, 𝑓(𝑥 + ℎ)). The smaller ℎ is, the better job the “impersonator” does. 

Moreover, we now have the coordinates of two of the impersonator’s points 

Using them, we can express its slope as follows.   

                The impersonator’s slope  =
∆𝑦

∆𝑥
=
𝑓(𝑥 + ℎ) − 𝑓(𝑥)

(𝑥 + ℎ) − 𝑥
=
𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
.   

This last expression should look familiar: It is 𝑓’s difference quotient! As luck 

(or authorial design) would have it, we’ve already computed 𝑓’s difference 

quotient earlier in this chapter. Using that result, we have  
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The impersonator’s slope =
−1

(𝑥 + ℎ)𝑥
.                () 

Now, if we imagine ℎ getting smaller and smaller, essentially becoming zero, two things happen. 

Geometrically, the impersonator gets closer and closer to the tangent line. Algebraically, the expression 

in  approaches −1/𝑥2. By combining these two pieces of information, we can see that as the 

impersonator gets closer and closer to the tangent, its slope gets closer and closer to −1/𝑥2. It follows 

that the slope of the tangent line itself must equal −1/𝑥2. We have therefore solved our problem! 

Our answer: The slope of the tangent line to the hyperbola at (𝒙, 𝒇(𝒙)) is −
𝟏

𝒙𝟐
. 

Thus, to take a specific instance, the slope of the hyperbola’s tangent at (3, 4/3) is −1/9. 

Similarly, the slope of the tangent line at (
1

2
, 3) is −

1

(
1

2
)
2 = −4.    

 

To follow mathematical arguments such as the one that just unfolded over the last page and a half 

(and which, moreover, are typical in calculus), you need to be fully comfortable with functional notation, 

mathematical terminology, coordinate geometry, and algebra. Learn this material well. You will need it.  
 

Functions in Science 

Your next few mathematics courses will concentrate doggedly on functions. One justification for this is 

that a goal – arguably the goal – in the great game of science is to discover functional relationships 

between variables. Scientific laws, however, often take the form of functions of several variables: 

functions with multiple inputs. Isaac Newton’s law of universal gravitation, for example, describes a 

function of three independent variables: Given a trio of numbers (the masses of two objects and the 

distance between them), Newton’s function provides, as its unambiguous output, the gravitational force 

with which the two objects attract one another. His law is “universal” in the sense that it applies to any 

two objects in the universe, and thus it describes the force that pulls an apple down from the tree (and 

onto Newton’s head) as surely as the force that keeps the moon perpetually “falling around” the earth. 

For budding scientists, engineers, economists, and others, a major goal of studying precalculus is to 

become thoroughly comfortable with functions of one variable, particularly those that appear so often 

throughout science (polynomials, exponential functions, logarithmic functions, trigonometric functions, 

and so forth). Next comes calculus, which, to a large extent, is the mathematics of change; we use 

calculus to study how functions change on a “microscopic” scale, and conversely, how an accumulation 

of tiny changes can be summed up into a functional relationship. Calculus is crucial for understanding 

the ever-changing world scientifically. Multivariable calculus (usually the third or fourth calculus course 

one takes) then applies all the ideas of calculus to functions of several variables – the types of functions 

that physicists, computer scientists, astronomers, and economists deal with regularly. 
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Exercises 

33. In terms of 𝑎,𝑏, and the function 𝑓 graphed at right... 

      a) What are point 𝑃’s coordinates? 

      b) What is the slope of the line through (𝑏, 𝑓(𝑏)) and 𝑃? 

      c) Find the equation of the line through 𝑃 and the origin.  

In applications, we often need to determine where the graph of a function intersects other objects. Since the graph 

of a function 𝑓(𝑥) = (stuff involving 𝑥) is, by definition, simply the graph of the equation 𝑦 = (stuff involving 𝑥), 

you already know how to do this, since you learned how to find the intersections of equations’ graphs in Chapter 4.  

34. At right, we have the graph of  𝑓(𝑥) =
1

2
(𝑥 −

1

2
)
2

− 1. 

a) Because 𝑓(𝑥) represents the graph’s “height” at 𝑥, finding the points 

where the graph crosses the 𝑥-axis amounts to finding solutions to 

𝑓(𝑥) = 0. Use this idea to find the coordinates of the points where 

𝑓’s graph crosses the 𝑥-axis. 

b) Where does 𝑓’s graph cross the 𝒚-axis? 

c) Where does 𝑓’s graph intersect the line 𝑥 = 2?  

d) Where does 𝑓’s graph intersect the line 𝑦 = 2? 

e) Where does 𝑓’s graph intersect the graph of 𝑘(𝑥) = (1 2⁄ )𝑥 + 1? 

[It may help to draw the graph of 𝑘 on the same set of axes as 𝑓.] 

f) Where does 𝑓’s graph cross the graph of 𝑔(𝑥) = −𝑥2? 

[Both graphs are shown at right.] 

g) Find the slope of the line through the two intersection points you found in part (f).  

h) Does the point (100, 4950) lie on 𝑓’s graph?  

 i) Does the line through (2,0) with slope 1 intersect 𝑓’s graph?  

If so, where? If not, how can you be certain that it doesn’t? 

 35. Depicted at right is the graph of  𝑘(𝑥) = 𝑥3 − 2𝑥. 

a) Points (−1,1) and (1, −1) appear to lie on the graph. Do they really?  

b) Find the points where the graph crosses the 𝑥-axis.  

c) Find the point where the graph crosses the line 𝑥 = 1/2. 

d) To find the points at which the graph crosses the line 𝑦 = 1/2, we’d need to solve a 

certain equation. Find that equation, but don’t solve it. 

e) Why do you think I asked you not to solve the equation you found in part (d)? 

36. Sketch a graph of the function 𝑓(𝑥) = −(983/612)𝑥 + 1. Find the coordinates of the graph’s intersections 

with the axes, and label them on the graph. 

37. For each of the two curves at right, answer the following two questions: 

a) Could the curve be the graph of an equation? 

b) Could the curve be the graph of a function?  
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38. If a ball falls from a cliff 144 feet high, then its height ℎ after 𝑡 seconds will be given 

by ℎ(𝑡) = 144 − 16𝑡2. This function’s graph is shown at right. 

a) How many seconds will pass before the ball hits the ground? 

b) How high will the ball be after 1 second? After 2 seconds? 

c) When will the ball be exactly 100 feet high? Give an exact answer and an  

     approximation to the nearest hundredth of a second. 

d) When will the ball be exactly 10 feet high? Give an exact answer and an 

     approximation to the nearest hundredth of a second. 

e) As the ball begins its fall, a remarkably nimble insect begins scaling the cliff at a 

constant speed of 6 feet per second. How high will the insect be when the ball 

passes it? (Give your answer to the nearest inch.) 

39. The figure at right shows the graph of a function 𝑓, and a line through two 

points on the graph. 

a) Find the coordinates of 𝑃 and 𝑄 (in terms of 𝑥 and ℎ). 

b) Use your answers from part (a) to write an expression for the slope of 

line 𝑃𝑄. This should look familiar. (If it doesn’t, try multiplying the top 

and bottom by −1.) 

40. The equation of the unit circle, as we’ve seen earlier, is  𝑥2 + 𝑦2 = 1. 

a) The following reasoning may initially look correct, but is flawed. Identify the flaw: 

Solving for 𝑦 in the unit circle’s equation yields 𝑦 = √1 − 𝑥2.  

Hence, the unit circle is the graph of the function 𝑓(𝑥) = √1 − 𝑥2. 

b) What in fact is the graph of the function 𝑓(𝑥) = √1 − 𝑥2 ? 

c) Let (𝑥, 0) be a variable point on the 𝑥-axis. Let 𝑃𝑄 be the chord of the circle 

that passes through this variable point and is perpendicular to the 𝑥-axis. 

(See the figure at right.) Express this chord’s length as a function of 𝑥.  

d) Let 𝑁 be the fixed point (0,1), and think of 𝑃 as a variable point that can 

slide around on the top half of the unit circle. If you have studied some 

basic geometry, prove that the perpendicular bisector of 𝑁𝑃 must pass 

through the origin. 

[Hint: Start with the line through the origin and 𝑁𝑃’s midpoint, and prove 

that it is 𝑁𝑃’s perpendicular bisector.] 

e) Express the slope of 𝑁𝑃’s perpendicular bisector as a function of 𝑥. Then 

find this function’s domain and range.  

41. Given an equation involving 𝑥 and 𝑦, we can sometimes “disentangle” the two variables so as to express 𝑦 as a 

function of 𝑥. (For example, we can rewrite the equation 𝑥𝑦 = 7 as 𝑦 = 7/𝑥.) But often we can’t do this. 

For example, I claim that it is impossible to rewrite the equation 

𝑥3 + 4𝑥2𝑦 + 9𝑥𝑦2 − 36𝑥 − 9𝑦3 + 36𝑦 = 0 

in an equivalent form in which 𝑦 is expressed as a function of 𝑥. Not merely difficult, mind you, but impossible. 

Your problem: Explain why this is so. 

Hint: You can’t graph this equation by hand, but a computer can do it for you. The insight it gives you 

will help you solve this problem. (And remember, equivalent equations have the same graph.)





 

 

 

 

 
 

Chapter 6 

Transformations in 

Coordinate Geometry 
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Transformations 

“As Gregor Samsa awoke one morning from uneasy dreams, 

he found himself transformed...” 

 - Franz Kafka, “The Metamorphosis” 

Our main theme for this chapter will be understanding relationships between geometric transformations 

[such as shifting a graph to the right by 3 units] and algebraic transformations [such as replacing every 𝑥 

in an equation by (𝑥 − 3)]. To keep matters simple, we’ll consider just three geometric transformations: 

reflections, shifts, and stretches.  

 

 

Reflections 
“Here sad self-lovers saw in tragic error 

Some lovely other or another sky; 

In your reversing yet unlying mirror 

I saw I was I.” 

                        - John Hollander, “At a Forest Pool”  

 

Apart from reveling in Hollander’s narcissistic palindrome, our 

main object in this brief section is to understand what happens 

on a point-by-point basis when we reflect a geometric object 

across a line. In the figure at right, a possibly recognizable 

personage is depicted, along with his reflection across a line. 

When we reflect a point across a line, it ends up just as far from the line as it had originally been, but 

on the opposite side. The segment joining a point and its reflected image (segment 𝑊𝐶, for example) is 

always perpendicular to the line of reflection.  This is the case, you may observe, with the segment 

joining the jolly red noses of Mr. Fields and his doppelgänger. The nearer a point lies to the reflecting 

line, the shorter the distance it will move when reflected. Points on the line don’t move at all. 

Since we will be concerned almost exclusively with reflections over the axes, we shall use the phrase 

vertical reflection to refer specifically to a reflection over the 𝑥-axis (such a reflection is “vertical” 

because it moves points vertically), and horizontal reflection for a reflection over the 𝑦-axis.  

 

Exercises. 
1. Draw the graph of 𝑦 = 𝑥2 and its vertical reflection. 

2. Draw the graph of 𝑦 = 𝑥2 and its horizontal reflection. 

3. Draw the graph of 𝑦 = 𝑥2 and its reflection across the line 𝑦 = 1. 

4. Draw the graph of (𝑥 − 1)2 + (𝑦 − 1)2 = 4 and its horizontal reflection. 
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Stretches 

“What, will the line stretch out to the crack of doom?” 

 - Macbeth (Act 4, Scene 1) 

We stretch away from a fixed line. Once this fixed line has been chosen, a “stretch factor” specifies the 

stretch’s strength: When the stretch factor is 𝑘, the stretch sends each point in the plane to a new 

location exactly 𝑘 times as far from the fixed line as it had been. Points on the fixed line do not move.  

The image at right superimposes the “before” state 

(in solid black) and the “after” state (in dashed grey) of a 

horizontal stretch by a factor of 3. Scrutinize it carefully 

until you thoroughly understand it. Observe that a 

stretch, in contrast to a reflection, changes a figure’s 

shape. A reflected circle remains circular; a stretched 

circle does not. 

If we stretch a graph by a factor of 1/2, the distance of each of its points to the fixed line is halved.  

Such a “stretch” is really a compression. This will happen whenever we “stretch” by a factor less than 1. 

If we view the previous figure with new eyes, seeing the grey figures as the “before” state and the black 

figures as the “after” state, then it represents a horizontal stretch by a factor of 1/3. 

Since we will be concerned almost exclusively with stretches away from the axes, we shall use the 

phrase vertical stretch to refer specifically to a stretch away from the 𝑥-axis (such a stretch is “vertical” 

because it moves points vertically), and horizontal stretch for a stretch away from the 𝑦-axis. 

 

Exercises.  

5. The figure at right shows a horizontally stretched ellipse. 

What stretch factor will transform the black ellipse into 

the grey one? What stretch factor will transform the grey 

ellipse into the black one?  

6. Draw the graph of 𝑦 = √𝑥 and then stretch it vertically by a factor of 4. Label some points (with their 

coordinates) on both graphs. 

7. Draw the graph of 𝑦 = 𝑥2 and then stretch it horizontally by a factor of 1/2. Label some points on both graphs. 

Could the same effect have been achieved by stretching the original graph vertically? If so, then by what factor? 

If not, why not? 

8. Draw the graph of 𝑥2 + 𝑦2 = 1 and then stretch it horizontally by a factor of 3. Label some points on both 

graphs. Could the same effect have been achieved by stretching the original graph vertically? If so, by what 

factor? If not, why not? 

9. Draw the graph of (𝑥 − 2)2 + 𝑦2 = 1 and then stretch it horizontally by a factor of 1/2. Find the coordinates of 

the compressed circle’s topmost point, and those of its leftmost point. 
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Shifts 

"Shift that fat ass, Harry. 

But slowly, or you'll swamp the damned boat." 

 - George Washington.* 

 

Last (and least) are shifts, which are easy to understand: To shift a graph, we simply 

move each of its points a specified distance in a specified direction. For example, in 

the figure at right, if we shift the solid black circle vertically by 3 units, it will occupy 

the dashed grey circle’s position. 

We will concern ourselves exclusively with horizontal and vertical shifts, since 

any shift can be broken into horizontal and vertical components. We’ll often let the 

algebraic sign (+ or –) do the talking for us when we wish to distinguish between right 

and left, or up and down. For instance, a vertical shift by 5 units will refer to a shift 

up, whereas a vertical shift by −5 units will signify a shift down. (Similarly, a negative 

horizontal shift is a shift to the left.)  

  

Exercises. 

10. Draw the graph of 𝑦 = |𝑥|, and then shift it vertically by −2 units. Label some points on both graphs. 

11. Draw the graph of 𝑦 = √𝑥
3

, then shift it horizontally by 3 units. Label some points on both graphs. 

12. In general, geometric transformations are non-commutative. That is, the order in which we carry them out 

often matters a great deal. Convince yourself of this by comparing the results of the following transformations:  

a) Begin with the graph of 𝑦 = 𝑥2. Shift it horizontally by 2 units, then reflect it over the 𝑦-axis. 

b) Begin with the graph of 𝑦 = 𝑥2. Reflect it over the 𝑦-axis, then shift it horizontally by 2 units. 

13. Geometric transformations sometimes do commute. Convince yourself of this by comparing the results of the 

following transformations:  

a) Begin with the graph of 𝑦 = 𝑥2. Shift it horizontally by 2 units, then reflect it over the 𝑥-axis. 

b) Begin with the graph of 𝑦 = 𝑥2. Reflect it over the 𝑥-axis, then shift it horizontally by 2 units. 

14. Suppose you must do the following three things to the graph of 𝑦 = 𝑥3, but the order in which to do them isn’t 

specified: shift right by 1, reflect over the 𝑦-axis, stretch horizontally by a factor of 2. 

a) In how many different orders can these three transformations be applied? 

b) How many different graphs result from the different orders?   

 

 

 

 

                                                           
* Washington spoke these words to Henry Knox while entering the vessel in which they and others crossed the icy Delaware 

River on the night of December 25, 1776 to conduct a surprise attack against a band of German mercenaries. 
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The Transformation Table 
“And it came to pass, as soon as he came nigh unto the camp, that he 

saw the calf, and the dancing: and Moses' anger waxed hot, and he 

cast the tables out of his hands, and brake them beneath the mount.” 

- Exodus 32:19 

Now that you understand what reflections, stretches, and shifts are, we can discuss how to use them in 

coordinate geometry. Because students sometimes find this material difficult, I shall begin at the end. 

I shall declaim. I shall tell you – with the grave and irrefutable voice of authority, accompanied by the 

solemn majesty of a table – the precise correspondences between these geometric transformations and 

their algebraic analogues. Provided you will pause in your revels about the golden calf, I shall deign to 

show you how without telling you why.   

Of course, the table I shall show you wasn’t actually handed down to Moses on Mt. Sinai, and you 

should not, in the long-run, accept it as though it had been. You should demand an explanation. I will 

provide one after you’ve developed a feel for using the table. As you’ll see, the explanation is not 

terribly difficult, but it does require some new notation and a slightly new way of thinking about graphs. 

All this in due time. For now, here is the holy transformation table. 

 

The geometric transformations are on the table’s margins; the algebraic transformations are in its body. 

Horizontal and vertical transformations correspond, respectively, to substitutions for 𝑥 and 𝑦. There are 

only three types of substitution, all easily memorized. Just as you shouldn’t need to consult Moses’ 

tables to remind yourself of their proclamations (I can’t recall… Was it thou shalt commit adultery?*), 

you shouldn’t need to consult the transformation table to know what it says about horizontal shifts. 

Memorize the table right away.  

Our first example will reaffirm a result we’ve established by other means, and should therefore give 

you some confidence that the transformation rules do indeed work as advertised.    

Example 1. If we shift the unit circle up by 5 units, what will its new equation be? 

Solution. According to our transformation table, a vertical shift by 5 units corresponds to a 

substitution of (𝑦 − 5) for 𝑦. Making this substitution in the equation of the unit circle, 𝑥2 + 𝑦2 = 1, 

we obtain the shifted circle’s equation, 𝒙𝟐 + (𝒚 − 𝟓)𝟐 = 𝟏.    

                                                           
* On account of a typesetter’s error, a 1631 edition of the Bible published in London actually did contain the commandment 

“Thou shalt commit adultery”. King Charles I was not amused, and a result, the publishers lost their printers’ licenses. (Rare 
book collectors refer to this particular edition as “The Wicked Bible”.)  

 Horizontal Vertical 

Reflection Substitute (– 𝑥) for each 𝑥 Substitute (– 𝑦) for each 𝑦 

Stretch by a factor of 𝑘 Substitute (
1

𝑘
𝑥) for each 𝑥 Substitute (

1

𝑘
𝑦) for each 𝑦 

Shift by 𝑘 units Substitute (𝑥 − 𝑘) for each 𝑥 Substitute (𝑦 − 𝑘) for each 𝑦 
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Recall that we use + and − to distinguish between right and left shifts (or between up and down shifts). 

For example, a shift down by 5 units is a vertical shift by −5 units. To shift a graph this way, the 

transformation table tells to substitute (𝑦 − (−5)), that is, (𝒚 + 𝟓), for each 𝑦 in its equation.  

Example 2. If we shift the unit circle 7 units to the left, what will its new equation be? 

Solution. The table tells us that shifting left by 7 units corresponds to substituting (𝑥 + 7) for 𝑥. 

Putting this into the unit circle’s equation yields the shifted circle’s equation:  (𝒙 + 𝟕)𝟐 + 𝒚𝟐 = 𝟏.    

Now let’s try some stretches. 

Example 3. Find the equation of the graph that results from stretching the unit circle 

vertically by a factor of 2. 

Solution. Vertically stretching by a factor of 2 corresponds to substituting (𝑦/2) for 𝑦. 

Substituting this into the unit circle’s equation yields the equation of the stretched 

circle (called an ellipse):  𝒙𝟐 + (𝒚𝟐 𝟒⁄ ) = 𝟏.    

Suppose we stretch a circle vertically by some factor (as in the previous example), and then stretch the 

resulting ellipse horizontally by the same factor. Would the result be a circle again? This seems plausible, 

but perhaps it isn’t so. We need not wonder for long. Coordinate geometry to the rescue! 

Example 4. If we stretch the graph we obtained in the previous example 

horizontally by a factor of 2, will the result be a circle? 

Solution. We already found the ellipse’s equation in the previous example. 

If we stretch the ellipse horizontally, its equation changes; the transformation 

table tells us that we’ll get its new equation if we substitute 𝑥/2 for 𝑥 in the 

ellipse’s equation. Doing so yields (𝑥2 4⁄ ) + (𝑦2 4⁄ ) = 1. 

Clearing fractions, this becomes 𝒙𝟐 + 𝒚𝟐 = 𝟒, which we recognize. This is 

indeed the equation a circle: the circle of radius 2 centered at the origin.     

This last example suggests that we can transform the unit circle into any circle in four “moves” (or less): 

two stretches to attain the desired radius, and two shifts to move its center to the desired location. 

Example 5. If we reflect the graph of 𝑦 = √𝑥 over the 𝑥-axis, 

then shift the result up by 1 unit, what will the final graph’s 

equation be?  

Solution. Vertical reflection corresponds to substituting – 𝑦 for 𝑦. 

Thus, the equation of the reflected graph (dashed, grey at right) 

is – 𝑦 = √𝑥. Isolating 𝑦 gives us an equivalent form, 𝑦 = −√𝑥. 

Next, to shift this up by 1 unit, we substitute (𝑦 − 1) for 𝑦, 

obtaining 𝑦 − 1 = −√𝑥. Polishing this a bit by isolating 𝑦 again, 

we have the final graph’s equation: 𝒚 = 𝟏 − √𝒙.      
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Exercises. 

15. State the algebraic substitution corresponding to each of the following geometric transformations: 

a) shift right by 8          b) shift left by 8           c) shift down by 8           d) shift up by 8             e) shift left by 1/2 

f) v-stretch (i.e. vertical stretch) by a factor of 6           g) v-stretch by a factor of 1/3              h) shift right by 4 

i) h-stretch by a factor of 10         j) h-stretch by a factor of 1/10         k) h-stretch by 17         l) shift up by 2 

m) v-stretch by a factor of 3/2         n) v-stretch by a factor of 3/16         o) reflection over the 𝑥-axis 

p) shift right by 𝜋         q) v-stretch by a factor of 2/17         r) reflection over the 𝑦-axis          s) shift down by 1 

16. Draw the graph of 𝑦 = 1/𝑥, then shift it horizontally by 3 units. Label some points on each graph. What is the 

shifted graph’s equation? 

17. Draw the ellipse 𝑥2 + (𝑦2 4⁄ ) = 1 (which we met in example 3), then shift it down by 3 units. Label some 

points on each graph. What is the shifted ellipse’s equation? 

18. Draw the graph of (𝑥 − 1)2 + (𝑦 − 1)2 = 2 and its reflection over the 𝑦-axis. Find the equation of the 

reflected graph. Finally, find the coordinates of the points where the reflected graph crosses the axes. 

[When simplifying the equation, remember that (−𝑎 − 𝑏)2 = (−(𝑎 + 𝑏))
2
= (𝑎 + 𝑏)2.] 

19. The graph at right, called the Folium of Descartes, played a small but important role in the history of coordinate 

geometry – and calculus. (You can read about this online if you are curious.) Its equation is 𝑥3 + 𝑦3 = 3𝑥𝑦. 

a) The dotted line is not part of the Folium; it is the Folium’s asymptote: the line 

it approaches but never touches. Find the asymptote’s equation. 

b) Draw the reflection of the Folium over the 𝑥-axis. What is its equation? 

c) Find the coordinates of point 𝐷. 

[Hint: It is the intersection of the Folium and a certain line through the origin...]  

d) If we were to shift the Folium horizontally until 𝐷 lies on the 𝑦-axis, what 

would its equation in this new position be? 

e) If we were to shift the Folium so as to put 𝐷 at the origin, what would its 

equation in its new position be?  

20. The graph at right is called a cocked hat (or a bicorn). Its equation is 

𝑦2(1 − 𝑥2) = (𝑥2 + 2𝑦 − 1)2. 

a) Where does the cocked hat cross the 𝑦-axis? 

b) The Mad Hatter wants a cocked hat with “corners” lying at (±2, 0), 

but whose peak still lies at (0,1). Draw it and find its equation. 

c) Next, the Mad Hatter creates a cocked hat with corners at (2,0) and (3,0) 

and peak at (5 2⁄ , 1). Draw it and find its equation. 

[Hint: This will require two successive transformations.]   

d) Finally, being a truly mad hatter, he creates an inverted cocked hat, whose corners are at (−1,0) and (1,0) 

and whose peak – or trough, as the case may be here – is at (0, −5000). Find its equation, and determine 

precisely where this crazy hat crosses the 𝑦-axis. 

[Hint: You need not solve an equation to find the points of intersection. Just keep track of the coordinates of 

the original intersection points as you transform the graph of the original cocked hat.] 
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21. The equation of the graph shown at right, a pear-shaped quartic, is 

𝑥4 − 2𝑥3 + 4𝑦2 = 0. 

a) Observe that if we substitute – 𝑦 for 𝑦 in the curve’s equation, the 

equation itself does not change. This algebraic fact corresponds to a 

geometric property of the curve. What is it?  

b) Mr. Knickerbocker is writing a computer program in which the pear 

will appear onscreen with its tip at a given point to alert the user to 

something important happening there. If the pear is to appear on screen with its tip at (𝑥0, 𝑦0), what will its 

equation be? (The pear always remains the same size and always has its tip on the left.) 

c) After using the equation you found for him in part (b), Mr. Knickerbocker runs his program and finds a few 

bugs. For instance, when (𝑥0, 𝑦0) is near the right hand edge of the screen, the pear is cut off by the screen’s 

edge, and is thus invisible as far as the user is concerned. To fix this, Mr. Knickerbocker wants to revise his 

program so that pear will sometimes point in the opposite direction (i.e. with its tip on the right). If the pear 

is to appear on screen tip rightmost and pointing at (𝑥0, 𝑦0), what will its equation be?  

22. The graph at right is an example of a Devil’s curve, a class of curves first studied in 1750 by Gabriel Cramer. The 

equation of this particular specimen is 

– 𝑥4 + 10𝑥2 + 𝑦4 − 9𝑦2 = 0. 

a) Find the points at which this Devil’s curve crosses the axes. 

b) If we wished to compress the graph vertically so that it crossed the 𝑦-axis 

at (0, ±2), what substitution would we have to make in its equation? What 

would the new equation be? 

c) If we wished to compress the result of part (b) horizontally so that it 

crossed the 𝑥-axis at (±2,0), what substitution would we have to make? 

What would the new equation be? 

23. The equation of the fish curve at right is 

(2𝑥2 + 𝑦2)2 − 2√2𝑥(2𝑥2 − 3𝑦2) + 2(𝑦2 − 𝑥2) = 0. 

a) Find the points at which the fish curve crosses the 𝑥-axis. 

b) If we were to replace every 𝑦 in the equation with (5𝑦), what would 

happen to the fish? 

c) If we were to replace every 𝑥 in the fish’s equation with (− 𝑥 2⁄ ), what 

would happen to the fish? [Hint: You can achieve the same net algebraic 

effect in two steps – replace each 𝑥 by 𝑥/2, then replace each 𝑥 by – 𝑥.] 

24. We can compress the transformation table by combining the stretches and reflections: 

Explain why this is valid. After doing so, feel free to use the table in this compressed form. 

 

          Horizontal Vertical 

Stretch by a factor of 𝑘 
(with a reflection if 𝑘 < 0) 

Substitute (
1

𝑘
𝑥) for each 𝑥 Substitute (

1

𝑘
𝑦) for each 𝑦 

Shift by 𝑘 units Substitute (𝑥 − 𝑘) for each 𝑥 Substitute (𝑦 − 𝑘) for each 𝑦 
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Preliminaries to the Proof  

Now that you know how the transformation rules work, it’s high time you understand why they work. 

I will explain this on the next page – after introducing a few preliminary ideas here.  

A function of two variables is a rule that unambiguously turns ordered pairs of numbers into 

numbers. The notation for a function of two variables is exactly what you’d expect. 

Example 1. If 𝑓(𝑥, 𝑦) = 2𝑥2 + 𝑦, find the values of 𝑓(3,−7) and 𝑓(−7, 3). 

Solution. 𝑓(3,−7) = 2(3)2 − 7 = 11.      𝑓(−7, 3) = 2(−7)2 + 3 = 101.   

Functions of two variables provide the right language for discussing equations in two variables, because 

we can write any such equation in the form 𝑓(𝑥, 𝑦) = 0 simply by pushing all of its terms over to the 

left-hand side. 

Example 2. Rewrite the equation 𝑥2 + (𝑦 − 1)2 = 4 in the form 𝑓(𝑥, 𝑦) = 0. 

Solution. Pushing all terms to the left, we obtain an equivalent equation with the required form: 

𝑥2 + (𝑦 − 1)2 − 4⏞            
𝑓(𝑥,𝑦)

= 0      

In the last exercise set, I presented the equations of the fish curve, Devil’s curve, and pear-shaped 

quartic in this form. 

There’s no real advantage gained by putting any particular 

equation in the form 𝑓(𝑥, 𝑦) = 0. Rather, we use this form whenever 

we wish to discuss two-variable equations in general. Thus, when we 

wish to discuss the abstract idea of a two-variable equation, or prove 

a theorem that holds for all graphs, we often begin by carelessly 

drawing a squiggle (such as the one at right) meant to represent any 

old curve, which we then think of as the graph of some equation 

𝑓(𝑥, 𝑦) = 0, with the function 𝑓 left unspecified.  
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The Explanation at Last 

We need to justify all six entries in the transformation table. If you understand the proof of the first, 

you’ll understand all the others, as they are all cut from the same logical pattern. This being the case, I’ll 

leave four of the six as exercises for you. 

Claim 1. If we reflect a graph over the 𝑦-axis, we can obtain the reflected graph’s equation by 

replacing each 𝑥 the original graph’s equation by −𝑥. 

Proof. Consider an arbitrary graph, such as the black one at right, 

and reflect it over the 𝑦-axis (to produce the grey curve). 

Let 𝑓(𝑥, 𝑦) = 0 be the original graph’s equation. We must find the 

reflected graph’s equation: an equation that is satisfied by the 

coordinates of all points on the reflected graph. 

Let (𝑥, 𝑦) be a variable point on the grey reflected graph. 

(Its variability allows it to represent every point on the graph.) 

“Undoing” the reflection would send this point back to (−𝑥, 𝑦), so 

this latter point must lie on the original graph. Thus (−𝑥, 𝑦) satisfies the original graph’s equation. 

That is, for every point (𝑥, 𝑦) on the reflected graph, we know that 𝒇(−𝒙, 𝒚) = 𝟎. 

It follows that this last equation is the reflected graph’s equation. Happily, we can obtain it 

from the original graph’s equation, 𝑓(𝑥, 𝑦) = 0, by simply substituting −𝑥 for 𝑥.   ■ 

 

Claim 2. If we stretch a graph horizontally by a factor of 𝑘, we can obtain the reflected graph’s 

equation by replacing each 𝑥 the original graph’s equation by 𝑥/𝑘. 

Proof. Consider an arbitrary graph, such as 

the black one in the figure at right, and stretch 

it horizontally (to produce the grey curve). Let 

𝑓(𝑥, 𝑦) = 0 be the original graph’s equation. 

We seek the stretched graph’s equation: an 

equation that is satisfied by the coordinates of 

all points on the stretched graph. 

Let (𝑥, 𝑦) be a variable point on the stretched graph. “Undoing” the stretch would send this 

point back to (𝑥 𝑘⁄ , 𝑦), so this latter point must lie on the original graph. Thus, (𝑥 𝑘⁄ , 𝑦) satisfies 

the original graph’s equation.   

That is, for every point (𝑥, 𝑦) on the stretched graph, we know that 𝒇(𝒙/𝒌, 𝒚) = 𝟎. 

It follows that this last equation is the stretched graph’s equation. We can obtain it from the 

original graph’s equation, 𝑓(𝑥, 𝑦) = 0, by merely substituting 𝑥/𝑘 for 𝑥.     ■ 

 

If you understood these two proofs, you will have no trouble constructing the other four on your own. 

Essentially, we obtain the transformed curve’s equation by “undoing” the transformation algebraically, 

then substituting the “un-transformed” coordinates back into the original curve’s equation. 
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Exercises. 

25. Prove that if we shift a graph horizontally by 𝑘 units, we can obtain the shifted graph’s equation by substituting 

(𝑥 − 𝑘) for each 𝑥 in the original graph’s equation. 

26. Prove that if we reflect a graph over the 𝑥-axis, we can obtain the reflected graph’s equation by replacing each 

𝑦 the original graph’s equation by −𝑦. 

27. Prove that if we stretch a graph vertically by a factor of 𝑘, then we can obtain the reflected graph’s equation by 

replacing each 𝑦 the original graph’s equation by 𝑦/𝑘. 

28. Prove that if we shift a graph vertically by 𝑘 units, we can obtain the shifted graph’s equation by replacing each 

𝑦 the original graph’s equation by (𝑦 − 𝑘). 

29. In the proof of Claim 1 above, we showed that 𝑓(−𝑥, 𝑦) = 0 is satisfied by each point on the reflected graph. 

Strictly speaking, we should also have shown that 𝑓(−𝑥, 𝑦) = 0 is not satisfied by any point that isn’t on the 

reflected graph. Fill this gap. 

[Hint: Let (𝑎, 𝑏) be a variable point not on the reflected graph. Now “undo” the transformation, etc.]  

 

Right-hand Side Shortcuts for Functions 

When working specifically with graphs of functions (𝑦 = 𝑓(𝑥)), we can carry out transformations by 

operating directly on the equation’s right-hand side. The following “RHS Shortcuts” are equivalent to, 

but more convenient than, the usual substitutions.* 

 

 

To see that these “new” operations are really just shortcuts for familiar substitutions, consider a vertical 

stretch of the graph of 𝑦 = 𝑓(𝑥). Substituting (𝑦/𝑘) for 𝑦 gives us 𝑦/𝑘 = 𝑓(𝑥). Algebraic massage turns 

this into 𝒚 = 𝒌𝒇(𝒙). And voilà! The net algebraic effect is to multiply the original RHS by 𝑘, as claimed.‡ 

The same sort of argument justifies the vertical shift shortcut, as you should verify. 

Example 1. Roughly speaking, what does the graph of 𝑦 = 2𝑥2 + 3 look like? 

Solution. The graph of 𝑦 = 𝑥2 is the familiar U-shape. From 𝑦 = 𝑥2, we can reach 𝑦 = 2𝑥2 + 3 

in two algebraic “moves”: First, we multiply the RHS by 2 (yielding 𝑦 = 2𝑥2), then add 3 to the RHS. 

The corresponding geometric transformations: Stretch vertically by a factor of 2, then shift up by 3. 

Hence, the graph we seek is a slightly skinnier U-shape opening up with its vertex is at (0,3).  

Never forget: The RHS shortcuts apply only to functions (𝑦 = 𝑓(𝑥)), not to equations in general! 

                                                           
* RHS = Right-Hand Side of the equation 𝑦 = 𝑓(𝑥). 

† If 𝑘 < 0, this includes a vertical reflection. (With this understood, we can compress the table in the spirit of Exercise 24.) 

‡ Note well: This argument worked only because our equation had the special form of a function, 𝑦 = 𝑓(𝑥). Try it with an 
equation that does not have that form, such as 𝑥2 + 𝑦2 = 1, and you’ll see that the argument fails. 

 

Vertical Stretch by a factor of 𝑘† Multiply RHS by 𝑘 

Vertical Shift by 𝑘 units Add 𝑘 to the RHS 
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The RHS shortcuts are gratifyingly direct: To stretch vertically by 5, we just multiply the RHS by 5; to shift 

up by 3 units, we just add 3 to the RHS. A pleasant contrast to the topsy-turvy world of substitutions, 

where we must remember to take reciprocals and reverse algebraic signs! The RHS shortcuts are easy to 

use, easy to remember, and easy to understand. But once again: They apply only to functions. 

Let’s practice the shortcuts by applying them to some sheep in wolves’ clothing – harmless functions 

dressed up in enough transformational garb to make them look fearsome to the uninitiated. 

Example 2. Graph the function 𝑦 = −3√𝑥 + 2. 

Solution. This is just a transformed version of a familiar function, 𝑦 = √𝑥, as this analysis shows: 

𝑦 = √𝑥    
sub.(𝑥+2) for 𝑥  
→              𝑦 = √𝑥 + 2   

−3∙RHS  
→         𝑦 = −3√𝑥 + 2 

The corresponding geometry: Shift right by 2, then v-stretch by a factor of 3 (with a v-reflection). 

Applying those successive geometric transformations to the 

graph of 𝑦 = √𝑥 will bring us to the graph at right, as you should 

verify. Hence, the figure at right must be the given function’s graph. 

To provide more detail, we could find and label its intersection with 

the 𝑦-axis, which (as you should also verify)  is (0, −3√2).   

 

In the previous example, we could have carried out the transformations in any order and obtained the 

same graph. (Try it and see.) In general, however, we must take care with the order of transformations.  

Example 3. Graph the function 𝑦 =
1

2
𝑥2 − 3. 

Solution. We recognize that this function is just a transformed version of 𝑦 = 𝑥2: 

𝑦 = 𝑥2    
(1 2⁄ )∙RHS  
→          𝑦 =

1

2
𝑥2    

RHS − 3  
→         𝑦 =

1

2
𝑥2 − 3 

The corresponding geometric transformations: v-stretch by 1 2⁄ , then shift down by 3. 

Applying these two geometric transformations (in the specified order!) 

to the familiar U-shaped graph of 𝑦 = 𝑥2 yields a graph whose basic shape 

is shown at right. Should we desire more detail, we could find and label its 

intersections with the 𝑥-axis in the usual way. 

[These are (−√6, 0) and (√6, 0), as you should verify.]   

As you saw in exercise 12, it is essential that you do geometric transformations in the correct order. 

How can you tell whether a given order will yield the correct graph? This is easy: Just check whether the 

corresponding algebraic transformations, applied in the same order, yield the equation whose graph 

you want. If they do, then all’s well. If they don’t, then there’s a problem. 

In the previous example, suppose you had wondered if you could have first shifted down by 3 units, 

and then stretched vertically by a factor of 1/2. Would that work? Well, consider the corresponding 

algebraic transformations: First subtract 3 from the original RHS, then multiply the resulting RHS by 1/2. 

A little calculation shows that doing these to the original equation (𝑦 = 𝑥2) yields 𝑦 = (1/2)𝑥2 − 𝟑/𝟐, 
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which, misses our algebraic target: 𝑦 = (1/2)𝑥2 − 3. Hence, the corresponding geometric operations 

would have missed the geometric target, too; they would lead to the graph of the wrong equation. 

Order is important. First you open the window, then you put your head through. 

Here’s a more challenging example – which we’ll solve in two different ways. 

Example 4. Graph the function 𝑦 = √1 − (3𝑥 + 9)2. 

First Solution. This is a transformed version of 𝑦 = √1 − 𝑥2, whose graph is the top half of the 

unit circle. Here’s one sequence of algebraic steps that accomplishes this transformation: 

    𝑦 = √1 − 𝑥2    
sub.  (𝑥+9) for 𝑥  
→               𝑦 = √1 − (𝑥 + 9)2   

sub.  3𝑥 for 𝑥  
→             𝑦 = √1 − (3𝑥 + 9)2  

The corresponding geometric transformations are: 

Shift left by 𝟗 units, then h-stretch by 𝟏/𝟑. 

Applying these geometric transformations in the 

specified order to the unit circle’s top half gives us the 

graph of 𝑦 = √1 − (3𝑥 + 9)2, which (as you should 

verify by carrying the transformations out yourself), 

looks like the graph at right.*  

Second Solution. If we do some preliminary algebra (factoring out a 3 inside the parentheses), we 

can rewrite the given function in a new form, 𝑦 = √1 − (3(𝑥 + 3))2, which suggests a different 

sequence of steps:  

  𝑦 = √1 − 𝑥2    
sub.  3𝑥 for 𝑥  
→             𝑦 = √1 − (3𝑥)2    

sub.  (𝑥+3) for 𝑥  
→               𝑦 = √1 − (3(𝑥 + 3))2 

The corresponding geometric transformations are: 

h-stretch by 𝟏/𝟑, then shift left by 𝟑. 

By drawing pictures, you should verify that the graph resulting from this alternate sequence of 

geometric transformations will be the same that we found in the first solution. Notice that the 

shift here was by only 3 units (as opposed to 9 units in the first solution); because we compressed 

the graph first, we didn’t have to shift it as far.†   

 

  

                                                           
* It’s useful to follow a few individual points on their transformational journey. For example, let’s follow (1,0) on the unit circle. 

The shift left takes it to (−8,0); the horizontal stretch then takes this to (−8 3⁄ , 0). 

† We can see this by following the journey of (1,0) once again. First, the horizontal stretch takes it to (1 3⁄ , 0). Then the shift 
left takes it over to (− 8 3⁄ , 0).  
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Exercises. 

30. Give the geometric transformation corresponding to each of the following (when 𝑦 = 𝑓(𝑥)): 

a) Multiply the RHS by 5                b) Substitute (𝑥 + 2) for 𝑥            c) Multiply the RHS by −1        

d) Add 1 to the RHS                        e) Multiply the RHS by 7/9            f) Substitute 6𝑥 for 𝑥                 

g) Substitute (2 3⁄ )𝑥 for 𝑥            h) Add 5 to the RHS                         i) Multiply the RHS by −3      

j) Multiply the RHS by (−3/5)      k) Substitute −4𝑥 for 𝑥                  l) Substitute (𝑦 + 2) for 𝑦.  

31. True or false (and explain why the false answers are false): 

a) Multiplying the RHS of 𝑥2 + 𝑦2 = 1 by 4 stretches its graph vertically by a factor of 4. 

b) Adding 3 to the RHS of 2𝑥2 + 2𝑦2 = 2 shifts its graph up by 3 units. 

c) Subtracting 7 from the RHS of 10𝑥𝑦 = 𝑥2 + 3𝑦3 − 5 shifts its graph down by 7 units. 

d) Multiplying the RHS of 𝑦 = 14𝑥8 + √𝑥
9

 by 3 stretches its graph vertically by a factor of 3. 

32. Give the algebraic transformation corresponding to each of the following (when 𝑦 = 𝑓(𝑥)): 

a) Shift right by 8       b) Shift left by 8        c) Shift down by 8        d) Shift up by 8        e) V-stretch by a factor of 6      

f) V-stretch by a factor of 1/3         g) H-stretch by a factor of 10          h) H-stretch by a factor of 1/10   

i) V-stretch by a factor of 3/16        j) Reflection over the 𝑥-axis            k) Reflection over the 𝑦-axis 

l) V-stretch by a factor of 5 and a v-reflection        m) V-stretch by a factor of 3/7 and a v-reflection 

33. Graph the following functions, and label key points with their coordinates. (These will include intersections 

with the axes, and possibly endpoints or turning points when these exist). 

a) 𝑦 = 5(𝑥 − 1)3              b) 𝑦 = √𝑥 + 3 + 1                    c) 𝑦 = −2|𝑥| + 3              d) 𝑦 =
2

3
(𝑥 + 2)2 − 1 

e) 𝑦 =
4

𝑥−2
                          f) 𝑦 = −3(𝑥 − 1)2 + 2            g) 𝑦 = −

3

𝑥
+ 7                   h) 𝑦 = √8𝑥 − 8

3
      

i) 𝑦 = 2√9 − 𝑥2 − 3        j) 𝑦 = 1 − √4 − 𝑥2                   k) 𝑦 = −
1

2
(𝑥 + 1)3 

34. Find the functions corresponding to the following graphs, which are transformed versions of 𝑦 = |𝑥|. 

        a)                                                                 b)                                                              c) 

 

 

 

 

 

 

 

 

 

 

 

 

 

35. Using only shifts, stretches, and reflections, is it possible to transform line 𝑦 = 𝑥 into the line through (𝑥0, 𝑦0) 

with slope 𝑚? If not, why not? If so, give a sequence of transformations that will do it. 
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Graphs of Quadratic Functions 
“I'm very well acquainted too with matters mathematical, 

I understand equations, both the simple and quadratical, 

About binomial theorem I am teemin’ with a lot o' news – 

With many cheerful facts about the square of the hypotenuse!” 

 - Major General Stanley (Pirates of Penzance, Act I) 

 

We’ve already established that the graphs of all linear functions (that is, those of the form 𝑦 = 𝑎𝑥 + 𝑏) 

are straight lines. In this section we’ll prove that graphs of all quadratic functions (that is, those of the 

form 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐) are U-shapes. In fact, we’ll see later that they are not just any old U-shapes: 

They are parabolas. Before proving that all quadratic functions have U-shaped graphs, we’ll consider 

one specific quadratic. This will contain, in a very tangible form, all the key ideas we’ll need for the 

abstract universal proof. (One key idea is “completing the square”, so you may wish to review that 

technique before reading on.) 

 

Example. Graph the quadratic function  𝑦 = 2𝑥2 + 12𝑥 + 13. 

Solution. We begin by rewriting the equation in an equivalent form by completing the square. 

     𝑦 = 2𝑥2 + 12𝑥 + 13 

                                                                             = 2(𝑥2 + 6𝑥) + 13 

                                                                       = 2(𝑥2 + 6𝑥 + 𝟗 − 𝟗) + 13 

                                                                       = 2[(𝑥 + 3)2 − 9] + 13 

                                                                       = 2(𝑥 + 3)2 − 5. 

In this form, we see that our quadratic is just a transformed version of 𝑦 = 𝑥2, whose graph is the 

familiar U-shape. Specifically, it is related to 𝑦 = 𝑥2 by the following sequence of transformations:  

𝑦 = 𝑥2    
2∙RHS  
→       𝑦 = 2𝑥2    

sub.  (𝑥+3) for 𝑥
→              𝑦 = 2(𝑥 + 3)2    

RHS – 5   
→         𝑦 = 2(𝑥 + 3)2 − 5 

The corresponding sequence of geometric transformations is: 

v-stretch by 𝟐,  shift left by 𝟑,  shift down by 𝟓. 

Following these transformations of the graph of 𝑦 = 𝑥2 in your mind’s eye, 

you’ll see the rough shape of the graph we seek: a stretched out U, which 

bottoms out at (−3,−5). For a bit more detail, we note that the equation tells 

us that when 𝑥 is 0, we have 𝑦 = 13. The graph we want is thus is a U whose 

lowest point is (−3,−5) and which crosses the 𝑦-axis at (0, 13). This much 

information is already enough to produce the graph at right. 

To include more detail, if we desire it, we could find the points where the 

curve crosses the 𝑥-axis. [These, as you can verify, are (−3 ± √5 2⁄ , 0).]   
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The method we employed in the preceding example can be used to graph any quadratic function: 

Complete the square, then apply the appropriate transformations to the graph of 𝑦 = 𝑥2. Let us now 

tackle the problem in the abstract.   

Claim. Every quadratic function has a U-shaped graph. 

Proof. Consider the general quadratic function 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐. 

Rewriting the equation in an equivalent form by completing the square, we obtain 

     𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

                                                                             = 𝑎 (𝑥2 +
𝑏

𝑎
𝑥) + 𝑐 

                                                                       = 𝑎 (𝑥2 +
𝑏

𝑎
𝑥 +

𝒃𝟐

𝟒𝒂𝟐
−

𝒃𝟐

𝟒𝒂𝟐
) + 𝑐 

                                                                       = 𝑎 [(𝑥 +
𝑏

2𝑎
)
2
−

𝑏2

4𝑎2
] + 𝑐 

                                                                       = 𝑎 (𝑥 +
𝑏

2𝑎
)
2
+ (𝑐 −

𝑏2

4𝑎
). 

This reveals that the general quadratic function is an algebraically transformed version of 𝑦 = 𝑥2. 

Consequently, its graph can be obtained from the U-shaped graph of 𝑦 = 𝑥2 by a sequence of 

geometric transformations: a vertical stretch by a factor of 𝑎 (with a vertical reflection if 𝑎 < 0), 

then a horizontal shift, and finally, a vertical shift. Since a stretched U is still a U (albeit a skinnier 

or a fatter one), and a shifted U obviously is still a U, we may therefore conclude that the graph of 

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 must always be U-shaped, as claimed.   ■ 

 

One further observation: In the proof, we saw that if 𝑎, the quadratic’s leading coefficient, is negative, 

then the U will be reflected vertically. If this happens, it will, of course, open downwards. Otherwise  

(if the leading coefficient is positive) the U will open upwards. To sum up, 

 

Finally, a little terminology: The turning point in a U-shape is called its vertex. In the graph of a quadratic 

function, the vertex lies either where the function attains its maximum output value (if the graph opens 

downwards) or its minimum value (if it opens upwards).  

 

 

 

 

The graph of every quadratic function (i.e. function of the form 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐) is U-shaped. 

  • The U opens upwards if the leading coefficient is positive, and downwards if it is negative. 

  • To graph a quadratic, we complete the square and apply the transformations revealed thereby. 
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Exercises 

36. Graph the following quadratics. Find the graphs’ vertices and their intersections with the axes. 

a) 𝑦 = 𝑥2 + 8𝑥 + 1           b) 𝑦 = 2𝑥2 + 4𝑥 + 2             c) 𝑦 = 5𝑥2 − 3           d) 𝑦 = −𝑥2 + 10𝑥 − 7 

e) 𝑦 = 3𝑥2 + 4𝑥 + 5         f) 𝑦 = −5𝑥2 − 12𝑥 + 2        g) 𝑦 =
3

2
𝑥2 + 6𝑥        h) 𝑦 = −

3

14
𝑥2 +

2

7
𝑥 + 1 

37. Can the graph of 𝑦 = 𝑥2 be contained between two vertical lines? If so, which ones? If not, why not? 

38. Many textbooks state that in the graph of 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐, the vertex’s 𝑥-coordinate will be – 𝑏/2𝑎. 

a) Explain why this is so.  

b) Use this result to find the coordinates of the vertex of 𝑦 = 5𝑥2 + 4𝑥 − 1. 

c) Although this result will allow you to solve certain homework problems (like those in exercise 36) quickly, 

memorizing it is counterproductive. It will not help you learn mathematics. In contrast, each time that you 

graph a quadratic by completing the square, you reinforce two important mathematical techniques: 

completing the square and transformations. (Besides, if you want a shortcut, why not just use a computer?) 

The second reason for eschewing this formula is that once you’ve learned a little calculus, you’ll be able to 

find a quadratic’s vertex in seconds without having to rummage in your memory for anything. 

39. If two rectangles have the same perimeter, must they have the same area? If so, explain why. If not, provide a 

counterexample. 

40. Mr. Square plans to fence off a rectangular area in the middle of field. He has 100 feet of fencing. He dimly 

remembers learning that rectangles with the same perimeter can have different areas, and he wants his 

rectangle’s area as large as possible. Being Mr. Square, he’s pretty sure that the way to maximize the area is to 

make a square, but then, he’s been wrong before. Is he right this time? If not, why not? If so, prove it. 

[Hint: Consider a rectangle with perimeter 100. Let 𝑥 be the length of one of its sides. Express the rectangle’s 

area as a function of 𝑥. The function will be quadratic. Graph it, and think about its vertex in the context of Mr. 

Square’s problem.] 

41. Mr. Square’s neighbor, Lana Evitneter, also plans to fence off a rectangular area with 100 feet of fencing. 

However, since a wall of her house will serve as one side of the rectangle, she actually needs fencing for just 

three sides. She asks Mr. Square to help her maximize the area of her rectangle. Naturally, he recommends 

making a square. Is he right this time? If so, prove it. If not, find the dimensions of the rectangle that will  

actually maximize the enclosed area.  

42. Mortified by his mistake, Mr. Square flees the neighborhood in his hot-air 

balloon. He takes off from the base of a long hill, which has a constant slope of 

1/3 (see the figure). The path that his balloon takes happens to be the graph of 

𝑦 = −𝑥2 + 4𝑥. Alas, as you can see from the figure, his balloon doesn’t make it 

over the hill. Assuming that each unit on the axes represents 1000 feet, 

 a) What are the coordinates of the point at which the balloon lands? 

 b) How far (in feet) is the launch point from the landing point? 

 c) If the launch point is at sea level, then what is the balloon’s maximum 

altitude relative to sea level? 

 d) What is the balloon’s maximum altitude relative to the ground? 
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Parabolas 

"It has been observed that missiles and projectiles describe a curved 

path of some sort. However, no one has yet pointed out that this 

path is a parabola. This... I have succeeded in proving." 

 - Galileo Galilei, Dialogues Concerning Two New Sciences, 3rd Day, Introduction  

The distance from a point to a line is, by definition, the length of 

the shortest path joining them: a straight path meeting the line 

at right angles. Thus, in the figure at right, the distance from 

point 𝑃 to line 𝐴𝐵 is the length of segment 𝑃𝑄. 

Draw a line and a point on a piece of paper. Call the point 𝐹 and 

the line 𝑑. Locate a point equidistant from 𝐹 and 𝑑, and mark it on 

the page. Then, find and mark as many other points as you can that 

are equidistant from 𝐹 and 𝑑. After a while, you’ll have a picture that 

looks something like the one at right. In your mind’s eye, picture the 

curve that passes through each and every one of the infinitely many 

points equidistant from 𝐹 and 𝑑. This curve is called a parabola.  

 

 

 

 

 

While all parabolas are U-shapes, very few U-shapes are parabolas. If you draw a random U-shape on a 

page, it will almost certainly not be a parabola. Try it: First draw a random U-shape on a page, then try 

to guess where its focus and directrix would be if it were a parabola. Now start checking points on the U 

(preferably with the aid of a ruler). If you can find even one point on the U that is not exactly the same 

distance from your prospective focus and directrix, then your U-shape is not a parabola – at least not 

with those choices of focus and directrix. Difficult as it is to draw a reasonably accurate circle freehand 

(without the aid of a compass), it is still more difficult to draw a reasonably accurate parabola. 

Mathematicians have studied parabolas for well over two thousand years on account of their 

remarkable geometric properties. Amazingly, in the early 17th century, Galileo proved that parabolas 

have physical significance as well: A projectile moving under the influence of gravity alone will always 

follow a parabolic path. When you toss a ball to your dog, the path that the ball follows when it leaves 

your hand is not merely U-shaped, but parabolic: As it moves through the air, the ball remains 

equidistant from an invisible focus and directrix. Take a physics class, and you’ll learn why. 

 

 

 

 

  

Definition. A parabola is the set of all points equidistant from some fixed point 

(called the parabola’s focus) and some fixed line (called the parabola’s directrix.)  
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We can discover a parabola’s equation by translating its 

definition into algebraic terms. This is especially easy to do if 

we place the axes so that the parabola’s vertex is at the 

origin and its focus lies on the positive 𝑦-axis. This ensures 

that the coordinates of the focus are (0, 𝑝) for some 

positive number 𝑝. Moreover, since the vertex is 𝑝 units 

from the focus, it must also (by the parabola’s definition) lie 

𝑝 units up from the directrix; hence, the equation of the 

directrix must be 𝑦 = −𝑝. 

Problem. Derive the equation of the parabola with vertex (0,0) and focus (0, 𝑝). 

Solution. We seek an equation satisfied by the coordinates of all the parabola’s points. Let (𝑥, 𝑦) 

be a variable point on the parabola. Its distance to the focus (0, 𝑝) is, by the distance formula, 

√(∆𝑥)2 + (∆𝑦)2 = √𝒙𝟐 + (𝒚 − 𝒑)𝟐, 

while its distance to the directrix is 𝒚 + 𝒑. (It lies 𝑦 units above the 𝑥-axis, which itself lies 𝑝 units 

above the directrix, as in the figure above.) 

The two distances we’ve just computed are, by the parabola’s definition, equal.  That is, 

√𝑥2 + (𝑦 − 𝑝)2 = 𝑦 + 𝑝. 

This equation is satisfied by our variable point (and thus by every point) on the parabola, so it is the 

parabola’s equation. To polish it, we square both sides of the equation and then simplify. The 

resulting polished equation of the parabola is, as you should verify, 𝑦 =
1

4𝑝
𝑥2.  

 

 

 

 

 

We can use this fact to establish two little results that will serve as preliminaries to a big theorem. 

Here’s the first one. 

Claim 1. The graph of 𝑦 = 𝑥2 is not merely U-shaped, but parabolic. 

Proof. The equation 𝑦 = 𝑥2 has the form in the box above, with 𝑝 = 1 4⁄ .  Hence, its graph is a 

parabola with vertex (0,0) and focus (0, 1 4⁄ ). (And whose directrix is 𝑦 = −1/4.)    ■ 

The second of our two preliminary results concerns stretched parabolas. Suppose we stretch a parabola. 

The result will certainly be U-shaped, but will it still be parabolic? Remarkably, it turns out that if we 

stretch any parabola by any factor in any direction (not just vertically or horizontally), the result will still 

be a parabola! Although this full statement is too difficult for us to prove here, we can easily prove one 

very special – and very useful – case.  

The equation of the parabola with vertex (0,0) and focus (0, 𝑝) is 

𝒚 =
𝟏

𝟒𝒑
𝒙𝟐 
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Claim 2. If we stretch the graph of 𝑦 = 𝑥2 vertically, the result is still a parabola. 

Proof. When we stretch the graph vertically by a factor of 𝑘, its new equation will be 𝑦 = 𝑘𝑥2. 

This matches our boxed equation for a parabola when 𝑘 = 1 4𝑝⁄ ; that is, when 𝑝 = 1 4𝑘⁄ . Hence, 

the graph of 𝑦 = 𝑘𝑥2 is indeed a parabola with vertex (0,0) and focus (0, 1 4𝑘⁄ ). ■ 

With our two preliminary results squared away, let’s turn to our big theorem. 

Theorem. The graphs of all quadratic function are parabolas. 

Proof. In an earlier section (“Graphs of Quadratic Functions”), we proved that any quadratic’s 

graph can be obtained from the graph of 𝑦 = 𝑥2 by following a sequence of transformations: 

a vertical stretch (perhaps with a reflection), and then some shifts. 

Since then, you’ve learned that the graph of 𝑦 = 𝑥2 is not just a U, but a parabola (Claim 1), 

and that this graph’s parabolic nature is preserved by vertical stretches (Claim 2). Since reflections 

and shifts only change a graph’s location, but not its shape, they too keep parabolas parabolic. 

 Since we can obtain the graph of any quadratic function from a parabola by a sequence of 

“parabola-preserving” transformations, all quadratics must have parabolic graphs, as claimed.   ■ 

 

Combining this last theorem with our earlier work on graphing quadratics, we may conclude that 

 

Exercises. 
43. Pick a random number. Call it 𝑛. Square it. The point (𝑛, 𝑛2) lies on the graph of 𝑦 = 𝑥2. Compute its distances 

to the parabola’s focus and directrix, and verify that these are indeed equal. 

44. Is 𝑦 = 2𝑥2 the graph of a parabola? If so, find its vertex, focus, and directrix. 

45. Is 𝑦 = (
1

2
) 𝑥2 the graph of a parabola? If so, find its vertex, focus, and directrix. 

46. Find the equation of the parabola with vertex (0, 0) and focus (0, 5). 

47. Find the equation of the parabola with vertex (0, 0) and focus (0, 1/5). 

48. Prove that if we stretch the graph of 𝑦 = 𝑥2 horizontally, the result will still be a parabola.  

49. Find the focus and directrix of the parabola whose equation is 𝑦 = 3𝑥2 − 12𝑥 + 13. 

[Hint: Complete the square, think about how each geometric transformation affects the focus & directrix.]  

50. Find the focus and directrix of the parabola whose equation is  𝑦 = −3𝑥2 − 6𝑥 + 1. 

  

The graph of every quadratic function (i.e. function of the form 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐) is a parabola. 

 •  The parabola opens up if the leading coefficient is positive, and down if it is negative. 

 •  To graph a quadratic, we complete the square and apply the transformations revealed thereby. 
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The Reflection Property of Parabolas 

At any point 𝑃 on a parabola, draw the parabola’s tangent there. 

Next, draw the line segment joining 𝑃 to the focus. Finally, draw 

the ray from 𝑃 that is parallel to the parabola’s axis of symmetry. 

We can prove that the line segment and ray make equal angles 

with the tangent. This so-called “reflection property” of parabolas 

does not hold for other U-shapes: only parabolas. Esoteric though 

it may seem, this reflection property has remarkable physical 

consequences, which you’ll be able to appreciate after reading the 

following paragraphs about optics.  

Light rays bounce off of flat surfaces in a simple manner: 

When a ray strikes a flat surface, it reflects off at the same angle 

at which it struck. The figure at right depicts a light ray striking 

(and then departing) a reflective surface at an angle of 24°. 

If a light ray strikes a curved surface, the same rule holds, but 

now the angles are measured between the light ray and the 

tangent to the surface where the ray hits it. You can see why this 

is so if you imagine zooming in on the point of tangency so closely 

that the curve and the tangent line become indistinguishable. This 

virtual identity of a curve and its tangent line – when viewed at a 

microscopic scale – is, incidentally, a major theme of calculus. 

Now let us return to the reflection property of parabolas. 

If light leaves a parabola’s focus and hits the parabola at point 𝑃, 

in what direction will it be reflected? If you’ve understood the 

three preceding paragraphs, you should be able to convince 

yourself of the following: Because of the reflection property, the 

ray that strikes the parabola at 𝑃 will “bounce off” the parabola 

parallel to the parabola’s axis of symmetry. This being so, suppose 

that we illuminate a bulb at the parabola’s focus, so that light 

streams out of it in all directions. Amazingly, all the light that hits 

the parabola will bounce back in the same direction: parallel to 

the parabola’s axis of symmetry! It is for this reason that parabolic 

mirrors are used in flashlights, headlights, and so forth.  

Parabolic mirrors can also be used “in reverse” to concentrate parallel rays into a single point. For 

example, the solar rays that reach us on Earth are effectively parallel (this is because Earth is so tiny 

compared to the Sun); if we capture solar rays in a parabolic mirror, we can concentrate them into one 

very hot point at the mirror’s focus. (Hence the name focus, which means “hearth” in Latin.) You can 

find images of such “burning mirrors” or “solar furnaces” online, including the world’s largest, located in 

a French village in the Pyrenees. Another example: satellite receiving dishes are parabolic in shape so as 

to concentrate the satellite’s signals into the dish’s focus, where the dish’s transmitter is located. 
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Proof of the Parabola’s Reflection Property 

Our proof will make use of the following fairly obvious geometric fact. 

The perpendicular bisector of a line segment 𝐴𝐵 divides the plane into three 

sets of points: those on 𝐴′𝑠 side of the bisector (which are closer to 𝐴 than 𝐵); 

those on 𝐵’s side of the bisector (which are closer to 𝐵 than 𝐴); and those on 

the bisector itself (which are equidistant from 𝐴 and 𝐵);  

For example, in the figure at right, we must have 𝑃𝐴 = 𝑃𝐵, but 𝑄𝐵 < 𝑄𝐴. 

Claim. Light emitted from a parabola’s focus reflects off the parabola parallel to its axis of symmetry. 

Proof. First we’ll set the stage. Let 𝑃 be any point on a parabola; 

draw segment 𝐹𝑃 joining it to the focus, and ray 𝑃𝐷′ parallel to 

the axis of symmetry. Among the straight lines through 𝑃 that do 

not enter angle 𝐹�̂�𝐷′, only one makes equal angles with 𝐹𝑃 and 

𝑃𝐷′. This line (𝑃𝑆′) is shown in gray. Extend ray 𝑃𝐷′ backwards 

until it hits the directrix at 𝐷. Since 𝑃𝐷′ is parallel to the axis of 

symmetry, the extension is perpendicular to the directrix. Let 𝑆 

be 𝐹𝐷’s intersection with the gray line. 

In the proof’s first act (of three), we will prove that the gray line is 𝐹𝐷’s perpendicular bisector. 

The key is to show that 𝐹𝑃𝑆 ≅ 𝐷𝑃𝑆, which we can do as follows: First, 𝐹𝑃 = 𝑃𝐷 by the parabola’s 

defining property. Next, 𝐹�̂�𝑆 = 𝐷�̂�𝑆 (since both angles are equal to 𝐷′�̂�𝑆′; one by the gray line’s 

definition, the other by vertical angles). Finally, 𝑆𝑃 is common to both triangles. Thus, by SAS-

congruence, 𝐹𝑃𝑆 ≅ 𝐷𝑃𝑆 as claimed. It follows that 𝐹𝑆 = 𝐷𝑆. That is, the gray line bisects 𝐹𝐷. 

Moreover, 𝐹�̂�𝑃 = 𝐷�̂�𝑃, and since they form a straight line, these equal angles must be right angles. 

Thus the gray line is indeed 𝐹𝐷’s perpendicular bisector. 

In act two, we’ll prove the gray line is tangent to the parabola 

by showing that all the parabola’s points (besides 𝑃, of course) lie 

on one side of the gray line. To this end, let 𝑄 be any other point 

on the parabola, and drop perpendicular 𝑄𝑅 to the directrix. By the 

parabola’s definition, 𝑄𝐹 = 𝑄𝑅, which is less than 𝑄𝐷 (in any right 

triangle, leg < hypotenuse), so 𝑄𝐹 < 𝑄𝐷. Thus, 𝑄 is on 𝐹’s side of 

𝐹𝐷’s perpendicular bisector, the gray line. Since 𝑄 was an arbitrary 

point, all the parabola’s points (besides 𝑃) lie on 𝐹’s side of the 

gray line, which is thus tangent to the parabola at 𝑃, as claimed. 

The third and final act: Imagine that a ray of light emitted from the parabola’s focus 𝐹 strikes the 

parabola at 𝑃, as in the figure above. As explained earlier, the angle at which the ray is reflected 

equals the angle at which it strikes the parabola’s tangent at 𝑃. But this tangent is the gray line. Since 

the ray strikes this line at angle 𝐹�̂�𝑆, it reflects off at an angle of the same magnitude. But by 

definition of the gray line, that angle is 𝐷′�̂�𝑆′. That is, the light reflects off the parabola along ray 

𝑃𝐷′, which, by definition, is parallel to the parabola’s axis of symmetry.  ■ 
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Chess and Rice 

“Enamored of chess, the emperor summoned the game’s creator to 

his palace and offered him anything he wished. Much to the 

emperor’s surprise, this ingenious gentleman asked only for rice: 

two grains for the chessboard’s first square, four for its next square, 

then eight, sixteen, and so forth. The emperor nodded assent, and 

called a slave to do the counting. 

As the emperor and the man spoke of this and that, the slave’s 

rice bag ran out. He fetched a second bag, but this too was soon 

emptied. Undaunted, he brought several more, but these were 

exhausted in turn. Again and again the slave fetched more rice, 

until the emperor, observing that his slave had still progressed no 

further than the chessboard’s second row, threatened him terribly. 

In the ensuing silence, knowledge dawned in emperor and slave: 

The task was impossible – were all the rice in the world gathered 

together at the palace, it would still prove insufficient to the task. 

The emperor, horrified, tore his robes and left the palace, never to 

be seen again. The slave hanged himself in the garden. The man 

returned home.” 

 - Long Shu, Annals, Vol. 3, Part 11. 

In the preceding account, the man requests 2 grains for the chessboard’s first square, 22 for its second 

square, 23 grains for its third square and so forth. Stated algebraically, the board’s 𝑛th square will have 

2𝑛 grains. As the emperor and slave come to realize, the function 𝑦 = 2𝑛 grows with alarming speed. 

You can work out the number of grains for the first ten or so squares in your head, but soon, you’ll want 

a calculator. A calculator for example, tells us that the 32nd square should have 4,294,967,296 grains. 

Since most calculators give exact values only for numbers of ten or fewer digits, you’ll need a computer 

(or sufficient paper, ink, and patience) to discover that the chessboard’s 64th (and last) square will have 

precisely 18,446,744,073,709,551,616 grains of rice – considerably more rice than exists in the world. 

In this chapter, we’ll consider functions such as 𝑓(𝑥) = 2𝑥, which are defined for all real numbers 

(not just for whole numbers). Such a function, whose independent variable appears as an exponent, is 

called an exponential function.  

 

Exercises. 

The rice story explains why 𝑓(𝑥) = 2𝑥 grows so quickly, but doesn’t explain all the 

features of its graph. To get a better feel for why its graph (shown at right) looks 

as it does… 

1. Explain why the graph’s 𝑦-intercept is 1. 

2. We know that 𝑓(1) = 2, and 𝑓(2) = 4. What is 𝑓(1.5)? 

(Give exact and approximate answers.) 

3. Is the negative 𝑥-axis an asymptote of the graph? How do you know?   
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Exponential Growth 
“The greatest shortcoming of the human race is our inability to understand the exponential function.” 

 - Albert Bartlett 

 

Exponential functions of the form 𝑦 = 𝑎𝑥  (where 𝑎 > 1) are said 

to exhibit exponential growth. The greater the base, 𝑎, the 

steeper the growth, as we see by comparing the graphs at right. 

Exponential growth occurs whenever something increases by a 

fixed percentage per unit of time, as I’ll soon explain. 

A common example is compound interest at a bank. Of 

course, your money in the bank is on the early, slowly growing 

part of the curve, and it will be a long time before its growth 

becomes explosive. By that time, you won’t be around to enjoy it. 

A potentially dangerous example of exponential growth is Earth’s human population. Consider yourself 

lucky if you aren’t around to witness the consequences of that exponential explosion. 

  

Example. Suppose 100 bacteria are in an enclosed space. Every minute, the bacteria population 

increases its size by 64%. How many bacteria will there be after 1 minute? After 2 minutes? After 3 

minutes? Express the number of bacteria as a function of the number of minutes that have elapsed, 

and graph this function. 

Solution. The population increases by 64% each minute, so in the first minute, the population grows 

from 100 to 100(1.64). In the second minute, it grows from 100(1.64) to 100(1.64)2. In the third, 

it grows from 100(1.64)2 to 100(1.64)3. Following this pattern, we see that after 𝑡 minutes, the 

population will reach 100(1.64)𝑡. Thus, if 𝐵(𝑡) represents the number of bacteria at time 𝑡, then 

𝐵(𝑡) = 100(1.64)𝑡. 

This is easy to graph by thinking about transformations. First, we 

know that the graph of the simpler function  𝐵 = (1.64)𝑡 looks 

like the standard picture of exponential growth described at the 

top of this page: It creeps up from the negative 𝑥-axis, cuts 

through the 𝑦-axis at (0,1), and takes off into the stratosphere. 

Stretching this graph vertically by a factor of 100 will turn it into 

the graph we seek. The stretch will not particularly change the 

overall shape of the graph (as you should convince yourself) 

except that now its 𝑦-intercept will be 100 instead of 1. It will 

therefore look like the figure at right.  
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Exercises 

4. In the Example above, find the number of bacteria (rounded to the nearest bacterium) in the enclosed space 

after 1 minute, 2 minutes, 3 minutes, 30 minutes, and an hour. 

5. Suppose a piece of paper is 1/4 mm thick. If you cut it in half and stack the halves, the result will be 1/2 mm 

thick. Repeat the operation on the new stack, and the result will be 1 mm thick. By playing around with a 

calculator, determine... 

a) the number of times you must cut and restack to form a pile of paper taller than you. 

b) the number of times you must you cut and restack to form a pile of paper that will reach the moon.  

[Hint: The moon is, on average, 384,400 km from the earth.] 

6. Suppose that a certain bank account pays 2% interest at the end of each year. If you deposit $2000 into this 

account, and then turn your back on it as it accumulates interest, how much money will be in the account after 

1 year? After 2 years? After 20 years? After 200 years? (Give your answers to the nearest dollar.) 

7. Sketch graphs of the following exponential functions, noting asymptotes and intercepts: 

     a) 𝑦 = 3𝑥                            b) 𝑦 = 42(10𝑥)              c) 𝑓(𝑥) = 20(5𝑥)                 d) 𝑔(𝑥) = 3(2𝑥) + 5          

     e) 𝑦 = 12(8𝑥) − 10          f) 𝑦 = 2−𝑥   [An example of exponential decay, which we’ll soon discuss.] 

8. As with bacteria, so 

with men. The world’s 

human population is 

growing exponentially, 

and we, as a species, 

have already gone 

quite around the bend. 

At present, the world’s 

human population is 

increasing at a rate of 

about 1.1% per year. 

Should this growth 

rate remain constant, then, given that the population in 2012 was 7 billion, what will the world population be 

(to the nearest tenth of a billion) in the year 2025? In 2050? In 2100? 

9. In the year 1990, the population of Arse, Wisconsin was 950. Each subsequent year, the population has 

increased by 10 people. Assuming this trend continues, express the population of Arse as a function of 𝑡, the 

number of years that have elapsed since the year 2000. What is the projected population of Arse in 2050?  

10. In the previous problem, change the word “people” to “percent”, and redo the problem. Then ponder the 

distinction between linear growth and exponential growth. 

11. Some exponent review. Simplify the following as much as possible: 

       a) 
(5−153)

2

54
          b) 82/3              c) (

(6763)
2

(66)3
)
1.5

         d) (25(4−2) (16
3

4))

−3/2

           e) (
3𝜋𝑒2/3𝑒1/6 

3𝑒𝑒𝜋
)
0
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Exponential Decay 

When a population increases by a fixed percentage per unit time, the result is exponential growth. 

When a population decreases by a fixed percentage per unit time, the result is exponential decay. 

Example 1. The population of Storyproblem, Ohio peaked in the year 1980, when it boasted 

30,000 citizens, most of whom were gainfully employed measuring flagpoles, computing the ideal 

dimensions of fenced enclosures, and so forth. Since its peak, however, the town’s population has 

declined by 3% each year. Express the population of Storyproblem as a function of 𝑡, the number 

of years that have passed since 1980, and find the population in the year 2020. 

Solution. After 1 year, the population was 97% of what it had been. That is, it was 30,000(.97). 

After 2 years, the population was only 97% of this. That is, it fell to 30,000(. 97)2. Clearly, after 𝑡 

years, the population 𝑃 of Storyproblem will be 𝑷(𝒕) = 𝟑𝟎, 𝟎𝟎𝟎(. 𝟗𝟕)𝒕. In particular, in the year 

2020 (that is, 40 years after 1980), the town’s population was 𝑃(40) ≈ 8871.   

The heart of any exponentially decaying function is an equation of the form 𝑦 = 𝑎𝑥, where 𝑎 < 1.*  (For 

example, the heart of the function in the example above is 𝑦 = (. 97)𝑥.) Be sure you understand why 

this is so. The graphs of such functions turn out to be the mirror images of their exponentially growing 

siblings, which is easy to see with the help of some algebraic trickery. 

Consider, for example, the function 𝑦 = (. 8)𝑥, which describes a population declining by 20% with 

each unit of time that passes. We can rewrite our function as 

𝑦 = (. 8)𝑥 = (
8

10
)
𝑥

= (
10

8
)
−𝑥

= (1.25)−𝑥. 

Provided you remember the previous chapter’s material on 

transformations, you should recognize that this function’s 

graph is simply a reflection of 𝑦 = (1.25)𝑥 (an exponential 

growth curve) over the 𝑦-axis. A similar analysis can be 

carried out for any exponentially decaying function. Thus all 

exponentially decaying functions of the form 𝑦 = 𝑎𝑥  exhibit 

the same behavior: They descend from the heavens, cross the 

𝑦-axis at (0,1), and slink off asymptotically towards zero. 

Perhaps the most astonishing application of exponential decay is radiocarbon dating, about which 

I’ll have more to say later in the chapter. 

 

  

                                                           
* If 𝑎 were greater than 1, the function would exhibit exponential growth, as we saw earlier. Incidentally, 𝑎 must always be 

positive if we want the function’s domain to include non-integer values. To see why, think about the function 𝑓(𝑥) = (−1)𝑥. 
What is 𝑓(1 2⁄ )? What is 𝑓(.75)? What would this function’s domain be? 
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Exercises  

12. The local bordello raises its price of admission by 10%, but then, one week later, decides to lower the price by 

10%. What is the net effect of these two changes? 

13. At the age of 35, a man has 1000 marbles. Each year thereafter, he loses 1.9% of the marbles with which he 

began the year. Express the number of marbles in his possession as a function of 𝑡, the number of years that 

have passed since his 35th birthday. [These are special mathematical marbles, somewhat liquid in nature; one 

can have a fractional number of them.]   

14. If we could reverse time, and watch the man from the previous problem growing ever younger, and thus 

gaining new marbles each year, would his marble collection grow by 1.9% each year?  

15. Sketch graphs of the following exponential functions, noting asymptotes and intercepts: 

       a) 𝑦 = (.6)𝑥                         b) 𝑦 = 232(. 6184)𝑥         c) 𝑓(𝑡) = 𝜋 (
3

14
)
𝑥

               d) 𝑔(𝑥) = 3(2−𝑥) + 5          

       e) 𝑦 = −12(8𝑥) − 10        f) 𝑦 = (2.71828)𝑥             g) 𝑦 = −
1

2
(
1

8
)
𝑥
+ 1 

16. Express each of the following functions in the form 𝑦 = 𝑏𝑎𝑡, where 0 < 𝑎 < 1, and state the percentage of the 

function’s value that is lost per unit of time (𝑡). 

       a) 𝑦 = 5−𝑡                b) 𝑦 = 2(2)−𝑡            c) 𝑦 =
5

2
(
4

3
)
−𝑡

    

17. Express each of the following functions in the form 𝑦 = 𝑏𝑎−𝑡, where 𝑎 > 1, and state the percentage of the 

function’s value that is lost per unit of time (𝑡). 

       a) 𝑦 = (. 61)𝑡          b) 𝑦 = 4(
1

10
)
𝑡
            c) 𝑦 =

7

8
(
3

5
)
𝑡
    

18. Watch at least the first 20 minutes of Albert Bartlett’s lecture “Arithmetic, Population, and Energy” online. 

After you’ve learned about logarithms, you’ll be able to understand the mathematical basis of the material 

that he describes: the fixed doubling times of exponential functions and the “rule of 70”. I’ll explain both of 

these at the end of this chapter, but Bartlett will provide some provocative context. 

 

Logarithms: a Tool for Solving Exponential Equations 
“Logarithm – had I – for Drink – 

‘Twas a dry Wine – ” 

 - Emily Dickinson (“Let Us play Yesterday”) 

Next, we’ll develop a tool – the natural logarithm – for solving exponential equations (such as 2𝑥 = 5). 

This tool involves an irrational number, 𝒆, whose nature must, alas, remain mysterious until you study 

derivatives in calculus. Trying to understand why 𝑒 is “natural” without understanding derivatives is like 

trying to understand 𝜋 without understanding circles. If you don’t believe me, just read an account of 𝑒 

in any other precalculus textbook. You’ll probably be treated to a contrived explanation involving 

“continuously compounded” interest that you’ll not find the least bit enlightening. Pay no mind. In this 

course, all you must know about 𝑒 is that it is a number and that  𝒆 ≈ 𝟐. 𝟕.  
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The Natural Logarithm Defined 

The graph of 𝑦 = 𝑒𝑥 at right is a typical picture of exponential growth. 

If you can answer the following simple questions about it, you already 

understand the natural logarithm. 

 

To what power must we raise 𝑒 to get 1? 

(Answer: 0, since 𝑒0 = 1.) 

To what power must we raise 𝑒 to get 2? 

(Answer: about 0.7, which we see from the graph.) 

To what power must we raise 𝑒 to get 0.5? 

(Answer: about −0.7, which we see from the graph.) 

To what power must we raise 𝑒 to get 𝜋? 

(Answer: about 1.2, which we can see from the graph, since 𝜋 ≈ 3.1) 

To what power must we raise 𝑒 to get 𝑒? 

(Answer: exactly 1, since 𝑒1  =  𝑒.) 

 

Without realizing it, you’ve just been answering questions about the natural logarithm. 

 

 

 

Writing the phrase “the natural logarithm of 𝑥” grows tiresome, so we adopt a shorthand notation for it: 

𝐥𝐧 𝒙.* Using this notation, we can rewrite the questions and answers above in the following compact 

form: ln(1) = 0;   ln(2) ≈ 0.7;   ln(0.5) ≈ −0.7;   ln (𝜋) ≈ 1.2;   ln(𝑒) = 1. 

The natural logarithm is sufficiently important to merit its own button on scientific calculators. Our 

visual estimates of ln(2) , ln(0.5) and ln(𝜋) in the last paragraph are crude, but with a calculator, we 

can obtain highly accurate approximations – accurate to as many decimal places as your calculator will 

display. Running these three logarithms through mine, I find that 

          ln(2) ≈ 0.693147181;          ln(0.5) ≈ −0. 693147181;        and        ln(𝜋) ≈ 1.144729886. 

These are accurate to the nearest billionth, which is more than ample for any scientific application.  

Notice the surprising relationship between ln (2) and ln (0.5); they are negatives of one another! This is 

not just a crazy coincidence. You will understand why this is true after you’ve learned some of the most 

important properties of the logarithm.  

 

                                                           
* The “𝑙𝑛” abbreviation stands for logarithme naturelle; in romance languages, the adjective generally follows the noun; had 

the notation been introduced by an Englishman, we’d probably write 𝑛𝑙(𝑥) instead. 

Definition. The natural logarithm of 𝑥 is the power to which we must raise e to get 𝑥.  
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The Natural Logarithm’s Inverse Properties 
“What color was George Washington’s white horse?” 

 - Groucho Marx 

By definition, ln(𝑒𝑥) is the power to which we must raise 𝑒 to get 𝑒𝑥. That power, obviously, is 𝑥, so 

𝐥𝐧(𝒆𝒙) = 𝒙. 

This is the first of the natural logarithm’s two vital “inverse properties.” If you understand the natural 

logarithm’s definition, the inverse properties are as obvious as the answer to Groucho’s question. 

Obviously, if we raise 𝑒 to the-power-to-which-we-must-raise-𝑒-to-get-𝑥, then the result will be… 𝑥. 

Translating this obvious statement into symbols, we have  

𝒆𝐥𝐧 (𝒙) = 𝒙. 

This is the second inverse property of logarithms. (And by the way, who is buried in Grant’s tomb?) Bear 

in mind that in each of these identities, 𝑥 stands for anything whatsoever. Thus, for example, we have 

ln(𝑒3𝑡 + 7) = 3𝑡 + 7,                 ln(𝑒666) = 666,              ln(𝑒) =  

𝑒ln(999) = 999,           𝑒ln(72𝑥
2 + 14) = 72𝑥2 + 14,             𝑒ln() = . 

The moral of the story is that the functions 𝑒𝑥 and ln(𝑥) “undo” one another:  If you apply one of them 

to an expression, and then immediately apply the other, you get back to the original expression. This 

“undoing” business is rather like adding two and then subtracting two, or taking a cube root and then 

cubing the result. Functions that “undo” one another are called inverse functions, which is why I’ve 

called these two properties inverse properties. 

 

Exercises. 

19. Simplify:    a) ln(𝑒32)          b) ln(𝑒5𝑥)          c) ln(𝑒)          d) 𝑒ln 5          e) 𝑒ln(𝑥
2+1)          f) 𝑒ln(𝑒

ln 1) 

20. (An introduction to inverse functions in general) 

We define 𝒇−𝟏(𝒙) (which we pronounce “𝑓 inverse of 𝑥”) to be the number that 𝒇 sends to 𝒙. 

The function 𝑓−1 defined thereby is called 𝑓’s inverse function. 

a)  If 𝑔(𝑥) = 4𝑥, find 𝑔−1(8).             b) If ℎ(𝑥) = 4𝑥3 + 2, find ℎ−1(−2).             c) If 𝑘(𝑥) = 𝑒𝑥, find 𝑘−1(2). 

d) Inverse functions “undo” one another; applying them successively to an expression yields the same 

expression with which you started. Using the definition above, explain why 𝑓(𝑓−1()) = . 

[Hint: What city is famous for Boston Baked Beans?] 

e) This abstract notion of an inverse function is important in higher mathematics, but not in (pre)calculus, 

where the few inverses you’ll use are concrete and have their own special notation that renders the 𝑓−1 

business superfluous. [For example, the number that 𝑓(𝑥) = 𝑒𝑥 sends to 𝑥 we call 𝐥𝐧 𝒙, not 𝑓−1(𝑥).] 

This is a good thing, for the abstract notation was poorly designed (it’s too late to change it now), and 

confuses many students. Note well: Although the −1 in 𝑓−1(𝑥) looks like an exponent, it isn’t! 

        Your problem:  if 𝑔(𝑥) =
1

𝑥 + 1
 , find 𝑔−1(10) and [𝑔(10)]−1. Verify that these are unequal.   
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The Natural Logarithm’s Exponent Property 

When solving exponential equations, our main tool will be the following property of logarithms: 

𝐥𝐧(𝒂𝒃) = 𝒃 𝐥𝐧(𝒂). 

Observe what happens here: The logarithm pulls the exponent down and turns it into a mere factor, 

thus reducing a problem involving exponentiation to a problem involving multiplication. We can prove 

this “exponent property of logarithms” as follows. 

 

Claim. For any 𝑎 and 𝑏 for which the following expressions are defined,  ln(𝑎𝑏) = 𝑏 ln(𝑎). 

Proof. Since 𝑎 = 𝑒ln(𝑎) (by an inverse property of logarithms), we can substitute 𝑒ln(𝑎) for 𝑎. 

Doing this in the left-hand side of the equation we would like to prove, we obtain 

 ln(𝑎𝑏) = ln ((𝑒ln(𝑎))
𝑏
)   (by an inverse property of logarithms) 

= ln(𝑒𝑏 ln(𝑎))  (by a familiar property of exponents) 

= 𝑏 ln(𝑎)  (by the other inverse property of logarithms). 

Thus we’ve proved that ln(𝑎𝑏) = 𝑏 ln(𝑎), as claimed.    

 

That first move in the preceding proof (writing 𝑎 as 𝑒ln(𝑎)) comes in handy elsewhere in mathematics. 

It’s just another variation on the algebraic theme of changing a thing’s form while preserving its value. 

Note the elegant logical flow of the last few sections: The natural logarithm’s definition led immediately 

to the logarithm’s inverse properties, which we then used to obtain the logarithm’s exponent property. 

We are now in a position to understand why ln(0.5) = −ln (2), a curious fact that we stumbled 

upon a few pages ago when we were playing with calculators. Here’s the explanation: 

ln(0.5) = ln (
1

2
) = ln(2−1) = (−1) ln(2) = − ln(2) . * 

Finally, I want to alert you to a common mistake. All too often, beginners mistakenly suppose that, 

for example, ln(𝑎𝑏𝑐) equals 𝑐 ln(𝑎𝑏). The exponent property of logarithms does not apply in this case, 

because the exponent 𝑐 covers only 𝑏, not 𝑎𝑏. [In contrast, it is quite true that ln((𝑎𝑏)𝑐) = 𝑐 ln(𝑎𝑏).] 

The following exercise should help you understand this small but important point. 

 

Exercise.  True/False.   

21. a) ln(𝑥3) = 3 ln 𝑥           b) 2 ln 3 = ln 9               c) ln(2𝑥3) = 3 ln(2𝑥)             d) ln(8𝑥3) = 3 ln(2𝑥) 

e) 3 ln(2𝑎) = 8𝑎3            f) 𝑒 ln(𝑒3) = 3𝑒            g) ln(𝑎2𝑏2) = 2ln(𝑎𝑏)            h) ln(𝑎𝑏5) = 5 ln(𝑎𝑏) 

  

                                                           
* Observe that the exponent property of logarithms justifies the third equals sign. 
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Solving Exponential Equations with Logarithms  
“…as an insane man mistakes his visiting kin for galaxies, logarithms, low-

haunched hyenas – but there are also madmen – and they are invulnerable 

– who take themselves for madmen – and here the circle closes.” 

 - Cincinnatus C, from Vladimir Nabokov’s Invitation to a Beheading (Chapter 13). 

By taking the natural logarithm of both sides of an exponential equation, we can pull the variable down 

to the ground where we can at it. 

Example 1. Solve the equation 2𝑥 = 5. 

Solution.         2𝑥 = 5 

    ln(2𝑥) = ln (5)    (taking the natural logarithm of both sides*) 

          𝑥 ln(2) = ln (5)     (by the exponential property of the natural logarithm) 

              𝑥 =
ln (5)

ln (2)
.      

Thus the equation’s exact solution is ln(5) ln(2)⁄ . Should you need a decimal approximation, you 

can of course punch this into your calculator, which will tell you that 𝑥 ≈ 2.322.   

In almost every precalculus class, someone imagines that in an expression such as ln(5) / ln(2), he can 

“cancel the ln’s”, thereby “simplifying” it to 5/2.  Please do not be this person! A brief reminder: Only 

when something is a factor of the numerator and the denominator can you cancel it from the fraction. 

Example 2. Solve the following equation: 2 = 5(7)−2𝑡 . 

Solution. That extra factor of 5 will cause some trouble if we were to take natural logarithms of 

both sides right away, so we’ll begin by dividing both sides by 5. The rest is straightforward: 

        2 = 5(7)−2𝑡 

   2 5⁄ = 7−2𝑡 

          ln(2/5) = ln(7−2𝑡) 

                ln(2 5⁄ ) = (−2𝑡) ln(7)           (by the exponential property of ln)  

           𝑡 =
ln (2/5)

−2 ln(7)
≈ 0.235     

 

Exercise. 

22. Solve for the given variable. (Give exact and approximate answers.) 

a) 5𝑥 = 14     b) 3𝑥 = 1/4     c) 𝑒5𝑥 = 17       d) 44𝑥 − 5 = 38 

e) 1000(1.03)𝑡 = 5000    f) 18(1.06)𝑡 = 550         g) 50𝑒−0.12𝑡 = 10 

h) 100 − 100 (
1

4
)
𝑥

= 70    i) 13 + 8(10𝑥) = 20         j) 5𝑒0.02𝑡 = 3 

                                                           
* Technical note for algebra masters (continuing a discussion from the footnotes of Chapter 3). Applying the logarithm to both 

sides of this equation yields an equivalent equation because taking the logarithm here is a defined and reversible operation. 
It’s defined for all relevant values. (ln (2𝑥) is defined because all possible outputs of 2𝑥 are positive. Clearly, ln 5 is defined.) 
It’s reversible in the sense that if you get 9 by taking the natural log of some other number, I can tell you exactly what that 
other number must have been: 𝑒9. 



Precalculus Made Difficult  Chapter 7: Exponential Functions and Logarithms 

123 
 

The Natural Logarithm’s Multiplication and Division Properties  

The exponent property of logarithms turns exponentiation into the simpler operation of multiplication. 

Similarly, the following “multiplication property” of logarithms reduces multiplication to addition: 

Claim 1. For any 𝑎 and 𝑏 for which the following expressions are defined, we have 

𝐥𝐧(𝒂𝒃) = 𝐥𝐧(𝒂) + 𝐥𝐧(𝒃). 

Proof. If you compare them closely, you’ll see that this proof is basically the same as our proof of 

the exponent property. Be sure that you understand each step. 

   ln(𝑎𝑏) = ln(𝑒ln(𝑎)𝑒ln(𝑏)) (by an inverse property of ln) 

   = ln(𝑒ln(𝑎) + ln (𝑏)) (by the ordinary  algebra of exponents) 

   = ln(𝑎) + ln(𝑏) (by the other inverse property of ln) 

Thus we’ve proved that ln(𝑎𝑏) = ln(𝑎) + ln(𝑏), as claimed.      

There’s an analogous “division property” of logarithms that reduces division to subtraction. 

Claim 2. For any 𝑎 and 𝑏 for which the following expressions are defined, 

𝐥𝐧 (
𝒂

𝒃
) = 𝐥𝐧(𝒂) − 𝐥𝐧(𝒃). 

Proof.  (I leave this as an exercise for you. If you understood the proofs of the exponent property 

and the multiplication property, this should be fairly easy.)     ♦ 

You probably won’t use the multiplication and division properties of logarithms very often in subsequent 

courses, but they do come up from time to time, so you should certainly know them.  It’s traditional for 

precalculus books to include reams of problems such as the following: 

Problem. Simplify the expression   ln(3𝑥) + ln(5𝑥2) − ln(3)  by writing it as a single logarithm. 

Solution.  ln(3𝑥) + ln(5𝑥2) − ln(3) = ln(3𝑥 ∙ 5𝑥2) − ln(3)    (by the multiplication property) 

                   = ln(15𝑥3) − ln (3) 

                     = ln(15𝑥3 3⁄ )     (by the division property) 

                    = ln(5𝑥3).   ♦ 

Traditional, but not particularly productive. I’ll give you a few too, but I won’t belabor the point. 

Exercises. 

23. Simplify by writing as a single logarithm: 

a) ln(6𝑥9) − ln (3𝑥2)  b) ln(14𝑡) + ln(2𝑡−1)  c) 3 ln(2𝑥) − ln(4𝑥2) 

24. Write as a sum (or difference) of logarithms, each with as simple an argument as possible: 

a) ln (
𝑎2𝑏3

𝑐5
)   b) ln (𝑥2𝑦3 ∙ √𝑥3𝑦9

7
)  c) ln (𝑥3𝑦𝑥2𝑦3𝑥−5) 
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The Graph of the Natural Logarithm Function 

If you play around with the function 𝑦 = ln(𝑥), thinking about 

what it does to various inputs, it’s easy to see that its graph 

looks like the figure at right. Notice its prominent features:   

1. The function is defined only for positive inputs. 

    [Do you see why? Think about the definition of  ln(𝑥).] 

2. The negative 𝑦-axis is an asymptote of the graph. 

    [Do you see why? Apply the natural logarithm’s definition to some tiny positive numbers.] 

3. As 𝑥 approaches ∞, ln(𝑥) also approaches ∞, but it takes its time getting there. 

As exponential growth is proverbial for explosively rapid growth, so logarithmic growth is proverbial for 

slow growth. An exercise below dwells on logarithmic sluggishness. 

Graphing 𝑦 = ln(𝑥) and 𝑦 = 𝑒𝑥 on the same set of axes reveals a 

striking symmetry: The two graphs are mirror images of one another, 

where the “mirror” is the line 𝑦 = 𝑥. 

In fact, if you graph any pair of inverse functions on the same set of 

axes, they will exhibit the same symmetry about the line 𝑦 = 𝑥, which 

is occasionally a handy fact to know. 

If you understand everything you’ve read up to this point, then you 

may congratulate yourself: You know just about every important 

mathematical property of the natural logarithm. 

 

Exercises. 

25. How large must 𝑥 be for the value of ln(𝑥) to surpass 10? To surpass 100? To surpass 1000? 

       [Hint: To solve an equation involving ln(𝑥), apply the (base-𝑒) exponential function to both sides.] 

26. A strategy for solving an equation whose variable is wrapped up inside of a natural logarithm is to isolate the 

logarithm, then “undo” it by applying the base-𝑒 exponential function to both of the equation’s sides. 

Example 1.     1 = 3 − ln(2𝑥 + 1)    Example 2.     ln 𝑥 + ln(2𝑥) = 1 

    ln(2𝑥 + 1) = 2       ln(2𝑥2) = 1    

      𝑒ln(2𝑥 + 1) = 𝑒2       𝑒ln(2𝑥
2) = 𝑒1  

         2𝑥 + 1 = 𝑒2       2𝑥2 = 𝑒 

         𝑥 =
𝒆𝟐 − 𝟏

𝟐
.    ♦    𝑥 = √𝑒/2 .*   ♦ 

Solve the following equations. When the variable appears inside multiple logarithms, you’ll probably find it 

useful to combine the logarithms using various logarithm properties. 

a) 2 ln 𝑥 = 5                  b) ln 𝑥 + ln (
1

𝑥2
) = 2                  c) ln(𝑥2) − ln 𝑥 = 1                  d) ln 𝑥 = ln(2 − 𝑥2) 

                                                           
* Why isn’t  −√𝑒/2  a solution? Try substituting it back into the original equation and you’ll see. (Remember: You can’t take the 

logarithm of a negative number.) 
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“Unnatural” Logarithms: Base-10 (and Others) 

Logarithms based on numbers other than 𝑒 do exist. The base-10 logarithm, for example, often appears 

in scientific applications, and on rare occasions, base-2 logarithms can be spotted in the wild, usually in 

the company of computer scientists. Fortunately, everything you know about natural logarithms applies 

to their unnatural cousins; we need only make some tiny (and obvious) adjustments.  

Examples.     log 100 = 2 (since 102 = 100).             log(0.1) = −1 (since 10−1 = 0.1). 

Scientific calculators have a “log” button for obtaining decimal approximations of base-10 logarithms.  

Exercises 

27. The inverse properties of the base-10 logarithm are  𝐥𝐨𝐠(𝟏𝟎𝒙) = 𝒙 and 𝟏𝟎𝐥𝐨𝐠(𝒙) = 𝒙. 

Explain in a sentence or two why each of these properties is true. [Hint: Tell ‘em Groucho sent you.] 

28. The exponent property of the base-10 logarithm is just as you would expect: 𝐥𝐨𝐠(𝒂𝒃) = 𝒃 𝐥𝐨𝐠(𝒂). 

Prove it. [Hint: Review the corresponding proof for natural logarithms and make appropriate adjustments.] 

29. The multiplication and division properties of the base-10 logarithm are also exactly what you expect:   

𝐥𝐨𝐠(𝒂𝒃) = 𝐥𝐨𝐠(𝒂) + 𝐥𝐨𝐠(𝒃),  and   𝐥𝐨𝐠(𝒂/𝒃) = 𝐥𝐨𝐠(𝒂) − 𝐥𝐨𝐠(𝒃). 

Prove these two properties. [Hint: Adapt the hint from the previous exercise.] 

30. Sketch graphs of 𝑦 = log 𝑥  and  𝑦 = ln 𝑥 on the same set of axes.  [Hint: Think about these logs’ definitions.] 

31. Evaluate (without a calculator): 

a) ln(1)        b) log(1)     c)  ln(𝑒)     d) log(10)                e)  log(10000)                   f)  log (
1

100
) 

g) 10log(42)        h) log(1027)       i) ln(log(10))       j)  log(ln(𝑒))           k) 10log (log(100))                l) 
log(1000)

log(1000000)
 

32. Solve, giving exact and approximate answers. [Hint for some parts: To “undo” a base-10 logarithm, we apply a 

base-10 exponential function to both sides of the relevant equation.]         

a) 2ln(3𝑥) + 3 = −1                       b) log(𝑥3) = 2                                      c) 4(2.4)𝑥 = 6(1.2)𝑥 

d) 5𝑒0.12𝑡 = 10𝑒0.08𝑡           e) log(𝑥 + 5) − log(𝑥 + 2) = 2             f) log(𝑥) + log(𝑥 − 3) = 1                                                     

33. Reflecting the graph of 𝑦 = log(𝑥) across the line 𝑦 = 𝑥 will produce the graph of what function? 

34. The base-2 logarithm of 𝑥 is defined, of course, as the power to which you must raise 2 to get 𝑥. It is denoted 

by the symbol  𝐥𝐨𝐠
𝟐
𝒙. Thus, for example, log

2
8 = 3.  

a) State the inverse properties of the base-2 logarithm, and explain why they hold. 

b) State the exponent property of the base-2 logarithm, and prove it. 

c) State the multiplication and division properties of the base-2 logarithm, and prove them. 

d) The graph of  𝑦 = log2 𝑥  is the reflection across the line 𝑦 = 𝑥 of the graph of what function? 

Definition. The base-𝟏𝟎 logarithm of 𝑥 is the power to which we must raise 𝟏𝟎 to get 𝑥. 

Notation. We write 𝐥𝐨𝐠𝒙 to denote the base-10 logarithm of 𝑥. 
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Doubling Times 
“...nor had topsawyer’s rocks by the stream Oconee 

exaggerated themselse to Laurens County’s gorgios 

while they went doublin their mumper all the time...” 

– James Joyce, Finnegans Wake  

Functions grow at different rates. Some, such as 𝑦 = 𝑡3, grow rapidly. Others, like 𝑦 = √𝑡, grow slowly. 

If we think of a function’s independent variable as representing time (measured, say, in years) we can 

ask how long it takes for the function’s output to double from some initial value.  

Consider 𝑦 = 𝑡3 with an initial value of 8. How many years will pass before its value reaches 16? 

Well, the function’s output is 8 when 𝑡 = 2 years, and its output will be 16 when 𝑡 = √16
3

≈ 2.52 years. 

Thus, it takes about 0.52 years for the function’s value to double from 8 to 16. 

The following exercises about doubling times will pave the way to a surprising development.  

 

Exercises. 
35. If 𝑡 is measured in years, how long does it take for…. 

a) 𝑦 = 𝑡3 to double its value from 1 to 2? From 2 to 4? From 50 to 100?  

b) 𝑦 = √𝑡 to double its value from 1 to 2? From 2 to 4? From 50 to 100? 

c) 𝑦 = ln 𝑡 to double its value from from 1 to 2? From from 2 to 4? From 50 to 100? 

36. Exponential functions (of the form 𝑦 = 𝑐𝑎𝑡) are special with respect to doubling time: the doubling time of any 

such a function is the same for all initial values. You can see this numerically for yourself: How long does it take 

for 𝑦 = 2(5𝑡) to double its value from 8 to 16? From 16 to 32? From 500 to 1000? 

37. Make up your own exponentially growing function of the form 𝑦 = 𝑐𝑎𝑡 , and compute how long it takes for its 

value to double from 8 to 16, from 250 to 500, and from some number of your choice to twice that number.  

38. The numerical evidence you’ve seen in the preceding exercises is compelling, but we can prove definitively that 

all exponentially growing functions of the form 𝑦 = 𝑐𝑎𝑡 have fixed doubling times, independent of initial value. 

To prove this, we need logarithms. Your problem: Try to prove it on your own. If, after half an hour or so, you 

haven’t succeeded, then study the following proof until you understand it. 

Claim. If 𝑓(𝑡) = 𝑐𝑎𝑡, with 𝑎 > 1 (to ensure exponential growth), 𝑓 has a fixed doubling time. 

Proof. Let 𝑣 be an arbitrary positive value. 

Solving 𝑐𝑎𝑡 = 𝑣 for 𝑡, we see that the function attains the value 𝑣 when 𝑡 = 𝐥𝐧(𝒗 𝒄⁄ ) / 𝐥𝐧𝒂. 

The function’s value doubles when 𝑐𝑎𝑡 = 2𝑣. 

Solving for 𝑡 again, we see that the function attains the value 2𝑣 when 𝑡 = 𝐥𝐧(𝟐𝒗 𝒄⁄ ) / 𝐥𝐧𝒂. 

Thus, the time required for 𝑓 to double its value from 𝑣 to 2𝑣 is  

ln (
2𝑣
𝑐 )

ln 𝑎
−
ln (
𝑣
𝑐)

ln 𝑎
=
ln (
2𝑣
𝑐 ) − ln (

𝑣
𝑐)

ln 𝑎
=
ln (
2𝑣
𝑐 / 

𝑣
𝑐)

ln 𝑎
=
ln 2

ln 𝑎
 . * 

Note that this expression for doubling time depends only on 𝑎; it does not depend upon the 

initial value 𝑣. Thus, the function’s doubling time must be the same for all initial values.    

                                                           
* The penultimate equals sign is justified by the division property of logarithms. 
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The “Rule of 70” 

The “rule of 70”: If a population grows 𝑟% per year, then it doubles approximately every 𝟕𝟎/𝒓 years. 

For example, if an investment earns 7% per year, invested money doubles in about 70 7⁄ = 10 years. 

(Not bad. Earning 1% interest in a bank, your money needs about 70 years to double.) 

To see why this works, consider a population that grows 𝑟% per year. Since 𝑟% means 𝑟/100, we 

know that after 𝑡 years, the population’s size will be 

𝑓(𝑡) = 𝑐 (1 +
𝑟

100
)
𝑡
, 

where 𝑐 is the population’s initial size. This is, of course, an exponential function, so according to the 

proof in exercise 38, its doubling time is 

ln 2

ln(1 + 
𝑟

100
)
 . 

Let’s sacrifice some accuracy for the sake of comprehensibility. Let us approximate this doubling time: 

We’ll use two facts. First, the numerator is approximately 0.7, as any scientific calculator will confirm. 

Second, when 𝒓 is small, we have 

ln (1 +
𝑟

100
) ≈

𝑟

100
.* 

This being so, our function’s doubling time is approximately 

ln 2

ln(1 + 
𝑟

100
)
≈

ln 2

   
𝑟

100
   
≈

.7

   
𝑟

100
   
=
𝟕𝟎

𝒓
 , 

as claimed. 

To approximate that denominator, we had to assume 𝑟 was “small”. The rule of 70 is well-known in 

business, since financial growth rates are almost always small enough for that approximation to hold. 

Take an extreme example: The rule of 70 implies that a 35% growth rate (unbelievably high in business) 

has a doubling time of 2 years. Even in this extreme case, the rule is still close: The exact doubling time is 

ln 2 / ln 1.35 ≈ 2.31 years. For more typical growth rates, the approximation is, of course, better still. 

 

Exercises. 
39. While walking in the woods with a friend, she mentions that she has heard that the human population of the 

world is growing at about 1.1% per year. If this rate of growth continues to hold… 

a) In your head (you don’t have a calculator in the woods), use the “rule of 70” to produce a rough estimate as 

to when world population will reach 14 billion. (It reached 7 billion in 2012.)  

b) With the help of a calculator – but without the “rule of 70”, which is just for quick approximations – find a 

more accurate estimate for when world population will reach 14 billion. 

40. For an exponentially growing function of the form 𝑓(𝑡) = 𝑐𝑎𝑡, is quadrupling time constant, or does it depend 

upon the initial value to be quadrupled? What about tripling time? 

                                                           
* This loose statement can be made precise with calculus, but for now, you can confirm its truth by experimenting with your 

calculator, noting that, for example, ln(1.07) ≈ .07, and ln(1.03) ≈ .03.   
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Half Lives 
“Clov: Do you believe in the life to come? 

 Hamm: Mine was always that.” 

– Samuel Beckett, Endgame  

 

As each exponentially growing function has a fixed doubling time, each exponentially decaying function 

has a fixed halving time called its “half life”, a name that comes from chemistry. It is best explained with 

an example.  

All living plants and animals contain carbon, which itself comes in several different forms, including 

the chemically unstable radiocarbon: Over time, radiocarbon “decays” into nitrogen. While a plant or 

animal lives, its ratio of radiocarbon to ordinary carbon remains constant. But once it dies, and thus 

ceases to take in new radiocarbon (through breathing or respiration), this ratio begins to decrease, for 

the radiocarbon in its tissues decays while the ordinary carbon remains chemically stable. Indeed, this 

ratio decreases by a fixed percentage per year, which means that it decays exponentially, and thus has a 

fixed half life. The half life of radiocarbon happens to be about 5600 years.* Thus, a piece of wood from 

a tree that died 5600 years ago, or a bone from a man or animal that died 5600 years ago, would have 

only half as much radiocarbon (proportionately speaking) as their living counterparts. 

Radiocarbon dating is a method for determining the ratio of radiocarbon to ordinary carbon in any 

object made of organic material, and then using this ratio to determine the object’s approximate age. 

For instance, we are studying a tool carved by a prehistoric man from a bone or a horn, and we find that 

its radiocarbon-to-ordinary-carbon ratio is only 1/4 of the usual ratio, then since 1/4 is 1/2 of 1/2, we 

can conclude that the animal of which it was once part died approximately two “half lives” ago; that is, it 

must have died about 2(5600) = 11,200 years ago.  

Radiocarbon dating was developed in the late 1940’s by Willard Libby, who was awarded a Nobel 

Prize for this work. 

                                                           
* Obviously, this was not discovered by watching samples of carbon over a 5600 year period! Rather, it was found by 

demonstrating that radiocarbon decays exponentially, and then extrapolating. The idea, roughly, is that after a year, the 
radiocarbon in any sample is only 99.9876% of what it had been at the year’s beginning. Moreover, this ratio of decrease 
remains constant year after year. Thus, after 5600 years, the percentage of radiocarbon remaining in a sample is 

approximately (. 999876)5600 ≈ 50% . 



 

 

 

Part III 

Trigonometry 
 

Chapter 8 
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Why Trigonometry?  
“Don’t know much trigonometry… 

But I do know one and one is two, 

And if this one could be with you, 

What a wonderful world this could be.” 

  - Sam Cooke, “What a Wonderful World”. 

Etymologically, trigonometry means “triangle measurement” (from ancient Greek). 

But why should triangles have their own special niche in the mathematics curriculum? 

Is this the work of the powerful triangle lobby? It is not. Triangles are fundamental. 

They are the building blocks from which all other polygons are assembled. To analyze 

an octagon, we do not need “octagonometry”. Instead, we triangulate the octagon 

(as in the figure at right), and then study the triangular pieces with trigonometry. 

Once we understand triangles, we understand all polygons.  

Trigonometry is also concerned with circles. This is because triangle measurement involves angle 

measurement, which itself is inherently circular: 360° is a full circular rotation, while any smaller angle 

represents a portion of a circular rotation. Trigonometry’s circular aspects will appear in later chapters. 

For now, I’ll just note that circular rotation – a point endlessly orbiting a circle’s center – is taken as the 

fundamental example of periodic behavior (continuous repetition) in science and mathematics.* 

Trigonometry’s link with periodicity makes it indispensable in the study of rotations, vibrations, and 

wave motions, including sound waves and light waves.  

 

  

                                                           
* Indeed, just as all polygons can be decomposed into triangles, there is a deep sense in which all periodic phenomena can be 

decomposed into circular orbits. This analogue of triangulation is called Fourier analysis. To understand even the rudiments of 
Fourier analysis, you’ll need not just trigonometry, but a year of calculus. 
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Special Pairs (and Trios) of Angles 

Certain pairs of angles have special names. Angles whose sum is 90° are complements. Angles whose 

sum is 180° are supplements. (Thus, the complement of 40° is 50°. The supplement of 40° is 140°.) 

When two lines cross (as in the letter X), the resulting nonadjacent angles are called vertical angles.* 

Vertical angles are clearly equal to one another.  

If we define a “zigzag” as three line segments joined end to end, two of which 

are parallel, then zigzag angles are equal. The equality of zigzag angles is obvious to 

most people (so obvious that instead of proving it, I’ll just appeal to your intuition), 

but a few readers may be interested to know that deep logical waters run 

underground precisely at this spot.† 

Finally, what I call flag angles (see the figure) are always equal to one another. 

A “flag” is the result of two parallel lines emerging from different points on the 

same line (the “flagpole”). As with constellations, some imagination is needed to 

see the flag. 

Now for a trio of angles. Tomorrow, a drunk blindfolded Australian will throw three darts at a wall. 

This event lies in the future, yet I can tell you now (and from the other side of the Earth) the sum of the 

angles in the triangle that will be formed by his darts’ tips. What black magic is this? Yes, everyone and 

his mother “knows” that every triangle has an angle sum of 180°, but few understand why this is true. 

You will be one of the proud few after you’ve read and digested the following retelling of Euclid’s own 

proof (Elements I.32). I hope you enjoy this 2300 year old work of art. 

Theorem. In every triangle, the angle sum is 180°. 

Proof. If a triangle’s angles are 𝛼, 𝛽, 𝛾, we must show that 𝛼 + 𝛽 + 𝛾 = 180°. 

To this end, extend the triangle’s base past one of its vertices, and draw a line 

through that vertex parallel to the triangle’s opposite side. 

The angles marked 𝛽 in the figure are equal because they are zigzag 

angles. The angles marked 𝛾 are equal because they are flag angles. 

We now see that angles 𝛼, 𝛽, and 𝛾, when put next to one another, make up a straight line. 

Since, by definition, a “straight angle” is 180°, it follows that 𝛼 + 𝛽 + 𝛾 = 180°, as claimed.    ■ 

Incidentally, you can feel this famous theorem’s truth in a very tangible way: Cut out a paper triangle, 

tear off its corners, and… rearrange them to form a straight line.  

                                                           
* “Vertical” as in vertex, not as in up-and-down. 

† In brief, the equality of zigzag angles is logically equivalent to the so-called “parallel postulate,” which distinguishes Euclidean 
geometry from the various non-Euclidean geometries developed in the 19th century; these are counterintuitive spaces in 
which similar figures do not exist, triangles’ angles do not add up to 180°, the ratio of the circumference to the diameter is 
not the same for all circles (and consequently, 𝜋 ceases to have its usual geometric meaning), and so forth. In a careful logical 
development of Euclidean geometry, the equality of zigzag angles (or something equivalent) must be taken as an axiom, 
which is what I’ve quietly done here. This course (and every other one you’ll take, unless you are a mathematics major, and 
even then...) shall remain monotheistic, ignoring the non-Euclidean heresy in which the one geometry is replaced by many 
geometries. For the curious, there are plenty of places to read about non-Euclidean geometry. I particularly recommend 
Lobachevski Illuminated, an admittedly hard-to-find book whose author I can never remember.  
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Exercises. 

1. a) In the figure at right, suppose we know that the three horizontal lines are parallel. 

What (if anything) can we conclude about the twelve marked angles? Explain your 

reasoning, using the vocabulary introduced above. 

b) If we do not know if the three horizontal lines are parallel, what (if anything) can we 

conclude about the marked angles? Again, explain your reasoning.  

2. Do all quadrilaterals have the same angle sum? If so, prove it. If not, why not? 

[Hint: Draw a diagonal – that is, a line segment joining two nonadjacent vertices.] 

3. Do all pentagons (i.e. five-sided polygons) have the same angle sum? If so, prove it. If not, why not? 

4. Do all 𝑛-sided polygons have the same angle sum? If so, prove it. If not, why not? 

5. A regular polygon is one in which all sides are equal and all angles are equal.  

a) How many degrees is each angle of a regular pentagon? 

b) How many degrees is each angle of a regular octagon? 

c) How many degrees is each angle of a regular chiliagon (a 1000-sided polygon)? 

d) Do you find it odd that although you cannot possibly visualize a chiliagon, you can, nonetheless, determine 

the precise size of its angles? Descartes was the first of many philosophers to ponder the chiliagon – which, 

by the way, is pronounced KILL-ee-a-gon, and has nothing to do with spicy stew. 

6. A parallelogram, by definition, is a quadrilateral whose opposite sides are parallel to one another. Prove that in 

all parallelograms, opposite angles are equal to one another. [Hint: See the hint for Exercise 2.] 

7. Can a triangle have two obtuse angles? If so, describe an example of such a triangle. If not, why not? 
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Which Data Determine a Triangle? 

“What are you? What am I? Nobody knows who anybody is. The data which 

life furnishes towards forming a true estimate of any being are as insufficient 

to that end as in geometry one side would be to determine the triangle.” 

  - Mark Winsome, from Herman Melville’s The Confidence Man, Ch. 36. 

A triangle has six parts: three sides and three angles. Knowing just three of these parts is often enough 

for us to determine the triangle’s shape and size. The three known parts, however, must be the right 

parts in the right order. Here are two such trios that do the trick.   

SAS. A triangle’s shape and size are determined by two sides and the angle between them. 

Proof. If we know two sides and their included angle (as in the figure at left), then clearly there is 

only one way to complete the triangle – namely, by 

joining its two free vertices. Because the triangle can be 

completed in only one way, its shape and size are 

completely determined by SAS, as claimed.  ■ 

ASA. A triangle’s shape and size are determined by two angles and the side between them. 

Proof. If we know two angles and their included side (see the figure at left), we 

can complete the triangle only in the obvious way: extend the 

“unknown” segments until they meet. Hence, the triangle’s 

shape and size are determined by ASA, as claimed.  ■  

Our next two “determining trios” are essentially consequences of the first two: 

AAS. A triangle’s shape and size are determined by two angles and a side not between them. 

Proof. The third angle is determined, too: It must be [180° − (the sum of the two given angles)]. 

Hence, the given side lies between two known angles. Thus, the triangle is determined by ASA.   ■ 

SSS. A triangle’s shape and size are determined by its three sides.  

Proof. Suppose the sides were mailed to us, loose in a box. Join two, as in the left figure, letting 

their shared vertex act as a hinge. Changing this “hinge angle” 

changes the distance between the two free endpoints. Clearly, only 

one angle size makes this distance equal to the remaining side’s 

length, so this angle must be one of the triangles’ angles. This newly-

determined angle lies between two given sides, so the triangle is determined by SAS.   ■ 

Let’s take stock. There are only six possible ordered trios of triangle parts (one trio with three sides: SSS; 

two with two sides: SAS, ASS; two with one side: ASA, AAS; and one with no side: AAA).* Of these six, 

we’ve investigated four. Only AAA and ASS remain. Alas, neither of these will fully determine a triangle. 

                                                           
* But what about SAA and SSA? They are already in our list. For example, SAA is just AAS from another perspective: If, going 

around a triangle clockwise, you see a Side, Angle, and Angle, you can always look again in the counterclockwise direction to 
see them as Angle, Angle, and Side. Thus, SAA (and the ASS-backwards SSA) are redundant in this discussion.  
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AAA is NOT enough to determine a triangle’s size and shape. 

For example, the figure at right depicts two triangles with the same 

trio of angles, but very different sizes. 

 AAA is enough to determine a triangle’s shape (as we’ll soon 

discuss), but we are interested here in trios that determine both 

shape and size, so AAA is out. 

ASS is NOT enough to determine a triangle’s size and shape. 

Observe that in the figure, the same “ASS trio” appears in two 

triangles with distinct shapes: ∆𝐴𝐵𝐶 and ∆𝐴𝐵𝐷. In fact, every ASS 

trio in which the known angle is acute is, like this one, compatible 

with two distinct triangles. (You should try to convince yourself of this 

by drawing a few pictures.) Thus, “the ambiguous ASS” (as I call it) 

is generally not enough to determine a triangle’s shape and size. 

However, when the angle in ASS happens to be right, ASS is enough to determine the triangle.  

RASS. A right triangle is determined by its right angle, a leg, and its hypotenuse.  

Proof. Knowing two sides of a right triangle, we can get the third with the Pythagorean Theorem. 

Thus, the triangle is determined by SSS. Thus, RASS fully determines a triangle, as claimed.    ■ 

It is easiest to remember our list of determining trios negatively: 

 

 

 

 

 

In the next few chapters, we’ll build a “trigonometry machine” that finds the missing parts of any 

determined triangle. For example, if a triangle has a 54° angle surrounded by sides of length 2 and 3, we 

know already that the triangle is determined (by SAS), but our trigonometry machine will tell us more: 

When we use it correctly, it will tell us the actual numerical values of the triangle’s unknown parts.*  

Recognizing where trigonometry should be applied is often half the battle.  

For example, consider the figure at right. Suppose we know the sizes of its 

marked parts (two side lengths and three angles), and our problem is to find 𝑪𝑫. 

The thoughts of an experienced trigonometrist might run as follows: 

∆𝐴𝐵𝐶 is determined (by SAS), so I can use trigonometry to find its side 𝐶𝐵. Then ∆𝐵𝐶𝐷 will be 

determined (by ASA), so trigonometry on that triangle will give me 𝐶𝐷. Fine. I can solve this problem. 

Now I just need to carry out the details. 

You’ll learn all the details in the next few chapters. For now, here are some exercises. 

                                                           
* In case you are curious, trigonometry will reveal the third side’s length to be 2.438560 (to the nearest millionth of a unit), and 

the remaining angles to be 84.431105° and 41.568895° (to the nearest millionth of a degree). 

Determining Trios (a Summary). 

AAA and the ambiguous ASS do not determine a triangle’s shape and size. 

The other trios (SSS, SAS, ASA, AAS – and the special case RASS) do.  
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Exercises. 

8. Suppose you know the marked sides and angles in the figure. 

Suppose you also know that quadrilateral 𝐸𝐺𝐻𝐹 is a square. 

Your problem: Outline a strategy for finding 𝑮𝑯 that you 

could give to someone who already knows how to use 

trigonometry to find the missing parts of determined 

triangles.  

9. Same story as the previous problem, but this time, give a strategy to find the length of the semicircular arc in the 

lower left figure.  

10. Same story, but this time you must outline a strategy for finding angle 𝐶�̂�𝐷 in lower right figure. 
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Congruent Triangles 

Two triangles are said to be congruent if they have the same shape and size. Apart from their locations, 

congruent triangles are identical: You can place one on top of the other, matching them up perfectly.  

To demonstrate that two triangles are congruent, it suffices to show that they share the same 

genetic material: the same determining trio.* For this reason, the various determining trios (SSS, SAS, 

ASA, AAS, and RASS) are often called congruence criteria. 

In geometry, we often use the congruence criteria to prove that two lengths (or angles) are equal. 

The basic technique is to show that they are corresponding parts of congruent triangles.  

Example. Prove that the opposite sides in a parallelogram are equal. 

Proof. Consider parallelogram 𝐴𝐵𝐶𝐷. Draw the diagonal 𝐴𝐶, which splits the 

parallelogram into two triangles. We shall now prove that these two triangles 

are congruent. 

The triangles have two angles in common (the zigzag angles 𝐴�̂�𝐷 = 𝐶�̂�𝐵 

and 𝐷�̂�𝐶 = 𝐴�̂�𝐵) and they literally share the side between them: 𝐴𝐶. In other 

words, the triangles share the same determining trio (ASA). It follows that the 

triangles are congruent.  

This is good news, since we know that corresponding parts of congruent triangles are equal. 

In particular, the sides opposite the angles marked with one arc are equal (that is, 𝐴𝐷 = 𝐵𝐶), as 

are those opposite the angles marked with two arcs (that is, 𝐷𝐶 = 𝐴𝐵). Hence, the 

parallelogram’s opposite sides are equal, as claimed.   ■  

Finally, some notation: The symbol ≅ is often used to mean “is congruent to”. For example, in the 

preceding problem, we established that ∆𝐴𝐵𝐶 ≅ ∆𝐶𝐷𝐴 (by ASA). 

 

Exercises 
11. A rhombus is, by definition, a quadrilateral whose four sides are equal. Draw some rhombi. Must the opposite 

angles in every rhombus be equal? If so, prove it. If not, give a counterexample. [Hint: Reread the short 

paragraph before the preceding example.] 

12. A diagonal of a regular pentagon is a line segment joining any two nonadjacent vertices. Prove that each angle 

of a regular pentagon is trisected (cut into three equal parts) by the two diagonals that we can draw through it. 

[Hints: In an isosceles triangle, the angles opposite the equal sides are equal. Also, recall exercise 5a.] 

13. Just as there are various criteria for congruence, so there are various criteria for parallelism. Here’s one you 

probably know: If the two angles in a Z-shape are equal, then the Z’s “top” and “bottom” are parallel. Use this 

parallelism criterion to prove that every rhombus is a parallelogram. [Hint: How will you show those angles are 

equal? Remember the hint from exercise 11.] 

14. Is every parallelogram a rhombus? Is every square a rhombus? Is every rhombus a square? Is every square a 

parallelogram? How do you know? 

                                                           
* For example, two triangles that each have a 20° angle surrounded by sides of length 4 and 6 must be congruent, since they 

share the same SAS data.  
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Similar Triangles 

Triangles with the same shape (i.e. same proportions) are said to be similar. For example, if you enlarge 

a triangle on a computer screen, the enlarged triangle will be similar (but not congruent) to the original. 

There are various similarity criteria for triangles, but we’ll need only one in this course: AAA. 

AAA Similarity. If two triangles have the same angles, they are similar. 

Proof. In the figure at right, if the dotted lines are parallel, then the two 

triangles (one inside the other) must be similar. Most people find this obvious 

after a little thought, and I’m going to assume that you will too.*  

Now suppose ∆𝐴𝐵𝐶 and ∆𝐴′𝐵′𝐶′ are two triangles with the same angles. 

Superimposing them so that angles 𝐴 and 𝐴′ coincide leads to a figure like the 

one above.  Thus, to establish our triangles’ similarity, it suffices to show that 

𝐵𝐶 and 𝐵′𝐶′ are parallel. But these lines must be parallel since they meet the 

same line (𝐵𝐵′) at equal angles. Hence, the triangles are similar, as claimed.  ■ 

 

The AAA similarity criterion could be called the AA similarity criterion, since if triangles have two angles 

(𝛼 and 𝛽) in common, then they automatically have all three angles in common; in both triangles, the 

third angle must be 180° − (𝛼 + 𝛽). We shall use the symbol ~ to mean “is similar to”.  

The proportionality of similar figures is precisely what allows us to extract information from them. 

You’ve surely used similar triangles already in simple problems like this: 

Problem. Find the length of side 𝑥 in the figure. 

Solution. The triangles are similar (by AAA), so they 

have the same proportions. In particular,  𝑥/3 = 10/4. 

Solving this yields 𝑥 = 15/2.    

You may also have seen this pretty little result, which we’ll put to surprising use in the next section. 

Claim. In any right triangle, if we drop a perpendicular from the right angle to the hypotenuse, we 

obtain two subtriangles that are similar to one another and to the original triangle. 

Proof. Let ∆𝐴𝐵𝐶 be a right triangle with a right angle at 𝐶, and 

with angles 𝛼 and 𝛽 at vertices 𝐴 and 𝐵 respectively. Drop a 

perpendicular from 𝐶 to 𝐴𝐵, and call its foot 𝐷. 

By the AA similarity criterion, we know that ∆𝐴𝐶𝐷 ~ ∆𝐴𝐵𝐶 

(both triangles contain a right angle and 𝛼) and ∆𝐶𝐵𝐷 ~ ∆𝐴𝐵𝐶 

(both triangles contain a right angle and 𝛽). Thus, we know that 

both subtriangles are similar to the original triangle. Moreover, two triangles that are similar to a 

third must obviously be similar to one another, so all three triangles are similar, as claimed.  ∎ 

 

                                                           
* Crossing each t and dotting each i in this proof is not particularly difficult, but neither is it very enlightening. Euclid does this in 

Elements VI.4.   
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Exercises 

15. A quick notation reminder. 

a) What does ∆𝐴𝐵𝐶 ≅ ∆𝐷𝐸𝐹 mean? 

b) What does ∆𝐴𝐵𝐶 ~ ∆𝑋𝑌𝑍 mean? 

 

16. There are 10 triangles in the figure at right. 

a) Are they all similar to one another? Why or why not? 

b) Suppose we wish to extend the pattern even further towards vertex 𝐵. 

How many more similar triangles can we pack this way into ∆𝐷7𝐷8𝐵? 

 

17. Drawing all five diagonals of a regular pentagon yields a pentagram, a 

figure in which ancient Pythagoreans, medieval Christians, and modern 

occultists of various stripes have discerned mystical significance.* You can 

explore some of its fascinating geometrical properties here. As you do, 

don’t forget the result that you established in exercise 12. 

a) Prove that ∆𝐸𝐷𝐶 ≅ ∆𝐸𝐴′𝐶. How many congruent copies of this triangle 

appear in the pentagram? 

b) Prove that 𝐶𝐷𝐸𝐴′ is a rhombus. How many congruent copies of it appear 

in the pentagram?  

c) Prove that ∆𝐸𝐷𝐶 ~ ∆𝐴𝐴′𝐵. How many triangles of this shape appear in 

the pentagram? 

d) Prove that ∆𝐸𝐷𝐸′ is isosceles. [Hint: If two angles in a triangle are equal, so are the sides opposite them.] 

How many congruent copies of this triangle are in the pentagram? How many similar copies? 

e) If each side of the original pentagon is 1, how long is each diagonal? [Hint: Call the diagonal 𝑑. Use the 

results of the previous two parts of this problem to set up a proportion involving 𝑑. Solve it for 𝑑.] This 

number, the diagonal-to-side ratio in any regular pentagon, is called the golden ratio. Read about it. 

f)  Prove that the inner pentagon, 𝐴′𝐵′𝐶′𝐷′𝐸′, is a regular pentagon. 

 

  

                                                           
* Perhaps now is a good time to hearken unto St. Augustine: “The good Christian should beware of mathematicians, and all 

those who make empty prophecies. The danger already exists that the mathematicians have made a covenant with the devil 
to darken the spirit and to confine man in the bonds of Hell.” (De Genesi ad Litteram, Book II, xviii, 37) 
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The Pythagorean Theorem – and related shortcuts 

The most famous theorem about right triangles is, of course, the Pythagorean Theorem. We’ve already 

proved it several ways in an earlier chapter. Here is a beautiful proof that uses similar triangles. 

Pythagorean Theorem. The hypotenuse’s square is the sum of the legs’ squares in right triangles. 

Proof. Call the hypotenuse 𝑐. Call the legs 𝑎 and 𝑏. 

Drop a perpendicular from the right angle to the hypotenuse, 

splitting it into segments of length 𝑐1 and 𝑐2, as in the figure. 

 As we saw in the previous section, the perpendicular produces 

two subtriangles, each of which is similar to (and thus has the same 

proportions as) the original triangle. From this, we know that… 

 The left subtriangle and the original triangle have the same (hypotenuse ∶ short-leg) ratio. 

That is, 𝑏/𝑐1 = 𝑐/𝑏. Clearing fractions, this becomes 𝒃𝟐 = 𝒄𝒄𝟏. 

The right subtriangle and the original triangle have the same (hypotenuse ∶ long-leg) ratio. 

symbols,  𝑎/𝑐2 = 𝑐/𝑎. Clearing fractions, this becomes 𝒂𝟐 = 𝒄𝒄𝟐. 

Adding the corresponding sides of the boldface equations in the preceding paragraphs yields 

𝑎2 + 𝑏2 = 𝑐𝑐1 + 𝑐𝑐2. 

Or equivalently, 

𝑎2 + 𝑏2 = 𝑐(𝑐1 + 𝑐2). 

Since the expression in parentheses equals 𝑐 (see the figure), this gives us the result we seek: 

 𝑎2 + 𝑏2 = 𝑐2. 

That is, the hypotenuse’s square is the sum of the squares of the legs, as claimed.      ∎ 

We will use the Pythagorean Theorem so frequently in the following chapters that it behooves you to 

prove and memorize a couple of shortcut formulas, which we present in the exercises that follow. 

 

Exercises 

18. Prove the first PT shortcut formula: If 𝒂 and 𝒃 are the legs, the hypotenuse is √𝒂𝟐 + 𝒃𝟐.  

19. a) Use the shortcut formula from the previous exercise to 

compute – in your head – the hypotenuse of each right 

triangle in the figure.  

b) Wasn’t that easier than having to define a new variable 

and solve an equation each time? 

20. Prove the other PT shortcut formula: if 𝒄 is the hypotenuse, and 𝒍 is a leg, the other leg is √𝒄𝟐 − 𝒍𝟐. 

21. Use the shortcut formula that you proved in the previous 

exercise to compute – in your head – the missing leg in each 

of the three right triangles in the figure at right.   
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22. Now that you know the two PT shortcuts, use them to find – in your head – the missing sides of the following 

right triangles: 

 

 

 

23. Make up some more problems like those in the previous problem and solve them. Check your answers by 

solving the same problems “the long way” (i.e. by introducing a symbol for the unknown side, setting up an 

equation via the PT, and finally, solving the equation for the unknown.) 

24. a) What are the angles in a right isosceles triangle? 

b) Draw some right isosceles triangles to get a feel for what they look like.    

c) Prove that in any right isosceles triangle, the hypotenuse is √2 times as long as the legs. 

           Quickly, in your head... 

d) The legs of a right isosceles triangle are 3 units long. How long is the hypotenuse? 

e) The legs of a right isosceles triangle are 7√2 units long. How long is the hypotenuse? 

f) The hypotenuse of a right isosceles triangle is 4√2 units long. How long are the legs? 

g) The hypotenuse of a right isosceles triangle is 3 units long.  How long are the legs? 



 

 

 

 

 
 

Chapter 9 

Right-Triangle Trigonometry 
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Right Makes Might: Solving Right Triangles 

In the next few chapters you’ll learn how to “solve” any determined triangle – to find, that is, its missing 

parts. This is trigonometry’s basic problem, its historical raison d’être. In 

this chapter, you’ll specifically learn how to solve right triangles, which 

are the polygonal world’s atoms: any polygon can be dissected into 

triangles, and any triangle can be dissected into right triangles.  

The crucial fact about right triangles, the fact that provides the basis for all of trigonometry, is this:  

A right triangle’s proportions are entirely determined by just one of its acute angles. For example, all 

right triangles with a 30° angle are similar (by AA), so they all have the same proportions.*  

Consider a related phenomenon. All circles are similar, so all circles have 

the same proportions. In particular, the Circumference-to-Diameter ratio is 

the same in all circles. This ratio’s value is so important that we give it a 

special symbol: 𝝅. As the figure at right shows, 𝜋 is a bit greater than 3. The 

number 𝜋, of course, is an old friend. Let us now meet some of our friend’s friends, defined similarly 

(pun intended), based not on circles, but on right triangles. 

Let 𝜃 be any fixed acute angle. As discussed above, all right triangles containing 𝜃 are similar, and 

thus have the same proportions. In particular, the ratio of the leg opposite 𝜃 to the hypotenuse is the 

same in all such triangles. This ratio is called “the sine of theta,” which we write symbolically as 𝐬𝐢𝐧𝜽. 

For example, the figure at right suggests that in any right triangle with a 22° angle, the leg opposite that 

angle goes into the hypotenuse about 2.7 times. 

Thus, sin 22° ≈ 1/2.7 ≈ 0.4. Of course, this is crude 

approximation based entirely on eyeballing a figure, 

but it should clarify the simple idea behind sine.   

The ancient Greek astronomers were the first to construct sine tables. For instance, Ptolemy 

managed, around 150 A.D., to find values of sin0.5° , sin 1°, sin 1.5°, sin2°, and so forth (up to 

sin89.5°), accurate to five decimal places. His table – and, better still, his explanation of how he 

constructed it – survives in his masterpiece, the Almagest, which was the Bible of geocentric astronomy. 

Over the centuries, others around the world produced increasingly refined tables that one could use, 

say, to approximate  sin34.82° to ten decimal places. Until the 1980s, anyone studying trigonometry 

would have done so with a table of sines at hand. Inexpensive handheld scientific calculators have since 

displaced the tables, but they serve exactly the same purpose. 

                                                           
* The proportions of a 30°-60°-90° triangle may already be familiar to you: the hypotenuse is twice as long as the short leg, and 

the long leg is √3 times as long as the short leg. We’ll soon prove this.   

Definition. For each acute angle 𝜃, we define 𝐬𝐢𝐧𝜽 as follows: In any right triangle containing 𝜃, 

𝐬𝐢𝐧𝜽 =
opposite

hypotenuse
 , 

      where “opposite” refers to the leg lying opposite 𝜃. 
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Most scientific calculators will approximate the sine of any angle to 9 decimal places or so. Punch 

sin22° into yours, for example, and it will tell you that sin22° ≈ 0.374606593.* Later (at the end of 

Chapter 12), I’ll describe in broad terms what the calculator does to produce that approximation. For 

now, however, let us pause to appreciate what Ptolemy’s table of sines (or its modern descendent, the 

scientific calculator) accomplishes: It allows us to solve any determined right triangle.  

The idea is simple: sin 𝜃 relates three parts of a right triangle: an acute angle 𝜃, its opposite leg, and 

the hypotenuse. If we know two of these three parts, a table (or calculator) can give us the third.  

Example 1 (Using the calculator to find a side). Solve this triangle:  

Solution. The remaining angle is obviously 𝟔𝟖°. 

 If we call the hypotenuse 𝑐, then sin 22° = 5/𝑐. 

Equivalently, 𝑐 = 5/ sin 22°. 

Running this through a calculator (or consulting a table of sines) yields 𝒄 ≈ 𝟏𝟑. 𝟑𝟓. 

Now that we have two sides, we can get the third with the Pythagorean Theorem. Doing so, 

we find that the long leg is approximately 𝟏𝟐. 𝟑𝟖 units long.     

 

Example 2. (Using the calculator to find an angle). Solve this triangle:  

Solution. The hypotenuse is √𝟐𝟗  by the Pythagorean Theorem. 

 Call the larger acute angle 𝜃. Then  sin𝜃 = 5/√29 ≈ 0.9285. 

If we were using a table of sines, we’d scan it until we found the 

angle whose sine is 0.9285; this would be our approximation for 𝜃. 

To accomplish the same end with a calculator, we use its “inverse sine” button, sin−1   . In the 

context of solving right triangles, the inverse sine of 𝑥 simply means “the angle whose sine is 𝑥.” 

Thus, since we seek the angle whose sine is 5/√29, we type  sin−1(5 √29⁄ )  into a calculator, 

which tells us that 𝜃 = sin−1(5 √29⁄ ) ≈ 𝟔𝟖. 𝟐°. 

The remaining angle is therefore approximately 90° − 68.2° = 𝟐𝟏. 𝟖°.   

 

Exercises. 

1. Use a calculator to solve the following three right 

triangles, finding their angles exactly, and the lengths of 

their missing sides to the nearest hundredth of a unit. 

2. Use a calculator to solve the following three right 

triangles, finding their side lengths exactly, and their 

angles to the nearest tenth of a degree. 

3.   Make up your own right triangle with enough 

information to determine it, and solve it. 

                                                           
* If your calculator gives you some other value, it probably thinks that you are looking for the sine of 22 radians, not 22 degrees. 

(A radian is another unit used for measuring angles; you’ll learn about radians in Chapter 12.) You’ll need to figure out how  to 
switch your calculator into degree mode. (There’s usually a “mode” button that will do the trick.) 
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Measuring Inaccessible Distances 

You’ve already learned enough to grasp one of trigonometry’s basic applications: measuring inaccessible 

distances. The idea is to identify a determined triangle, one side of which is the distance you want. Then 

use trigonometry to find this distance. 

Example (The obligatory flagpole problem). You want to measure a flagpole but don’t want to 

shimmy up to the top, trailing a tape measure behind you. How can you do it? 

Solution. Walk ten feet from the pole, then measure the angle of inclination 

from where you stand to the pole’s top. Let’s say this turns out to be 63°. 

We now have a determined right triangle (by ASA), so we can solve it with 

trigonometry. 

The triangle’s other acute angle is 27°. If we let 𝑐 be the hypotenuse, then sin27° = 10/𝑐. 

Equivalently, 𝑐 = 10/ sin 27°. 

We now have two sides of the right triangle, so we can obtain the third with the Pythagorean 

Theorem. Doing so, we find that the flagpole’s height is about 19′8", as you should verify.     

After you’ve learned some further trigonometric techniques, we’ll forget the flagpole and take on much 

more impressive applications: measuring inaccessible astronomical distances. Even then, however, the 

spirit of the trigonometric game will remain the same – finding and solving determined triangles.   

 

Exercises 

4. Had we walked only 5 feet from the pole, what would the angle of inclination have been? 

    [Hint: Don’t forget, you’ve already found the pole’s height.] 

5. By measuring the lengths of the shadows cast by a flagpole and a yardstick (the yardstick, like the flagpole, 

should be perpendicular to the ground), one can find the flagpole’s height without trigonometry. Explain how. 

6. A twist on the flagpole problem (as solved in exercise 5) appears in the Sherlock Holmes story “The Adventure of 

the Musgrave Ritual.” Read it if you feel so inclined. 

7. Moses needs to measure the distance across the Jordan river, but cannot cross it. 

He stares at a tree directly across from him on the opposite bank. “Oy gevalt,” he 

mutters. “Would that I were back by the fleshpots of Egypt.”  After walking twenty 

feet along the riverbank, he turns and looks back at the tree. Suddenly inspired, he 

measures the angle shown in the figure, which turns out to be 53°. To the nearest 

inch, how wide is the river? 
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Interlude: Three Exact Values of Sine   

Thus far, we’ve had to settle for approximate values of sine from a calculator or table. There are, 

however, certain angles whose sines we can compute exactly. This is just the sort of thing that warms 

the cockles of a mathematician’s heart. In this section we’ll consider three such angles.   

We can simultaneously find sin30° and sin60° by playing around a bit 

with a “30-60-90 triangle.” Observe that gluing two copies of this triangle 

together yields an equilateral triangle. Since two copies of the short leg make 

up the equilateral triangle’s side (i.e. the hypotenuse), we conclude that if our 

right triangle’s short leg is 1 unit, its hypotenuse must be 2 units, and thus 

(by the Pythagorean Theorem), its long leg must be √3 units. 

From the figure above, we can read off two exact values of sine: 

𝐬𝐢𝐧𝟑𝟎° =
𝟏

𝟐
 ,           𝐬𝐢𝐧𝟔𝟎° =

√𝟑

𝟐
. 

You should commit these to memory, and if you ever forget them, you should be able to re-derive them 

in a matter of seconds by thinking through the preceding argument.  

To find an exact value for sin45° is even easier. This angle occurs in a right 

isosceles triangle. If we define the legs of such a triangle be 1 unit each, then the 

hypotenuse is, by the Pythagorean Theorem, √2. Consequently, 

𝐬𝐢𝐧𝟒𝟓° =
𝟏

√𝟐
  (=

√𝟐

𝟐
). 

This too you should memorize – and  understand. 

 

Exercise 
8. Finding an exact expression for a value of sine (i.e. in terms of radicals) is difficult, and 

in most cases, impossible. It is therefore cause for celebration when we can do it. In 

this problem, you’ll find two more exact values (values you need not memorize!) with 

an ingenious geometric argument. 

Draw a square and an equilateral triangle on the same base. Through the top 

vertex of the triangle, draw a line perpendicular to the base. Now, given the labels I’ve 

provided in the figure… 

a) Find the angles in ∆𝐴𝐸𝐷 and ∆𝐷𝐸𝐹. [Hint: ∆𝐴𝐸𝐷 is a special type of triangle.] 

b) Let 𝐴𝐺 = 1. Find ∆𝐷𝐸𝐹’s sides, which will yield the sines of its acute angles. 
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SOH CAH TOA: The God of Right Triangles 

All right triangles containing a given acute angle 𝜃 have the same proportions. The various ratios of their 

sides have special names, one of which you already know. Here are three we’ll use over and over again.  

 

 

 

 

 

Most people remember these ratios (which are read “sine of 𝜃”, “cosine of 𝜃”, and “tangent of 𝜃”) by 

invoking the awesome name of the god of right triangles, SOH CAH TOA.* 

We can solve any determined right triangle using sine alone, but having cosine and tangent at our 

disposal considerably shortens our work. Consider our flagpole example from two pages ago. To find its 

height using sine alone, we first had to shift our attention to the acute angle that we weren’t given; we 

then used sine to find the hypotenuse, and the Pythagorean Theorem to get the flagpole’s height. 

Compare the following much simpler solution.  

Example. Find the height of the flagpole at right.   

Solution. We have the leg Adjacent the 63° angle. We want the Opposite leg. 

Now we chant SOH CAH TOA’s name… and we remember: A-ha! We should 

work with tangent, because Tangent relates the Opposite and Adjacent legs. 

In particular, if we let 𝑥 be the flagpole’s height, then 

  tan 63° = 𝑥/10.           Or equivalently,            𝑥 = 10 tan63° ≈ 19.6261 feet. 

That is, the flagpole is about 19 feet, 8 inches tall.  Praise be to SOH CAH TOA!   

 

Exercises 

9. Find – without a calculator, obviously – exact values for 

the cosine and tangent of 30°, 60°, and 45°. 

10. Find the missing sides in each of the triangles at right 

without using the Pythagorean Theorem.  

11. A right triangle has sides 3, 4, and 5. Use the inverse tangent to approximate its smallest angle to the nearest 

tenth of a degree. (The inverse tangent is analogous, of course, to the inverse sine.) 

                                                           
* A heretical trigonometric sect once sought to debase the splendor of SOH CAH TOA’s name by claiming that it stands for 

“Some old hippy caught another hippy tripping on acid.” For shame! For shame!  

Definition. For each acute angle 𝜃, we define the following trigonometric ratios: 

𝐬𝐢𝐧𝜽 =
opposite

hypotenuse
 ,           𝐜𝐨𝐬𝜽 =

adjacent

hypotenuse
 ,           𝐭𝐚𝐧𝜽 =

opposite

adjacent
 , 

where the terms in each ratio refer to the sides of any right triangle containing 𝜃. 

(“Opposite” and “adjacent” refer to the positions of the triangle’s legs relative to 𝜃.) 
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Identity Crisis – and Why Cosine is Called Cosine 

The acute angles in any right triangle are complements. Moreover, a glance at 

the figure shows that the cosine of any angle 𝜽 is the sine of its complement. 

(In terms of the labels on the figure at right, they both equal  𝑎/𝑐.)  

The “co” in cosine stands for complement: cosine literally means “sine of the complement”. We’ve 

just established the first trigonometric identity you’ll see in this course: for any acute angle 𝜃, we have 

𝐜𝐨𝐬𝜽 = 𝐬𝐢𝐧(𝟗𝟎° − 𝜽). 

We shall use trigonometric identities much in the same way that we use algebraic identities such as 

𝑎2 − 𝑏2 = (𝑎 − 𝑏)(𝑎 + 𝑏). Each identity gives us two forms in which we can express the same thing. 

Sometimes, one form is more convenient than the other. We use the form that best suits the occasion. 

Staring hard at our generic right triangle in the figure above, we discern another trigonometric 

identity: For each acute angle 𝜃, we have 

𝐭𝐚𝐧𝜽 =
𝐬𝐢𝐧𝜽

𝐜𝐨𝐬𝜽
 . 

You can see this by expressing both sides of this equation in terms of 𝑎, 𝑏, and 𝑐. Both sides are equal to  

𝑏/𝑎, as you should verify. Learn these two identities well. We’ll use them frequently. 

 

Exercises 

12. Rewrite each of the following cosines as sines. (For example, cos 50° = sin 40°.)  

       a) cos 10°          b) cos 25°          c) cos 88° 

13. By now, you should know the sines of the special angles 30°, 60°, and 45° by heart. You should know these 

angles’ cosines, too. The good news is that you don’t have to memorize these separately. Explain why. 

14. Prove that sin 𝜃 = cos(90° − 𝜃) for all acute angles 𝜃. 

[Hint: Using the figure above, rewrite the trigonometric expressions in this equation in terms of 𝑎, 𝑏, and 𝑐.] 

15. Rewrite each of the following sines as cosines:       a) sin 70°          b) sin 89.9°         c) sin(𝛼 + 20°) 

16. Rewrite each of the following tangents in terms of sines and cosines:   a) tan 10°      b) tan 25°      c) tan 88° 

17. You should be able to produce the exact tangents of 30°, 60°, and 45°. Do so. (These three values are worth 

memorizing.) 

18. Simplify the following expressions. 

       a)  
sin19°

cos19°
              b)  

sin𝛼

sin(90° − 𝛼)
          c) √(

1

tan𝛽
) (

cos(90° − 𝛽)

cos𝛽
) 

19. Prove that (cos 𝜃)2 + (sin 𝜃)2 = 1 for all acute angles 𝜃.   [Hint: See the hint for Exercise 14.] 

20. What does 𝐜𝐨𝐬 𝟖𝟔 have to do with Sherlock Holmes? 
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The Reciprocal Trig Functions 

The reciprocals of the three basic trigonometric ratios have special names and symbols: 

 

           

 

 

 

Thus, for example, sec 30° =
1

cos30°
=

1

sin60°
=

2

√3
 . 

The reciprocal functions are strictly heterosexual: sec goes with cos, and csc goes with sin. 

This completes our collection of trigonometric functions. 

 

Exercises 

21. Find exact expressions for the secant, cosecant, and cotangent of 30°, 60°, and 45°. 

22. Is sec 𝜃 a ratio of sides in a right triangle containing 𝜃? If so, which ratio of sides? If not, why not? 

23. Sine and cosine are called cofunctions because, as you’ve learned, the sine of any acute angle is the cosine of 

its complement, and vice-versa. Secant and cosecant, as their names suggest, make up a second pair of 

cofunctions, while tangent and cotangent make up a third. 

Your problem: Prove that secant and cosecant truly are cofunctions. Then do it for tangent and cotangent. 

[Hint: Adapt the strategy we used on the previous page to prove that sine and cosine are cofunctions.] 

24. Use cofunctions to rewrite the following in terms of angles less than 45° (e.g. sin 80° = cos 10°). 

       a) cos 72°          b) csc 88°          c) sin 70°          d) sec 46°          e) tan 75°          f) cot 89.99° 

25. Use cofunctions to rewrite the following in terms of angles greater than 45°. 

       a) cos 10°          b) csc 20°          c) sin 35°          d) sec 40°          e) tan 1°             f) cot 25° 

26. True or False? (Explain your answers.) For every acute angle 𝜃, 

       a) csc 𝜃 = sec(90° − 𝜃)            b) csc 𝜃 = sin(90° − 𝜃)              c) csc 𝜃 = 1 / cos(90° − 𝜃) 

       d) csc 𝜃 = 1/ sin 𝜃                      e) cos 𝜃 = 1/ sin 𝜃                         f) cot 𝜃 = 1/ tan 𝜃 

       g) tan 𝜃/ sin 𝜃 = sec 𝜃               h) tan 𝜃 cot 𝜃 = sin 𝜃 cos 𝜃          i) sec 𝜃 cos 𝜃 / cot 𝜃 = tan 𝜃 

27. Simplify the following expressions. 

       a) 
sin𝜃

(sin𝛼 csc𝛼)3 sin(90° − 𝜃)
               b) tan 𝛼 cos 𝛼              c)  

√sec(90° − 𝛽) sin𝛽

csc(90° − 𝛽)
               d)  

sin10°

cos80°
−
cos10°

sin80°
 

28. Cosine is just “sine with a twist”, since cos 𝜃 = sin(90° − 𝜃). The same is true of tangent (with a bigger twist), 

since tan 𝜃 = sin 𝜃 [sin(90° − 𝜃)]⁄ .  Show how each of the reciprocal trig functions can be understood as 

twisted versions of sine, too. 

       [Moral: Trigonometry is, in essence, the study of the sine function.] 

Definition. For each acute angle 𝜃,  

The reciprocal of cos 𝜃 is called the secant of 𝜃.             (𝐬𝐞𝐜𝜃 = 1 cos 𝜃⁄ ) 

The reciprocal of sin 𝜃 is called the cosecant of 𝜃.          (𝐜𝐬𝐜 𝜃 = 1 sin𝜃⁄ ) 

The reciprocal of tan 𝜃 is called the cotangent of 𝜃.       (𝐜𝐨𝐭 𝜃 = 1 tan 𝜃⁄ ) 
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Basic Right-Angle Trig: Shortcuts 

“What Romantic terminology called genius or talent or inspiration or intuition 

is nothing other than finding the right road empirically, following one’s nose, 

taking shortcuts…” 

- Italo Calvino, “Cybernetics and Ghosts”, from The Uses of Literature. 

In the previous chapter, you learned two shortcuts for applying the Pythagorean Theorem in your head. 

There are analogous shortcuts for solving right triangles. This is a very good thing, because solving right 

triangles by appealing to SOH CAH TOA involves a fair amount of drudgery: First you must introduce a 

new symbol for the unknown that you seek; then you must set up an equation; finally, you must solve 

that equation. Once you’ve gone through that mechanical process a few times, it becomes tiresome. 

Better to condense the process and leave drudgery to the drudges. 

The following shortcuts will make your work neater, since they obviate the need to introduce new 

symbols at every turn. And by condensing the drudgery, they will also free your mind to concentrate on 

the more conceptual parts of whatever trigonometric problem you may be working on. 

Shortcut 1. Given an acute angle and the hypotenuse,  

The opposite leg is the hypotenuse times the angle’s sine; 

The adjacent leg is the hypotenuse times the angle’s cosine. 

Proof. Let ℎ and 𝜃 be the hypotenuse and given acute angle. 

By definition, sin𝜃 = opposite/ℎ. Multiplying both sides by ℎ gives us the first result.  

By definition, cos 𝜃 = adjacent/ℎ. Multiplying both sides by ℎ gives us the second result.   ■ 

Shortcut 2. Given an acute angle and its adjacent leg,  

The opposite leg is the given leg times the angle’s tangent;  

The hypotenuse is the given leg times the angle’s secant. 

Proof. Let 𝑎 and 𝜃 be the hypotenuse and given acute angle. 

By definition, tan 𝜃 = opposite 𝑎⁄ . Multiplying both sides by 𝑎 gives us the first result. 

By definition, sec 𝜃 = hypotenuse 𝑎⁄ . Multiplying both sides by 𝑎 gives us the second result.   ■ 

These shortcuts are best remembered by their accompanying figures. Bear in mind that they are just 

SOH CAH TOA in fancy garb. For that reason, whenever I use one, I’ll indicate as much with the stock 

phrase “by basic right-angle trigonometry.” You should do as much. 

To appreciate these shortcuts, go back and reread our first solution of the flagpole problem, in 

which we used only sine. Then reread our second solution, in which we called on SOH CAH TOA’s aid. 

Now consider this third solution, for which we’ll use our 2nd shortcut. 

Example 1. Find the height of the flagpole at right.   

Solution. By basic right-angle trig, its height is 10 tan 63° ≈ 19.626 feet. 

(Or, rounded to the nearest inch, 19′8".)   

The following problem would be tedious without our shortcuts, but with them, it takes just seconds. 
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Example 2. In the figure at right, find length 𝐸𝐷. 

Solution.  

First, 𝐵𝐶 = 3 sin 22° ≈ 1.12 (by basic right-angle trig on ∆𝐴𝐵𝐶). 

Next, 𝐶𝐷 = 𝐵𝐶 tan59° ≈ 1.87 (basic trig on ∆𝐵𝐶𝐷).* 

Finally, 𝐸𝐷 = 𝐶𝐷 sec 37° ≈ 2.34 (basic trig on ∆𝐸𝐶𝐷).†    ■ 

In that solution, observe that whenever I applied basic trigonometry, I mentioned the specific triangle to 

which I applied it. You should do this too whenever you solve a problem involving multiple triangles. 

 

Exercises 

29. Solve each of the triangles at right, using the 

shortcut formulas introduced in this section 

to find the missing sides. 

 

30. In the figure below, solve ∆𝐴𝐸𝐹.  31.  In the figure below, solve ∆𝐴𝐸𝐹.  

   

 

 

 

 

 

32. Explain why the shortcuts introduced in this section work.  

 

  

                                                           
* Beware of roundoff error. Although 𝐵𝐶 ≈ 1.12, when you use your calculator to find 𝐵𝐶 tan 59°, you should not enter 
(1.12) tan 59°. Rather, keep all nine decimal places that your calculator gave you for 𝐵𝐶. Doing so, you’ll find that 𝐵𝐶 ≈ 1.87, 
as claimed. Had you rounded too soon, you’d have obtained (1.12) tan 59° ≈ 1.86. 

† Few calculators have a secant button. Multiplying by sec 37°, however, is the same thing as dividing by cos 37° (be sure you 
can explain why this is so), which you can do on any scientific calculator.  
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Eratosthenes Measures the Earth 
“The overriding sensation I got looking at the earth was, my god that 

little thing is so fragile out there.” 

 - Michael Collins, astronaut. 

Eratosthenes, a 3rd-century B.C. Alexandrian geographer, mathematician, and jack 

of all intellectual trades, knew that at noon on a certain day, the sun would be 

directly overhead in the city of Syene, 500 miles due south of Alexandria. Since 

Alexandria and Syene lie on the same meridian, noon occurs simultaneously at 

both cities. At noon on the appointed day, Eratosthenes held his staff 

perpendicular to the ground and measured the angle of elevation from the tip of 

its shadow to the top of his staff. With this angle (82.8°), he determined Earth’s 

circumference. 

To understand how he did it, consider the figure at right, 

which shows the meridian of Earth containing Alexandria 

and Syene (𝐴 and 𝑆), Eratosthenes’ staff (𝐴𝐵: not to scale!), 

and several solar rays, which are effectively parallel since 

Earth is tiny compared to the sun. When the sun is directly 

overhead at Syene, Eratosthenes’ measurement of 𝐴�̂�𝐵 lets 

him simultaneously measure an angle at Earth’s center. 

Behold: 𝐴�̂�𝑆 = 𝐶�̂�𝐴 = 90° − 𝐴�̂�𝐵 = 7.2°. (This is certainly 

the cleverest application of zigzag angles you’ll ever see.) 

Because this central angle of 7.2° is 1/50 of a full 360°, it 

follows that the circular arc that the angle subtends, arc 𝐴𝑆, 

must be 1/50 of Earth’s full circumference. Hence, Earth’s 

circumference is approximately 50(500) = 25,000 miles. 

Dividing this by 2𝜋 reveals the Earth’s radius: about 4000 miles, a figure that we’ll use on the next 

page, when we apply trigonometry to astronomy.  

 

Exercise 

33. Every circle has a unique tangent at each of its points. The circle’s perfect symmetry 

guarantees that each tangent is perpendicular to the radius it touches. We can use this 

important property to smuggle right angles – and hence trigonometry – into problems 

about circles. We’ll do this several times in the next few pages. 

Prove that if we draw two tangents to the same circle from a point outside the circle, then the distances 

from that point to the two points of tangency must be equal. [Hint: Find two congruent right triangles.] 
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How High the Moon 
“Deedly ap a do’dn ah b’deeba dee ah…” 

   - Ella Fitzgerald 

The methods I will use to compute the moon’s size and distance from Earth involve practical difficulties 

that I shall cheerfully ignore; I shall also play fast and loose with significant figures. Such scientific details 

do not interest me here. I wish instead to demonstrate a small miracle: Trigonometry allows us, in 

principle, to calculate these lunar distances using measurements made entirely on the Earth’s surface.  

 

Problem 1. Using only measurements made on Earth, find the distance to the moon. 

Solution. First, locate two points on Earth 

with this property: When someone standing 

at 𝐴 sees the moon at the zenith, someone 

at 𝐵 would see it on the horizon. 

Second, find the distance between these 

points, measured along the Earth’s surface. 

Let us suppose you have done this, either by 

taking a long journey between 𝐴 and 𝐵 and taking measurements as you go, or by consulting a 

friendly geographer, who already knows the distance. This will turn out to be about 6186 miles. 

Third, find the angle 𝐴�̂�𝐵 that arc 𝐴𝐵 subtends at Earth’s center. We need not journey to the 

center of the Earth to do this. A proportion will suffice: 

𝐴�̂�𝐵

360°
=

arc 𝐴𝐵

Earth′s circumference 
. 

Thanks to Eratosthenes, we already know Earth’s circumference: about 25,000 miles. Moreover, 

we’ve already ascertained that arc 𝐴𝐵 is about 6186 miles. Substituting these values into the 

proportion, we can solve for 𝐴�̂�𝐵. (It is a bit larger than 89°, as you should verify.) 

Fourth and last, note that ∆𝐸𝐵𝑀 is now determined by ASA. By basic trigonometry, we have 

𝐸𝑀 = 𝐸𝐵 sec(𝐴�̂�𝐵). We know 𝐴�̂�𝐵, and we know that 𝐸𝐵 is about 4000 miles (Eratosthenes 

again), so we can compute 𝐸𝑀, the distance to the moon, as required. If you carry out the 

computations, you’ll see that the moon is nearly a quarter million miles from Earth.   

 

Problem 2. Using only measurements made on Earth, find the moon’s radius. 

Solution. From a point 𝐸 on Earth, measure the angle that the 

full moon subtends at your eye. (This is approximately 0.5°.)  

Since the distance to the moon is about 250,000 miles, 

right triangle ∆𝐸𝑀𝑇 is determined by ASA. Applying basic 

right-angle trigonometry, we obtain the moon’s radius: 

𝑇𝑀 ≈ 250,000 tan(0.25°), which is approximately 1000 miles.     
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Exercises 

34. We’ve now seen that the Earth’s radius is about four times that of the moon. What 

does this imply about the relative volumes of the Earth and moon?  

35. A body diagonal of a cube is a line segment running through the cube’s center and 

joining two opposite corners. In contrast, a face diagonal joins opposite corners of 

one of the cube’s faces. (In the figure at right, and 𝐴𝐶′ is a body diagonal, 𝐴𝐶 is a 

face diagonal.) Find the angle between a body diagonal and a face diagonal. 

36. In the figure at right, ten small circles (of the same size) are packed into one large 

circle; each small circle touches the large one at one point, and adjacent small 

circles touch at a single point as well. If the large circle’s radius is 1, find the radii (to 

3 decimal places) of the small circles.  

[Hints: First, a fact from geometry: When circles touch each other at a single point, 

the line through their centers passes through their point of contact. Second, a 

problem-solving technique: Find two expressions for the same thing (one of which 

involves the unknown you seek), then equate them and solve for the unknown.]  

37. When you gaze out at the horizon, you are not, strictly speaking, looking at the horizon, but rather at your 

horizon. In particular, if a 6-foot-tall man and his 5-foot-tall wife stand side by side at the seashore and stare 

out at the line where sky and sea meet, they are actually gazing at slightly different horizons. 

a) Explain why this is so. 

b) Assuming that Earth’s radius is 4000 miles, how distant is the man’s horizon, as measured by the straight 

line joining his eye to the horizon? How distant is his wife’s horizon? (Both answers should be given in miles 

and feet. 1 mile = 5280 feet.)  

c) How high must one be to see 5 miles to the horizon? To see 10 miles to the horizon? 

d) Relative to the man in part (b), which distance is greater: the distance of his eyes to the horizon, measured 

by his line of sight, or the distance of his feet to the horizon, measured along the earth’s curved surface? 

How much greater is the greater one? Assume that Earth is perfectly spherical. 

[Hint: When we found the distance to the moon and the Earth’s size, we used a proportion to relate arcs of a 

circle to the angles they subtend at the circle’s center. This technique will work here.] 

 e) Read Chapter XXXV, “The Mast-Head,” of Moby Dick. No – Read the whole book, ye landlubber! 

38. Thirty feet separate Quixote and Sancho, who stand on one bank of a 

river and contemplate a Spanish gentleman with a maimed hand sitting 

quietly on the opposite bank. After some time, they turn towards one 

another and exchange a knowing look. If Quixote turns 65° to shift his 

gaze from the maimed Spaniard to Sancho, and Sancho turns 34° to 

meet his master’s gaze, how wide is the river? 

[Hint: Recall the second hint to Exercise 36.] 

39. Find exact values for the sine, cosine, and tangent of 72° and 18°. 

[Hint: Ponder the pentagram. See exercise 17 in the previous chapter. Can you find a 72° angle there?] 
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40. Eratosthenes found the Earth’s radius using only basic geometry. Here’s a trigonometric 

method that accomplishes the same thing. A man stands on a mountaintop 3 miles above 

sea level and carefully measures the angle of depression to the ocean horizon (𝑍�̂�𝐻 in the 

figure), which he finds to be 2.23°. 

             From this, compute the Earth’s radius. 

41. By definition, 𝜋 is the number of times any circle’s diameter fits into its circumference. A reasonably careful 

drawing reveals that, as a first crude approximation, 𝜋 ≈ 3. 

a) Read 1 Kings 7:23–26, which describes a curious vessel in Solomon’s Temple. How does 𝜋 relate to its 

dimensions? Much scholarly ink has been spilled over this apparently innocuous passage. 

b) Everyone “knows” that 𝜋’s decimal expansion never ends, that it follows no discernible pattern, and that it 

begins 3.14159265358979.* Of course, most of us know these facts about 𝜋 only secondhand – the way 

we “know” most things. Consider how it is that you know each of the following: 

             i. Earth is roughly spherical.       ii. Earth orbits the Sun.       iii. sin 60° =
√3

2
.       iv.  𝜋 ≈ 3.14159... 

Assuming you are truly learning trigonometry (and not just memorizing a few trigonometric facts and 

techniques), your answer to iii should differ significantly from your answer to iv. Does it? 

c) So where do those fabled digits of 𝜋 (as of 2019, over 31 trillion have been computed) come from? Most 

methods for generating them depend on infinite series, which is a calculus topic, but trigonometry will take 

you half way there. Consider a regular polygon inscribed in the unit circle (i.e. a circle with radius 1). The 

polygon’s area is approximately (but slightly less than) the circle’s area, which, in turn, is 𝜋. Thus, any 

decimal approximation for the polygon’s area will give us a lower bound for the decimal expansion of 𝜋. The 

more sides in the polygon, the better the approximation of 𝜋. Explain why this is so. Then use trigonometry 

to find the area of a regular 180-sided polygon inscribed in the unit circle. 

d) To obtain an upper bound for 𝜋, we can consider a regular polygon circumscribed around the unit circle. Use 

trigonometry to find the area of a circumscribed regular 180-sided polygon, and explain how this, combined 

with your work in part (c) shows that 𝜋’s decimal expansion must begin 3.14. 

e) Your numerical work in parts (c) and (d) required a calculator – but how does your calculator “know” how to 

evaluate trigonometric functions? You should now have some insight into why 𝜋 ≈ 3.14, but... you should 

also recognize that we’ve just relocated the mystery: we’ve reduced the problem of approximating 𝜋 to the 

problem of approximating the values of trig functions. Later, I’ll explain what your calculator is doing... 

which will, naturally, relocate the mystery again! Until then, ponder the problem. 

                                                           
* “How I need a drink, alcoholic of course, after the heavy lectures involving quantum mechanics!” Count the number of letters 

in the words of this sentence. 



 

 

 

 

 
 

Chapter 10 

The Unit Circle Definitions
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Circling the Triangle: Generalizing Sine and Cosine 

The triangle at right suggests that the numerical value of sin 18° is about 1/3. 

Your calculator will confirm your intuition, reinforcing your faith in both. 

Surely SOH CAH TOA is in his heaven, and all’s well in the world. But the Devil 

never sleeps! Should he tempt you to enter sin113° into your calculator, you’ll be confronted with an 

enigma: sin 113° ≈ 0.921, an equation that hints at dark mysteries beyond SOH CAH TOA’s realm, for 

what could sin 113° even mean? It clearly can’t refer to the opposite-to-hypotenuse ratio in a right 

triangle containing a 113° angle, for no such triangle exists.  

This mystery will dissolve once we’ve redefined the trigonometric functions. But can we do that? 

We used the original definitions to develop the subject, so won’t changing them invalidate our previous 

work? No it will not, for the new definitions have been carefully designed to preserve all the old results 

to which you’ve grown accustomed. The new definitions are, in computer terminology, backwards 

compatible. Here are two the most important definitions in all of trigonometry: 

Sine’s unit-circle definition (unlike its SOH CAH TOA definition) tells us what 

sin113° means: It is simply the 𝑦-coordinate of point 𝑃 in the figure at right. 

Clearly, its numerical value is slightly less than 1, so the calculator’s assertion 

that sin113° ≈ 0.921 now makes sense. From the same picture, we can also 

see that cos 113° (𝑃’s 𝑥-coordinate) is clearly negative, perhaps about −0.4. 

Your calculator will confirm this: cos113° ≈ −0.391. 

To verify that the unit circle definitions are compatible with the original 

SOH CAH TOA definitions, let 𝜃 be any acute angle, and consider the figure. By 

the old definition, cos 𝜃 = 𝑎 1⁄ = 𝑎. By the new one, cos 𝜃 is 𝑃’s 𝑥-coordinate, 

which is also 𝑎. Thus, the two definitions of cosine agree for all acute angles. 

(So do the two definitions of sine, as you should verify.) Because the “new” sine 

and cosine extend the original functions’ domains from acute angles to the 

more general context of all angles, we say that the new definitions generalize 

sine and cosine. We shall generalize the other trigonometric functions shortly. 

  

 

The Unit Circle Definitions of sine and cosine.  

We define 𝐜𝐨𝐬 𝜽 and 𝐬𝐢𝐧𝜽 to be, respectively, the 𝑥 and 𝑦 coordinates 

of the point we obtain by rotating (1,0) counterclockwise about the 

origin through an angle of 𝜃. 
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Example 1. Find the exact value of sin 90°. 

Solution. To use sine’s unit-circle definition, we must rotate (1,0) 

counterclockwise about the origin through 90°, as shown in the figure. 

The 𝑦-coordinate of its new location is, by definition, sin90°. Since, in 

this case, the point ends up at (0,1), we conclude that 

    sin90° = 1.    

 

Example 2. Find the exact value of cos270°. 

Solution. To use cosine’s unit-circle definition, we must rotate (1,0) 

counterclockwise about the origin through 270°, as shown in the 

figure. The 𝑥-coordinate of its new location is, by definition, cos 270°. 

Since the point ends up at (0, −1), we conclude that 

    cos 270° = 0.    

 

Important Note. A negative input for sine or cosine corresponds to a clockwise rotation of (1,0).  

 

Example 3. Find the exact value of cos(−90°). 

Solution. To use cosine’s unit-circle definition, we must rotate (1,0) 

clockwise about the origin through 90°, as shown in the figure at right. 

The 𝑥-coordinate of its new location is, by definition, cos(−90°). Since 

the point ends up at (0, −1), we conclude that 

    cos(−90°) = 0.    

 

To ensure that you understand what we’ve done so far, stop here and do a few simple exercises: 

 

Exercises. 

Find the exact values of…. 

1. sin 270°  2. sin 45°  3. cos 90°  4. sin 360° 

5. sin 0°   6. cos 0°   7. sin 60°  8. cos 30° 

9. sin 720°  10. cos(−180°)  11. − cos(180°)   12. sin(−270°) 

13. cos 60°  14. sin(−720°)  15. sin 360000°  16. sin 450° 
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But Why Generalize? 
“Be wise: Generalize.” 

- An old mathematical saw. 

The new definitions are not just exercises in generality for generality’s sake. 

You can grasp their significance by thinking about the graph of 𝑦 = sin𝜃, 

which we’ll draw by considering the figure at right and noting how sin 𝜃 

varies as 𝜃 runs through a full rotation: As 𝜃 runs from 0° to 90°, sin𝜃 

increases from 0 to 1; as 𝜃 runs from 90° to 180°, sin𝜃 decreases from 1 

to 0; as 𝜃 runs from 180° to 270°, sin𝜃 decreases from 0 to −1; and as 𝜃 

runs from 270° to 360°, sin 𝜃 rises from −1 to 0. Putting this all together, 

we obtain the following graph.  

 

 

 

 

But this is just the beginning. Taking a second lap around the unit circle, as 𝜃 runs from 360° to 720°, 

sin𝜃 goes through the same cycle of values it went through during the first lap. The same, of course, 

holds true in the third lap, the fourth, and so on indefinitely. Throwing in negative values of 𝜃 for good 

measure, the graph of sine reveals its true character at last. 

 

 

 

 

This is the famous sine wave, whose endlessly repeating pattern appears not only in mathematical 

models of waves (water, sound, light), but of periodic phenomena of all sorts, from the revolutions of 

planets to the vibrations of atoms. By generalizing the trigonometric functions, we thus open up new 

worlds of applications that would have been unthinkable in the restricted context of right triangles. 
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Exact Values of Sine and Cosine at Special Angles 

“God sends special angles into our lives.” 

 - A roadside sign in southern Washington  

You’ve already learned the exact values of sine and cosine at the three special angles 30°, 60°, and 45°. 

We can now find the exact values of sine and cosine at all integer multiples of these three special angles. 

The method is simple: Draw a picture, and use it to relate the coordinate that you want to something in 

the first quadrant – the acute-angled land we know so well. 

Example 1. Find the exact value of sin(120°). 

Solution. Since 120° falls 60° short of a half-turn, we want the 

𝑦-coordinate of point 𝑃. Clearly, points 𝑃 and 𝑄 have the same 

𝑦-coordinate, so 120° and 60° have the same sine. Thus,  

sin(120°) = sin(60°) =
√3

2
.  

 

Example 2. Find the exact value of cos(135°). 

Solution. Since 135° falls 45° short of a half-turn, we must find point 𝑃’s 

𝑥-coordinate. Clearly, points 𝑃 and 𝑄 have equal but opposite 𝑥-

coordinates (same magnitude, opposite sign). Hence, 135° and 45° have 

equal but opposite cosines. Thus, 

cos(135°) = −cos 45° = −
√2

2
.    

 

Example 3. Find the exact value of cos(330°). 

Solution. Since 330° falls 30° short of a full rotation, we must find point 𝑃’s 

𝑥-coordinate. Points 𝑃 and 𝑄 have the same 𝑥-coordinate, so 330° and 30° 

have the same sine. Thus,   

cos(330°) = cos30° =
√3

2
.      

 

Example 4. Find the exact value of sin(210°). 

Solution. 210° falls 30° beyond a half-turn, so we want 𝑃’s 𝑦-coordinate. 

Clearly, points 𝑃 and 𝑄 have equal but opposite 𝑦-coordinates. Hence, 210° 

and 30° have equal but opposite sines. Thus, 

sin210° = − sin30° = −
1

2
.      

Exercises.  

Find the exact values of… 

17. cos 120°            18. sin 135°            19. cos 150°            20. sin 150°            21. cos 300°           22. sin 315° 

23. cos 270°            24. cos 240°           25. sin 225°            26. cos 225°           27. cos 1935°         28. cos(−60°) 
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Circling the Triangle II: Generalizing the Tangent Function 
“He experienced both bliss and horror in contemplating the way an inclined line, rotating 

spokelike, slid upwards along another, vertical one… The vertical one was infinite, like all 

lines, and the inclined one, also infinite, sliding along it and rising ever higher… was 

doomed to eternal motion, for it was impossible for it to slip off, and the point of their 

intersection, together with his soul, glided upwards along an endless path. But with the aid 

of a ruler he forced them to unlock: he simply redrew them, parallel to one another, and 

this gave him the feeling that out there, in infinity, where he had forced the inclined line to 

jump off, an unthinkable catastrophe had taken place, an inexplicable miracle, and he 

lingered long in those heavens where earthly lines go out of their mind.” 

 - Vladimir Nabokov, The Defense (Chapter 2). 

Having generalized sine and cosine, we will now do as much for tangent, whose unit-circle definition 

explains this function’s name, since it involves a line that is literally tangent to the unit circle. 

 

We can easily verify that this new definition of tangent agrees with the old one for all acute angles.  

Consider the figure above. By the old SOH CAH TOA definition, tan 𝜃 is the ratio (in the right triangle) of 

the vertical to the horizontal leg. But the horizontal leg’s length is 1, so tan 𝜃 is simply the vertical leg’s 

length. By the new unit-circle definition, tan 𝜃 is the marked point’s 𝑦-coordinate… which is obviously 

the length of the triangle’s vertical leg. Hence, the two definitions of tangent agree for all acute angles. 

The unit circle definition, however, applies to non-acute angles, where SOH CAH TOA fears to tread. 

Example. Find the exact value of tan(150°). 

Solution. 150° falls 30° short of a half-turn, so we want 𝑃‘s 𝑦-coordinate, 

which is clearly equal but opposite to 𝑄’s. The tangents of 150° and 30° 

are therefore equal but opposite. Thus, 

   tan 150° = − tan30° = −
1

√3
 .  

Exercises  
29. Find the exact values of the tangents of:     210°,    240°,    330°  , 135°,    120°,    0°,    180°,    300°.     

30. Strictly speaking, tan is undefined at 90° and 270°. Informally, we say that tan is infinite at those angles. Why?  

31. Explain why it makes some intuitive sense to say that 1 ∞⁄ = 0. (We’ll use this idea in the next section). 

32. State the ranges of the sine, cosine, and tangent functions. 

The Unit Circle Definition of tangent.  

Imagine a line that initially coincides with the 𝑥-axis. 

Rotate it about the origin through an angle of 𝜃 (counterclockwise). 

It intersects the fixed line 𝑥 = 1 at some point. 

We define 𝐭𝐚𝐧𝜽 to be the 𝑦-coordinate of that point.  
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Circling the Triangle III: Last Generalizations 

“In one word… one must generalize; this is a necessity 

that imposes itself on the most circumspect observer.” 

  - Henri Poincare, The Value of Science, Chapter 5 

Generalizing the reciprocal trigonometric functions is trivial: 

For example, since tan 150° = −1/√3 (the previous page’s example), it follows that cot 150° = −√3.  

Having generalized all of the trigonometric functions, it is now incumbent upon us to prove that the 

identities we proved in the previous chapter still hold in the trigonometric functions’ enlarged domains. 

(Our original proofs of those identities used right triangles, so they are valid only for acute angles.) 

Claim 1. For all values of 𝜃 at which the following expressions are defined,  tan 𝜃 =
sin𝜃

cos𝜃
 . 

Proof. We’ve already proved that this holds for acute angles. 

Next, suppose 𝜃 lies in the second quadrant (as at right). 

Drop a perpendicular 𝑃𝐹 from 𝑃 to the 𝑥-axis, thus producing 

similar right triangles, ∆𝑃𝑂𝐹 and ∆𝑇𝑂𝐸. Corresponding ratios of 

similar triangles are equal, so we have  

    
𝐸𝑇

𝑂𝐸
=
𝐹𝑃

𝐹𝑂
.   

We’ll now express each of these four lengths in terms of 𝜃. 

From the figure, observe that tan 𝜃 is negative, while length 𝐸𝑇 is (like all lengths) positive. 

Consequently, 𝑬𝑻 = − 𝐭𝐚𝐧𝜽. Similarly, cos 𝜃 is negative, but 𝐹𝑂 is positive, so 𝑭𝑶 = −𝐜𝐨𝐬𝜽. 

The remaining legs are easy: 𝑭𝑷 = 𝐬𝐢𝐧𝜽, and 𝑶𝑬 = 𝟏. Substituting these boldface expressions 

into the proportion above and simplifying, we obtain 

tan 𝜃 =
sin𝜃

cos𝜃
, 

thus proving that the identity holds for all angles in the second quadrant. Similar arguments (with 

similar triangles) show that it holds in the third and fourth quadrants, too, as you should verify.   ■ 

 

Next, we’ll demonstrate that the cofunction identities hold for all angles. I’ll provide some, but not all, of 

the details – enough for you to fill in the rest if you so desire. 

 

Definitions. For all values of 𝜃, we define:      

𝐬𝐞𝐜𝜽 =
1

cos𝜃
 ,      𝐜𝐬𝐜𝜽 =

1

sin𝜃
 ,    𝐜𝐨𝐭 𝜽 =

1

tan𝜃
 . 

Note: When tan 𝜃 is infinite, we define cot 𝜃 to be 0. (See exercises 30 and 31 above.) 
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Claim 2. Sine and cosine are cofunctions. That is, for all values of 𝜃, 

𝐬𝐢𝐧(𝟗𝟎° − 𝜽) = 𝐜𝐨𝐬𝜽        and        𝐜𝐨𝐬(𝟗𝟎° − 𝜽) = 𝐬𝐢𝐧𝜽. 

Proof. We’ve already proved this for acute angles. If 𝜃 lies 

in the second quadrant (as in the figure, where 𝜃 = 𝐵�̂�𝑃) 

we can establish it as follows: 

 Subtracting 𝜃 from 90° will yield a negative angle 

(between −90° and 0°). Hence, rotating (1,0) through an 

angle of (90° − 𝜃) puts it in the fourth quadrant (point 𝑄). 

Dropping perpendiculars from 𝑃 and 𝑄 to the axes, as 

in the figure, produces congruent right triangles (by AAS). 

This congruence immediately implies that 𝐵𝑄 = 𝐴𝑃. 

But 𝐵𝑄 = −sin(90° − 𝜃) and 𝐴𝑃 = −cos 𝜃, as one can see by carefully considering the figure. 

Hence, we’ve established that 𝐬𝐢𝐧(𝟗𝟎° − 𝜽) = 𝐜𝐨𝐬𝜽 holds when 𝜃 lies in the second quadrant. 

Similarly, 𝑂𝐵 = 𝑂𝐴 (by the congruent triangles). Carefully considering the figure reveals that 

𝑂𝐵 = cos(90° − 𝜃), and 𝐴𝑃 = sin𝜃. Thus, 𝐜𝐨𝐬(𝟗𝟎° − 𝜽) = 𝐬𝐢𝐧𝜽 for 𝜃 in the second quadrant. 

Similar arguments extend the identities to quadrants three and four, as you should verify.    ■ 

Thanks to the work we’ve done already, generalizing the other co-function identities will be very easy. 

Claim 3. Tangent and cotangent are cofunctions. That is, for all relevant values of 𝜃, 

𝐭𝐚𝐧(𝟗𝟎° − 𝜽) = 𝐜𝐨𝐭 𝜽        and        𝐜𝐨𝐭(𝟗𝟎° − 𝜽) = 𝐭𝐚𝐧𝜽. 

Proof.   tan(90° − 𝜃) =
sin(90° − 𝜃)

cos(90° − 𝜃)
=
cos𝜃

sin𝜃
=

1

  
sin𝜃

cos𝜃
  
=

1

tan𝜃
= cot 𝜃. 

Those equals are justified (in order) by: Claim 1, Claim 2, algebra, Claim 1, cotangent’s definition. 

This establishes one identity. The other identity can be proved similarly, as you should verify.  ■ 

 

Claim 4. Secant and cosecant are cofunctions. That is, for all relevant values of 𝜃,  

𝐬𝐞𝐜(𝟗𝟎° − 𝜽) = 𝐜𝐬𝐜𝜽        and        𝐜𝐬𝐜(𝟗𝟎° − 𝜽) = 𝐬𝐞𝐜𝜽. 

Proof.   sec(90° − 𝜃) =
1

cos(90° − 𝜃)
=

1

sin𝜃
= csc𝜃. 

The equals are justified, respectively, by secant’s definition, Claim 2, and cosecant’s definition. 

This establishes one identity. The other identity can be proved similarly, as you should verify.   ■ 

 

Exercises  
For exercises 33 – 41, find the exact values of the indicated expression. 

33. cot 210°            34. sec 240°            35. csc 330°            36. sec 135°            37. csc 120°            38. sec 0°  

39. csc 765°            40. cot 300°            41. cot 90°                             

42. Which of these numbers are in secant’s range?:  −5,    2/3,   −𝑒/𝜋,   1010,    𝜋/𝑒. 
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Four New Trigonometric Identities   

Let’s begin with the best-known of all trigonometric identities, often called “the Pythagorean Identity” 

for reasons that will soon be clear. 

Claim 1. (The Pythagorean Trig Identity) For all values of 𝜃, the following relationship holds: 

cos2 𝜃 +sin2 𝜃 = 1.* 

Proof. For all values of 𝜃, the definitions of sine and cosine ensure that the point (cos 𝜃 , sin 𝜃) 

lies on the unit circle. Its coordinates therefore satisfy the unit circle’s equation, 𝑥2 + 𝑦2 = 1. 

That is, cos2 𝜃 + sin2 𝜃 = 1 for all values of 𝜃, as claimed.    ■ 

The “Pythagorean” nature of the identity is explained by the figure at right. 

You’ll encounter the Pythagorean identity frequently in the future – in this 

and other courses. Because it relates cos 𝜃 and sin𝜃, it gives us a means of 

replacing expressions involving cos 𝜃 with expressions involving sin𝜃 (or vice 

versa) whenever doing so is convenient – which is surprisingly often. 

A function is said to be even if it sends numbers and their negatives to the same value. (That is, 𝑓 is 

even if 𝑓(−𝑥) = 𝑓(𝑥) for all values of 𝑥.) Examples:  𝑓(𝑥) = 𝑥2, 𝑔(𝑥) = 𝑥4, ℎ(𝑥) = 𝑥6, and…  

Claim 2. Cosine is an even function. That is, for all values of 𝜃,  

𝐜𝐨𝐬(−𝜽) = 𝐜𝐨𝐬𝜽. 

Proof. This should be obvious if you understand cosine’s unit circle definition. 

The 𝑥-coordinates of 𝑃 and 𝑄 will clearly be equal no matter what 𝜃 is (even if 

𝜃 lies outside of the first quadrant). And these equal 𝑥-coordinates are, by the 

unit-circle definition of cosine, cos 𝜃 and cos(−𝜃) respectively.   ■ 

Since cosine is even, we can quickly note, for example, that cos(−60°) = cos 60° = 1 2⁄  . 

A function is said to be odd if it sends numbers and their negatives to equal but opposite values. 

(That is, 𝑓 is odd if 𝑓(−𝑥) = −𝑓(𝑥) for all 𝑥.) Examples: 𝑓(𝑥) = 𝑥3,   𝑔(𝑥) = 𝑥5,   ℎ(𝑥) = 𝑥7, and…  

Claim 3. Sine and tangent are odd functions. That is, for all values of 𝜃,  

𝐬𝐢𝐧(−𝜽) = −𝐬𝐢𝐧𝜽          and            𝐭𝐚𝐧(−𝜽) = 𝐭𝐚𝐧𝜽. 

Proof. The 𝑦-coordinates of 𝑃 and 𝑄 will clearly be equal but opposite no 

matter what 𝜃 is (even if 𝜃 lies outside of the first quadrant). Thus, by the 

unit circle definition of sine, we have sin(−𝜃) = −sin 𝜃 for all 𝜃. 

The same is true of 𝑅 and 𝑆. Thus, by unit-circle definition of tangent,  

tan(−𝜃) = tan𝜃 for all 𝜃.   ■ 

Since sine is odd, we have, for example, sin(−60°) = −sin 60° = −√3 2⁄  . 

                                                           
* The peculiar symbol cos2 𝜃 is shorthand for (cos 𝜃)2. 
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The reciprocal trig functions inherit the evenness or oddity of their “parents”. For example, secant is 

an even function for the following reason: Given any 𝜃,  sec(−𝜃) = 1 cos(−𝜃)⁄ = 1/cos 𝜃 = sec 𝜃. 

(The equalities are justified by, in order, secant’s definition, cosine’s evenness, and secant’s definition.) 

Trigonometry is unusual in that most of its main functions are even or odd. Most non-trigonometric 

functions are neither even nor odd.  

 

Exercises. 

43. Give an example of a function that is neither even nor odd, and prove that this is so. 

44. Is cosecant even, odd, or neither? Prove it. 

45. Is cotangent even, odd, or neither? Prove it. 

46. Dividing both sides of the Pythagorean identity by cos2 𝜃, we obtain a new identity. What is it?  

47. Dividing both sides of the Pythagorean identity by sin2 𝜃, we obtain a new identity. What is it? 

48. Discover an identity relating cos(180° − 𝜃) and cos 𝜃 

by thinking about the picture of the unit circle at right. 

This is a handy identity, but you need not memorize it, 

since any time you need it, you can recall it by drawing 

the appropriate picture and thinking for a moment.   

49. Now come up with an identity for sin(180° − 𝜃). This 

identity, too, is often handy, but once again, you need 

not memorize it; if you need it, just draw the 

appropriate picture and recover it. 

50. By drawing appropriate pictures of the unit circle and using identities you already know, find identities for the 

following expressions. As in the two previous exercises, you need not memorize the identities you discover; 

instead, you should be able to produce them when you need them by drawing a quick sketch and thinking. 

a) sin(𝜃 + 90°)          b) cos(𝜃 + 90°)          c) tan(𝜃 + 90°)            d) sin(𝜃 − 90°)* 

e) cos(𝜃 − 90°)          f) tan(𝜃 − 90°)          g) cos(𝜃 + 180°)          h) cos(𝜃 − 180°) 

 i) sin(𝜃 + 180°)        j) sin(𝜃 − 180°)        k) tan(180° + 𝜃)           l) tan(𝜃 − 180°) 

51. Use identities to simplify the following expressions: 

a)  
(sin𝜃 + cos𝜃)2 − 1

2 cos2 𝜃
           b)  

sin(−𝛽)

tan(𝛽)
            c) (

sin(180° − 𝛼)

sin(𝛼 + 90°)
)
2

+ 1    [Hint: Exercise 46.]  

d)  
sin(180° − 𝛾)

sin(𝛾 − 180°)
             e)  

cos(90° − 𝑥)

sin(𝑥 − 90°)
           f) cos(180° + 𝜃) cos(180° − 𝜃) − sin(180° − 𝜃) cos(𝜃 + 90°)   

52. Every even function’s graph is symmetric about the 𝑦-axis. By thinking about the definition of an even function, 

explain why this is so.  

53. The graphs of all odd functions display a peculiar sort of symmetry. Discover it and describe it. 

54. I claim that if an odd function is defined at zero, then its graph must pass through the origin. 

Either use the definition of an odd function to prove my claim or provide a counterexample that disproves it. 

55. Only one function whose domain is all reals is both even and odd. What is it?  [Hint: Think geometrically.]

                                                           
* Note well: the argument of sine is not (90° − 𝜃), so this isn’t just a cofunction identity. However, you can put it in that form 

by first using the algebraic identity (𝑎 − 𝑏) = −(𝑏 − 𝑎), and then using the fact that sine is an odd function.  
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Oblique Triangles 

“Tell all the truth but tell it slant.” 

 - Emily Dickinson 

Oblique triangles are non-right triangles. In principle, we can solve any determined oblique triangle by 

cutting it into right triangles, and then applying right-triangle trigonometry; in practice, this strategy can 

lead to messy computations. A better strategy is to prove – and then use – two theorems that apply 

directly to oblique triangles: the so-called law of sines and law of cosines.  

 

The Law of Sines 

“So then with the mind, I myself serve the law of God; but with the flesh, the law of sin.” 

 - Romans 7:25 

The law of sines relates four parts of a triangle: any two sides and the angles 

opposite them. In terms of the triangle shown at right, it relates 𝑎, 𝑏, 𝛼, and 𝛽. 

To discover the law, we need only drop a perpendicular. Its length is, on the one 

hand, 𝒂𝐬𝐢𝐧𝜷, and on the other, 𝒃 𝐬𝐢𝐧𝜶 (by basic right-angle trigonometry). 

Equating these expressions yields 𝑎 sin𝛽 = 𝑏 sin𝛼. Polishing this into a more 

symmetric form (by dividing both sides by sin 𝛼 sin𝛽) yields the law of sines: 

When a determined triangle has two known angles (ASA or AAS), we can solve it with the law of sines, 

which I’ll often abbreviate as l.o.s.  

Example. Solve the triangle shown at right. 

Solution. The missing angle is, of course, 𝟒𝟏°. 

If we let 𝑥 be the side opposite the 63° angle, the l.o.s. yields  
𝑥

sin63°
=

4

sin76°
. 

Equivalently,  𝑥 = (4 sin63°)/ sin 76° ≈ 𝟑. 𝟔𝟕. 

Calling the remaining side 𝑦 and applying the l.o.s. again yields  
𝑦

sin41°
=

4

sin76°
. 

Equivalently,  𝑦 = (4 sin41°)/ sin 76° ≈ 𝟐. 𝟕𝟎.    

The law of sines is a foolproof tool for finding sides. Using it to find angles, however, can be dangerous, 

because knowing an angle’s sine is not quite enough to determine the angle itself. (For example, if we 

know that sin 𝛼 = 1/2, then 𝛼 could be either 30° or 150°.) Fortunately, the point is moot: You’ll never 

have to use the law of sines to find a triangle’s angles. The law of cosines, which you’ll learn in the next 

section, is eminently suited for that job.     

 

  

The Law of Sines. If 𝑎 and 𝑏 are sides of a triangle, and 𝛼 and 𝛽 are the angles opposite them, then 

𝑎

sin𝛼
=

𝑏

sin𝛽
 .   
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Exercises 
1. Solve the following triangles. 

a)            b)                         c) 

 

 

 

 

2. Did you use the law of sines in exercise 1c? If so, why? Using the law of sines on right triangles is excessive – nay, 

uncouth – like using the quadratic formula to solve 𝑥2 = 4. If you did commit this faux pas, go back and solve 

the triangle again with basic right-angle trigonometry. If you didn’t, then verify (but just this once) that the law 

of sines works in this context too.  

3. The best way to appreciate the law of sines is to solve an oblique triangle without it. Redo exercise 1b by 

dropping a perpendicular and using basic right-angle trigonometry. Then compare your two solutions.  

4. If you examine my derivation of the law of sines carefully, you’ll see that it 

fails if 𝛼 or 𝛽 is obtuse, since in that case (as in the figure at right), the 

perpendicular falls outside the triangle. 

Your problem: Prove that the law of sines holds for obtuse triangles, too. 

[Hint: Find two different expressions for 𝐶𝐷. For one, you’ll need an identity 

for sin(180° − 𝛽). You found one in Chapter 10, and should be able to 

recover it by drawing a picture and thinking about the unit circle.] 

5. Solve the following triangles:  

a)  b) c) 

 

 

 

 6. The verdant slope of Eden Hill makes a 7° angle with the 

horizontal plain from which it rises. Divinely parallel, the 

sun’s rays shine forth; those that strike the plain do so at 

40° angles. The forbidden Tree of Knowledge of 

Trigonometry, which stands on the hill but grows in the 

direction perpendicular to the plain, casts its shadow down 

the hill. Sidling up to you, the serpent casually mentions 

that the shadow is 150 cubits long. How tall is the tree?  

7. (A challenge) Use a computer program (or a compass) to draw a circle with a fixed diameter 𝐷 of your choice. 

Now draw a triangle whose vertices lie on the circle. Divide the length of each side of this triangle by the sine of 

its opposite angle. The result, surprisingly, will always be 𝐷! Try to discover why this is so.  
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The Law of Cosines 

The law of cosines relates four parts of a triangle: the three sides… and an angle of your choice. Call the 

chosen angle 𝛾, and its opposite side 𝑐. To derive the law of cosines, we must find an equation that 

relates 𝑎, 𝑏, 𝑐, and 𝛾 (where 𝑎 and 𝑏 are the remaining sides, of course).  

To find an expression involving three of the four parts, drop a perpendicular  

(as shown in the figure), and then observe that 𝐴𝐷 = 𝐴𝐶 − 𝐷𝐶 = 𝒃 − 𝒂cos𝜸. 

To produce an equation involving this expression and 𝒄 (the fourth puzzle piece), 

we simply apply the Pythagorean Theorem to ∆𝐴𝐷𝐵. 

 𝑐2 = 𝐴𝐷2 + 𝐵𝐷2    (Pythagorean Theorem) 

       = (𝑏 − 𝑎 cos𝛾)2 + (𝑎 sin𝛾)2  (Basic right-angle trig) 

       = 𝑏2 + 𝑎2 cos2 𝛾 − 2𝑎𝑏 cos𝛾 + 𝑎2 sin2 𝛾 

       = 𝑎2(cos2 𝛾 + sin2 𝛾) + 𝑏2 − 2𝑎𝑏 cos 𝛾        

       = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos𝛾         (Pythagorean Identity). 

This is the law of cosines.  

The Law of Cosines.  If 𝑎, 𝑏, and 𝑐 are the sides of any triangle, and 𝛾 is the angle opposite side 𝑐, then 

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos𝛾. 

It’s best to remember the law of cosines rhetorically: In every triangle, 

The square of any side is: 

The sum of the squares of the other sides  

minus 

twice the product of 

the other sides and the cosine of their included angle.* 

Note 1. The law of cosines generalizes the Pythagorean Theorem. Algebraically, it appends an extra term 

(2𝑎𝑏 cos 𝛾) to the Pythagorean Theorem to account for the effects of a triangle’s obliqueness. When 𝛾 is 

a right angle, the extra term is zero, so the law of cosines reduces to the Pythagorean Theorem itself.  

Note 2. As we’ll see in the examples that follow, the law of cosines lets us solve any determined triangle 

in which we know at least two sides (i.e. any triangle determined by SAS or SSS). 

Note 3. Unlike the law of sines, the law of cosines is well suited for finding angles, because knowing the 

cosine of an angle in a triangle is enough to determine the angle itself. (For instance, if cos 𝛾 = 1/2, 

then 𝛾 can only be 60°.) For this reason, the law of cosines is the best tool for finding oblique triangles’ 

angles. It will never lead you astray. You can use the law of sines to find angles, but you must take care 

when doing so. (See exercise 12 for more on this.) 

                                                           
* Thus, in a triangle with the usual labels, the law of cosines also tells us that 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝛼. What algebraic form 

does the law of cosines take if we want an equation involving the three sides and angle 𝛽?  
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Example 1. Solve the triangle shown at right. 

Solution. Let 𝑐 be the remaining side. By the law of cosines, 

𝑐2 = 9 + 25 − 30 cos 40°. 

Running this through a calculator, we find that 𝒄 ≈ 𝟑. 𝟑𝟐. 

Let 𝛼 be the angle opposite the side of length 3. By the law of cosines, 

 9 = 25 + (3.32… )2 − 2(5)(3.32… ) cos𝛼 . * 

Solving for cos 𝛼, we find that cos 𝛼 ≈ .814. Consequently, 𝜶 = cos−1(.814… ) ≈ 𝟑𝟓. 𝟓°. 

Finally, since the angle sum is 180°, the remaining angle must be approximately 𝟏𝟎𝟒. 𝟓°.    

Example 2. Solve the triangle shown at right.   

Solution. Let 𝛼 be the angle opposite the side whose length is 6. 

By the law of cosines, 

36 = 25 + 49 − 2(5)(7) cos 𝛼. 

Solving this, we find that  𝜶 = cos−1(.543… ) ≈ 𝟓𝟕. 𝟏°. 

 Let 𝛽 be the angle opposite the side whose length is 5. 

By the law of cosines,   

          25 = 36 + 49 − 2(6)(7) cos𝛽, 

From which we determine that 𝜷 ≈ 𝟒𝟒. 𝟒°. 

The remaining angle is therefore 180° − (𝛼 + 𝛽) ≈ 𝟕𝟖. 𝟓°.     

Now that you’ve learned basic right-angle trigonometry and the laws of sines and cosines, you can solve 

any determined triangle that you’ll ever meet. (You’ll verify this bold statement in exercise 13.) 

 

Exercises 

8. Solve the following triangles, selecting the best mathematical tools for each problem. 

a)               b)                                                  c c)  d)  

 

 

9. If you examine my derivation of the law of cosines carefully, you’ll see that it doesn’t quite work if 𝛾 is obtuse, 

for in that case, the perpendicular will fall outside the triangle. 

Your problem: Prove that the law of cosines holds for obtuse triangles, too. [Hint: Adapt Exercise 4’s hint.] 

 

 

                                                           
* To avoid roundoff error, keep all decimal places that your calculator gives you whenever you use a calculator’s approximation 

in subsequent calculations. Where I’ve written 3.32… above, I’ve in fact used the value 3.31943771 in my actual calculations. 



Precalculus Made Difficult  Chapter 11: Oblique Triangles 

170 
 

10. In the figure below, find the length of the line segment marked 𝑥.  

 

 

 

 

11. Drunk half out of her mind, Nancy attempts to walk home from the local pub, whose door, as she is wont to 

boast, stands a mere 648 feet due south of her own apartment. After stepping into the brisk midnight air, 

Nancy locates the polestar (she always was a keen student of astronomy), and manages, for precisely two 

minutes, to stumble along due north at a constant speed of 3.6 feet per second. Then, distracted by a passing 

satellite, she drifts from her course, veering 20° east of her original path, yet maintaining her constant speed. 

a) Three minutes after she leaves the pub, how far is Nancy from its door? 

b) Three minutes after she leaves the pub, how far is Nancy from the door to her apartment?  

c) If Nancy maintains her speed and second direction (20° East of North), at what time (to the nearest minute) 

will she be 1 mile from the door to her apartment? (Assume she left the bar at the stroke of midnight.) 

12. a) Draw a picture showing that there are two distinct angles – one acute, one obtuse – whose sines equal 3/4. 

b) If 𝜃 is a triangle’s angle, and sin 𝜃 = 3/4, do we have enough information to determine 𝜃’s value? 

c) Suppose 𝜃 from part (b) is known to be acute. Now do we have enough information to determine 𝜃’s value? 

If so, what is it (to the nearest tenth of a degree)? If not, why not? 

d) Suppose 𝜃 from part (b) is known to be obtuse. Do we have enough information to determine 𝜃’s value? If 

so, what is it (to the nearest tenth of a degree)? If not, why not? 

e) If 𝜙 is a triangle’s angle and we know that cos𝜙 = 3/4, do we have enough information to determine 𝜙’s 

value? If so, what is it (to the nearest tenth of a degree)? If not, why not? 

f) Please reread “Note 3” in the preceding section.  

g) Use the law of sines – carefully! – to find, in the figure below, the obtuse angle  𝛼 to the nearest tenth of a 

degree. Then check your work by finding it by another method. 

 

 

 

 

 

13. To solve any triangle determined by SSS, one could proceed as follows: Use the l.o.c. to find one angle, use it 

again to find a second angle, and then find the third angle by subtracting the first two from 180°. Give similar 

sorts of directions for solving triangles determined by SAS, ASA, AAS, and RASS. Having done this, you will have 

demonstrated that all determined triangles can be solved using the tools we’ve developed. Therefore, we have 

finally solved trigonometry’s basic problem, which I first described in Chapter 9’s first paragraph. Huzzah!   

14. It is a curious geometrical fact that in any parallelogram, the sum of the diagonals’ squares equals the sum of 

the sides’ squares. Prove it!  
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The Area of a Triangle: 2 Formulas  
“It has been well said that if triangles had a god, they would give him three sides.” 

 - Montesquieu, Persian Letters, Letter 59. 

Everyone knows that a triangle’s area is half its base times the height, but not everyone knows why.  

Formula 1 (The old favorite). A triangle’s area is half the product of its base and height. 

Proof. First, observe that a parallelogram’s area is the 

product of its base and height. This is because we can cut 

any parallelogram into two pieces and reassemble these 

to form a rectangle, as shown in the figure.   

Now note that every triangle is half a parallelogram, 

as the figure makes clear. Since the parallelogram’s area 

is the product of its base and height, the triangle’s area 

must be half of that, as claimed.  ■ 

Formula 1 involves a triangle’s height, which is not one of the six basic triangle parts. Formula 2 has no 

such flaw: it gives a triangle’s area in terms of two sides and their included angle. For this reason, I call it 

the SAS area formula. 

Formula 2 (SAS area formula). A triangle’s area is half the product of any two sides and their 

included angle’s sine. 

Proof. Let 𝑎 and 𝑏 be two sides, and let 𝜃 be their included angle. Call 𝑏 the 

triangle’s base. Relative to it, the triangle’s height is, by basic right-angle 

trigonometry, 𝒂𝐬𝐢𝐧𝜽, as the figure makes clear. Therefore, by Formula 1, 

the triangle’s area is (1 2⁄ )(𝑏)(𝑎 sin 𝜃). Rearranging the factors, this 

becomes (1 2⁄ )(𝑎𝑏 sin 𝜃), which is half the product of the two sides times 

the sine of their included angle, as claimed.   ■ 

To ensure that you’ve digested this proof and can adapt it to other cases, here are a few exercises.   

Exercises. 

15. In the preceding proof, if we had declared the triangle’s base to be the side labelled 𝑎, the SAS area formula 

still hold. Explain why. 

16. Explain why the SAS formula for finding areas still holds even if the included angle is obtuse.  

17. Use the SAS formula to find, in your head, the exact area of an equilateral triangle whose sides are 1 unit long.  
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The Area of a Triangle: Heron’s Formula  

We’ll now derive a third area formula – one that gives a triangle’s area exclusively in terms of its sides.  

We’ll do this by finding a way to rewrite the sin𝜃 in the SAS area formula in terms of the triangle’s sides. 

Our strategy will be a chesslike combination of two “moves”. First, we’ll use the Pythagorean identity 

(cos2 𝜃 + sin2 𝜃 = 1) to get sin𝜃 out of the SAS area formula and cos𝜃 into it. Then we’ll use the law of 

cosines (which relates the three sides and an angle’s cosine) to get cos 𝜃 out, and the three sides in. 

Checkmate! Now that you understand the strategy, let’s derive the formula. First, we’ll get the formula 

we seek in a rough-hewn form. Then we’ll apply some algebraic polish, a task we’ll consider separately. 

Problem 1. Derive a formula for a triangle’s area in terms of its three sides, 𝑎, 𝑏, and 𝑐.  

Solution. If 𝜃 is the angle between 𝑎 and 𝑏, then the SAS area formula tells us that 

𝐴𝑅𝐸𝐴 =
1

2
𝑎𝑏 sin𝜃. 

Since, as outlined above, we wish to “trade” sin 𝜃 for cos𝜃 via the Pythagorean identity (which 

involves the squares of sin 𝜃 and cos𝜃), we’ll first need to square both sides of the SAS formula:  

𝐴𝑅𝐸𝐴2 =
1

4
𝑎2𝑏2 sin2 𝜃. 

By the Pythagorean identity, this is equivalent to 

             𝐴𝑅𝐸𝐴2 =
1

4
𝑎2𝑏2(1 − cos2 𝜃). 

We’ll now eliminate cos𝜃. By the law of cosines, 𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝜃, or equivalently, 

cos 𝜃 = (𝑎2 + 𝑏2 − 𝑐2)/2𝑎𝑏. Substituting this into our most recent expression for area yields 

𝐴𝑅𝐸𝐴2 =
1

4
𝑎2𝑏2 [1 −

(𝑎2 + 𝑏2 − 𝑐2)2

4𝑎2𝑏2
], 

which, apart from taking the square root of both sides, is what we wanted – an expression for the 

triangle’s area exclusively in terms of its sides.   

We have a formula, but it is nasty. With some heroic algebra, we can simplify it. 

Problem 2. Simplify the formula we derived in Problem 1 as much as possible.   

Solution. Putting everything in the brackets over a common denominator and then polishing the 

result, we obtain – as you should verify –  

𝐴𝑅𝐸𝐴2 =
1

16
[4𝑎2𝑏2 − (𝑎2 + 𝑏2 − 𝑐2)2], 
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which is better, but still unwieldy. What else might we do?* After staring and thinking for a while, 

an inspired algebraist (whose mind we’ll follow in this problem; please enjoy the ride) will notice a 

difference of squares lurking within those brackets. 

𝐴𝑅𝐸𝐴2 =
1

16
[(2𝑎𝑏)2 − (𝑎2 + 𝑏2 − 𝑐2)2]. 

Expanding it in the usual way, we obtain 

𝐴𝑅𝐸𝐴2 =
1

16
[2𝑎𝑏 − (𝑎2 + 𝑏2 − 𝑐2)][2𝑎𝑏 + (𝑎2 + 𝑏2 − 𝑐2)]. 

Our inspired algebraist then observes, within each set of brackets, the ingredients of a squared 

binomial. These will be easier to see if we rearrange within the brackets as follows –  

𝐴𝑅𝐸𝐴2 =
1

16
[−(𝑎2 − 2𝑎𝑏 + 𝑏2) + 𝑐2][(𝑎2 + 2𝑎𝑏 + 𝑏2) − 𝑐2]. 

Factoring the squared binomials in the parentheses gives us 

𝐴𝑅𝐸𝐴2 =
1

16
[−(𝑎 − 𝑏)2 + 𝑐2][(𝑎 + 𝑏)2 − 𝑐2]. 

He now notices differences of squares in both sets of brackets, which will be clearer to the rest of 

us if we write the equation this way: 

𝐴𝑅𝐸𝐴2 =
1

16
[𝑐2 − (𝑎 − 𝑏)2][(𝑎 + 𝑏)2 − 𝑐2]. 

Expanding those differences of squares yields 

𝐴𝑅𝐸𝐴2 =
1

16
[𝑐 − (𝑎 − 𝑏)][𝑐 + (𝑎 − 𝑏)][(𝑎 + 𝑏) − 𝑐][(𝑎 + 𝑏) + 𝑐]. 

If we clear out those parentheses (distributing negatives where necessary) and then rearrange the 

bracketed terms in alphabetical order, this becomes 

𝐴𝑅𝐸𝐴2 =
1

16
[−𝑎 + 𝑏 + 𝑐][𝑎 − 𝑏 + 𝑐][𝑎 + 𝑏 − 𝑐][𝑎 + 𝑏 + 𝑐]. 

Notice this expression’s pattern: in each of the first three brackets, the negative changes places; 

in the fourth, it vanishes. A lesser man would stop here, content with this pleasing symmetry, but 

our algebraist has one more trick up his sleeve. Watch closely. First, he turns that factor of 1/16 

into four factors of 1/2, and shares them out among the brackets so that 

𝐴𝑅𝐸𝐴2 =
[−𝑎 + 𝑏 + 𝑐]

2

[𝑎 − 𝑏 + 𝑐]

2

[𝑎 + 𝑏 − 𝑐]

2

[𝑎 + 𝑏 + 𝑐]

2
. 

                                                           
* I haven’t taken the square roots of both sides so as to avoid the typographical mess of radicals. I’ll save that for the final step, 

once we’re sure everything else is as tidy as possible. 
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The fourth factor is the triangle’s semiperimeter (i.e. half of its perimeter), which we’ll call 𝑠. 

Remarkably (and it does take an inspired algebraist to notice this), all four factors are related to 

the semiperimeter: in order, they are (𝑠 − 𝑎), (𝑠 − 𝑏), (𝑠 − 𝑐), and 𝑠, as you should verify. Thus,  

𝐴𝑅𝐸𝐴2 = (𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)𝑠. 

Finally, we take square roots of both sides to produce our beautifully compact formula, 

                                                          𝐴𝑅𝐸𝐴 = √𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐).         

This is called Heron’s formula, after the great mathematician and engineer Heron of Alexandria, who 

proved it in the 1st century A.D. Let us glorify it in a box. 

Heron’s formula. If a triangle’s sides are 𝑎, 𝑏, and 𝑐, then its area is 

 √𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐), 

where 𝑠 is the triangle’s semiperimeter (i.e. half of its perimeter). 

Proving Heron’s Formula requires mathematical artistry. Using it requires none. 

Example. Find the area of the triangle whose side lengths are 3, 5, and 6. 

Solution. This triangle’s semiperimeter is 7, so according to Heron’s Formula, its area is 

  √7(7 − 3)(7 − 5)(7 − 6) = √7 ∙ 4 ∙ 2 ∙ 1 = √56 = 2√14  units2. 

Exercises 

18. Without a calculator, find the following triangles’ exact areas. 

a)             b)       c     c)    

 

 

19. Find these figures’ areas to the nearest hundredth of a square unit.  

 a)                b)        

 

 

 

20. Since a triangle is completely determined by ASA, there should, in theory, be an ASA formula for a triangle’s 

area. Derive one. (In your formula, call the given angles 𝛼 and 𝛽, and their included side 𝑐.)  

[Hint: Start with a known area formula, and re-express each of its variables in terms of 𝛼, 𝛽, and 𝑐.] 

21. Heron’s formula gives a triangle’s area in terms of its three sides alone. Is it possible to derive a formula that 

gives a triangle’s area in terms of its three angles alone? If so, do so. If not, why not? 
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22. The SAS area formula has a remarkable analogue for convex quadrilaterals.* Namely, any convex quadrilateral’s 

area is half the product of its diagonals times the sine of the angle at which the diagonals cross.  

a) Draw a few pictures of convex and non-convex quadrilaterals. Explain why the statement of the formula 

above wouldn’t make sense for non-convex quadrilaterals. 

b) “The sine of the angle at which the diagonals cross” seems ambiguous: When two lines cross, they make 

four angles – usually a pair of acute angles and a pair of obtuse angles. I didn’t specify which angle among 

these we must consider. In fact, I did not need to specify this, because they will all have the same sine. 

Explain why this is so. 

c) Prove that the formula for the area of a convex quadrilateral holds. 

d) Earlier in the chapter, we saw that the law of cosines generalizes the Pythagorean Theorem, inasmuch as 

the l.o.c. contains the PT as a special case. In a slightly more subtle way, the formula we’re now considering 

generalizes the SAS formula. To see this, think of a triangle as a “degenerate quadrilateral” – one with a side 

of zero length. Thus, ∆𝐴𝐵𝐶 is quadrilateral 𝐴𝐵𝐶𝐷 in which points 𝐶 and 𝐷 coincide. What are the 

“diagonals” of this triangle (degenerate quadrilateral)? What is the angle between them? Ponder this until 

you understand how the SAS formula is a special case of this one. 

23. Brahmagupta’s formula gives the area of a cyclic quadrilateral (a quadrilateral whose vertices lie on a circle). If 

a cyclic quadrilateral’s sides are 𝑎, 𝑏, 𝑐, and 𝑑, then according to Brahmagupta, its area is 

√(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)(𝑠 − 𝑑). 

a) Explain why Heron’s formula is a special case of Brahmagupta’s formula. 

b) Brahmagupta wrote his mathematics in Sanskrit verse (!), so you almost certainly can’t read him directly. 

You can, however, learn a bit about Brahmagupta himself. Do so. While you are at it, learn about the man 

whose famous result he generalized, Heron of Alexandria.  

c) Brahmagupta’s formula, in turn, is a special case of Bretschneider's formula, which gives the area of any 

convex quadrilateral – not just cyclic ones! – in terms of its sides and any two opposite angles in the 

quadrilateral. This area turns out to be 

√(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)(𝑠 − 𝑑) − 𝑎𝑏𝑐𝑑 cos2((𝛼 + 𝛾) 2⁄ ) , 

where 𝛼 and 𝛾 are the opposite angles. What does this formula suggest must be true about opposite angles 

in every cyclic quadrilateral? 

d) The conjecture you made in part (c) is indeed correct. You can find a 2300-year-old proof of it in Euclid’s 

Elements, the bible of classical geometry. Read Euclid 3.22 (i.e. Book 3, Proposition 22). Its proof will refer 

you back to 3.21, which in turn will send you back to 3.20, both of which are important theorems about the 

geometry of circles. Read, ponder, and be enlightened. Every educated person should read some Euclid.    

 

                                                           
* Here, “convex” simply means “without indentations”. More formally, a convex quadrilateral is one in which all interior angles 

are less than 180°. 





 

 

 

 

 
 

Chapter 12 

Radians and Graphs  
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Radians 

Thousands of years ago, ancient Mesopotamians divided a full rotation into 360 parts. Why 360 parts? 

No one knows.* This tradition of measuring angles in degrees passed eventually to India and Greece, 

from whence it ultimately spread throughout the civilized world. The degree as a unit of measurement is 

a historical accident, devoid of mathematical significance. In fact, its arbitrariness renders it unsuitable 

for calculus, where it yields unnecessarily messy formulas. Fortunately, the mess vanishes if we adopt a 

more intrinsically meaningful unit of angle measurement: the radian.  

 

 

 

 

A radian is a large unit. Even a full rotation (i.e. 360°) encompasses just over 6 radians. More precisely, 

since a circle’s full circumference is exactly 2𝜋 radii long, there are exactly 2𝜋 radians in a full rotation. 

Consequently, there are 𝜋 radians in a half-turn, a relationship that merits its own line: 

𝝅 radians = 𝟏𝟖𝟎°. 

Bearing this relationship in mind, we can easily convert back and forth between degrees and radians. 

Example 1. Convert 27.4° to radians. 

Solution. Since 180° = 𝜋 radians, one degree is 𝜋/180 radians. 

Hence, 27.4° is 27.4(𝜋/180) ≈ 0.478 radians.    

Example 2. Convert 2.32 radians to degrees.  

Solution. Since 𝜋 radians = 180°, one radian is 180/𝜋 degrees. 

Hence 2.32 radians is 2.32(180 𝜋⁄ ) ≈ 132.9°. 

Since the special angles 30°, 45°, 60°, and 90° are simple fractions of 180°, their radian measures are 

simple fractions of 𝜋. For example, 30° is a sixth of 180°, so it is 𝜋/6 radians. Similarly, a right angle is 

half of 180°, so it is 𝜋/2 radians. When you encounter an angle of, say, 5𝜋/3 radians, you should think, 

without having to calculate on paper, “Well, 𝜋/3 radians is 60°, so 𝟓𝜋/3 radians is 5(60°) = 300°.” 

Because radians are ubiquitous in higher mathematics, convention dictates that angles with 

unspecified units are understood to be in radians. Thus, sin(1) is the sine of 1 radian, which is quite 

different from sin(1°), the sine of 1 degree. (Numerically, sin(1) ≈ .841, sin(1°) ≈ .017.)  

Example 3. Find the exact value of cos(5𝜋 3⁄ ). 

Solution. cos(5𝜋 3⁄ ) = cos(300°) = cos(60°) = 1/2.     

                                                           
* It probably had something to do with the Babylonian base-60 numerical system and the nearness of 360 to the number of 

days in a year. But we really do not know. See Italo Calvino’s “Serpents and Skulls” in his beautiful book Mr. Palomar. 

Definition. If we lay a circle’s 

radius along its circumference, 

the corresponding angle at 

the circle’s center is a radian.  
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Exercises 

1. In your head, convert the following radian measurements to degrees.  

     a) 𝜋        b) 𝜋/2        c) 𝜋/3        d) 𝜋/4          e) 𝜋/6          f) 2𝜋/3        g) 5𝜋/6         h) 3𝜋/4 

     i) 2𝜋       j) 3𝜋/2       k) 4𝜋/3      l) 5𝜋/3       m) 5𝜋/18    n) 7𝜋/6        o) 11𝜋/6      p) 3𝜋/20 

2. In your head, convert the following degree measurements to radians.  

     a) 30°     b) 45°         c) 60°        d) 90°           e) 120°      f) 150°         g) 210°          h) 240°  

     i) 300°   j) 330°       k) 180°      l) 360°        m) 270°      n) 135°        o) 225°          p) 315° 

3. With pencil and paper (or in your head, if you can), convert these radian measurements to degrees. 

     a) 1          b) 3          c)  𝜋/180          d) 1/𝜋          e) 3.14          f) 5.39 

4. With pencil and paper (or in your head, if you can), convert these degree measurements to radians. 

     a) 15°          b) 10°          c)  1°          d) 32°          e) 212°          f) 𝜋°          g) 5.39° 

5. Find the exact values of the following expressions, without a calculator. 

a) sin(𝜋 4⁄ )          b) sin(𝜋 3⁄ )          c) cos(𝜋 3⁄ )          d) tan(𝜋 4⁄ )          e) sin(𝜋 6⁄ )          f) cos(𝜋 6⁄ ) 

g) cos(𝜋 4⁄ )          h) sin(𝜋 2⁄ )          i) cos(𝜋 2⁄ )           j) cos(−𝜋)            k) tan(𝜋 6⁄ )          l) tan(𝜋 3⁄ ) 

m) cos(2𝜋 3⁄ )      n) sin(5𝜋 3⁄ )       o) sin(5𝜋 6⁄ )        p) cos(11𝜋 6⁄ )     q) tan(3𝜋/4)       r) sec(−𝜋 3⁄ ) 

s) csc(2𝜋 3⁄ )         t) cot(5 𝜋 3⁄ )      u) csc(7𝜋/4)         v) cos(7𝜋 3⁄ )       w) sin(7𝜋 2⁄ )      x) sec(−11𝜋/6)       

6. As mentioned above, radians simplify some important calculus formulas. They also simplify some geometric 

formulas. In this exercise, you’ll see this for yourself.  

Consider an angle 𝜃 at a circle’s center, and the corresponding arc on the circle. 

The angle takes up a certain fraction of a full rotation. Clearly, the arc takes up that 

same fraction of the full circumference. (For instance, a right angle takes up 1/4 of a 

full rotation and the corresponding arc takes up exactly 1/4 of the circumference.)  

Rephrased algebraically, we have the following proportion:   

𝜃

full rotation
=

arc length

full circumference
 . 

The full circumference is known (2𝜋𝑟), as is the full rotation (360° or 2𝜋, depending on our choice of unit), 

which leaves only two unknowns in the proportion above: the central angle 𝜃, and the arc length. 

a) If we measure angles in degrees, express the arc length in terms of 𝜃 and 𝑟. 

b) If we measure angles in radians, express the arc length in terms of 𝜃 and 𝑟. (Memorize this simple formula.) 

7. The shaded region in the figure at right is a circular sector. Use the ideas in the 

previous exercise to express the area of such a sector in terms of 𝜃 and 𝑟…  

a) when 𝜃 is measured in degrees. 

b) when 𝜃 is measured in radians.   

c) when 𝜃 is measured in gradians (a gradian is a hundredth of a right angle).*  

 

                                                           
* Gradians were introduced in decimal-mad, post-Revolutionary France. No one uses them today. Why then does your 

calculator have a gradian mode? I have no idea. Neither, I suspect, do the makers of your calculator.  
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8. The circles at right are tangent circles (each pair touch at only one point). If their radii 

are 1, 2, and 4 units, find the area of the region trapped between them. 

[Hints: The line joining the centers of any two tangent circles passes through their 

point of tangency. Apply what you learned in the previous exercise.] 

9. The previous problem’s circles are now rearranged. Each pair still touch at only one point. 

Find the areas of the two regions that lie inside the largest circle, but outside the others. 

[Hint: The first hint on the previous problem holds even when one of the two tangent circles 

lies inside the other. When you’ve found an isosceles triangle, you are on the right track.]  

 

 

The Graphs of the Trigonometric Functions 

We briefly met the sine wave two chapters ago. If you’ve forgotten how we generated it from sine’s 

unit-circle definition, please go back and review that (or better yet, work it out for yourself). Here it is 

again, but now with 𝜃 measured in radians. 

I’ve emphasized one full cycle of the sine wave (corresponding to one full lap around the unit circle). 

Notice that the graph completely repeats itself after running through 2𝜋 units in the domain. To 

describe this phenomenon mathematically, we say that sine is periodic, and that its period – the length 

of its basic cycle – is 2𝜋. All six trigonometric functions are periodic, which is hardly surprising since they 

are all ultimately defined in terms of a point orbiting the origin. 

Cosine’s graph is nearly identical to the sine’s graph, except that it begins at 1, since cos 0 = 1. 

 

Like sine’s graph, cosine’s graph repeats itself every 2𝜋 units. That is, cosine’s period is 2𝜋. 
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The graph of tangent is an altogether different 

sort of beast. By thinking about the unit-circle 

definition of tangent (see the figures at right 

for a reminder), and keeping track of how 

tan 𝜃 varies as 𝜃 runs through a full rotation, 

we obtain the graph of tangent shown below.  

Observe that tangent’s period (that is, the length of its basic cycle) is only 𝜋, in contrast sine and cosine. 

Tangent’s vertical asymptotes leave it with few opportunities to model periodic physical phenomena, 

but they do exist, if you know where to look for them. (See exercise 12). 

The graphs of the three reciprocal trig functions are relatively unimportant, but thinking about what 

they look like is a good exercise in coordinate geometry. (It also happens to be exercise 16 below.)  

 

Exercises. 

10. Tangent’s period is 𝜋, so  tan(𝜃 + 𝜋) = tan 𝜃 for all values of 𝜃 in tangent’s domain. Explain why this is so by 

drawing four pictures of the unit circle that demonstrate it (one for an angle in each quadrant).  

11. Explain why, still more generally, tan(𝜃 + 𝑘𝜋) = tan 𝜃 for all integers 𝑘. 

12. Late one night, Xu Fu approaches the Great Wall of China (which in this problem is infinitely long and perfectly 

straight), wearing a helmet to which he has strapped a curious flashlight that emits laser-like beams from both 

ends. Standing a foot away from the wall, he beholds the illuminated spot directly in front of him, marks its 

center with a bit of chalk, and then, apparently satisfied, begins slowly rotating clockwise. He continues this 

strange behavior all night long. Find a function describing the illuminated spot’s position after he has rotated 

through 𝜃 radians. [Note: Positive and negative positions should correspond to distances right and left 

(respectively) of the chalk mark. Verify that your function holds for all positive values of 𝜃: not just acute ones.] 
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13. True or false. (If true, explain why. If false, provide a counterexample.) For all 𝜃… 

       a) sin(𝜃 + 𝜋) = sin 𝜃                  b) sin(𝜃 + 2𝜋) = sin 𝜃                    c) sin(𝜃 + 3𝜋) = sin 𝜃      

       d) sin(𝜃 + 4𝜋) = sin 𝜃               e) cos(𝜃 + 𝜋) = cos 𝜃                      f) cos(𝜃 − 6𝜋) = cos 𝜃 

       g) sin(𝜃 + 23𝜋) = sin 𝜃             h) sin(𝜃 + 23𝜋) = sin(𝜃 + 𝜋)       i) sin(𝜋/2 − 𝜃) = cos 𝜃 

14. Write identities for sine and cosine analogous to the one that you explained for tangent in exercise 11. 

15. Recall that the variables in a function’s formula are just placeholders; for instance, 𝑓(𝑥) = 𝑥2, 𝑦 = 𝑡2, and 

ℎ(𝑧) = 𝑧2 all represent the same underlying function – the squaring function – so they all have the same 

graph, apart from the trivial differences of the labels on their axes. 

This being so, sketch the graphs of 𝑦 = sin 𝒙,  𝑦 = cos 𝒙,  and  𝑦 = tan 𝒙. 

[Yes, this is as easy as it sounds. Still, go ahead and draw the graphs. We’ll often write sine as a function of 𝑥 

rather than 𝜃; it’s important that you realize that this changes nothing.] 

16. If you understand the graphs of sine, cosine, and tangent, you shouldn’t have much trouble graphing their  

reciprocals. After all, what sine sends to 1/10, cosecant sends to 10; what sine sends to −2/3, cosecant sends 

to −3/2, and so forth. Consequently, to graph cosecant, you need only look at sine’s graph, and think about 

where its points will go if you change their 𝑦-coordinates to their reciprocals. Think about this idea until it is 

clear, then use it to produce graphs of...  

       a) 𝑦 = csc 𝜃            b) 𝑦 = sec 𝜃           c) 𝑦 = cot 𝜃.          d)  𝑦 = 1/(𝑥2 + 1) 

17. a) Explain why, in the upper picture of the unit circle at right, 𝑂𝑇 = sec 𝜃. 

b) The Latin verb secare means “to cut,” while tangere means “to touch”. 

Ponder the line segments 𝑇𝑂 and 𝑇𝑄, and their relationship to the circle.  

c) Think of some English cognates of secare and tangere.  

d) If you divide both sides of the Pythagorean identity by cos2 𝜃, you’ll obtain another 

useful identity. Find it. Then explain how you can see this identity by looking at the 

upper figure in the correct way.  

e) If 𝜃 is in quadrant two (see the lower figure at right), sec 𝜃 = −𝑂𝑇. Explain why. 

f) Draw figures for the cases where 𝜃 lies in quadrants three and four, and locate sec 𝜃 

on these figures. (It will be 𝑂𝑇 or –𝑂𝑇 in each case. Explain why.) 

g) Now that you can visualize secant on the unit circle, produce the graph of the secant 

function without recourse to the method you used in exercise 16𝑏. 

h) Find csc 𝜃 and cot 𝜃 on the unit circle. 

[Hint: Draw the line tangent to the unit circle at the point (0,1).] 
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Transformed Sine Waves 

Nature’s wavelike functions never behave exactly like sine, but often resemble it. 

For example, in the graph at right, 𝑦 represents the population, in thousands, of 

angler fish in some region of the ocean; 𝑥 represents time, measured in years since 

2000. The graph is certainly “siney” (“sinusoidal” is a more respectable word), but 

it differs from the standard sine wave in several obvious ways: It has a shorter 

period (3 instead of 2𝜋), a higher “midline” (𝑦 = 15 instead of 𝑦 = 0), and a 

greater amplitude (the distance from its midline to its peaks: here, 5 instead of 1). 

We can bridge these differences with transformations. By shifting and stretching the familiar graph 

of 𝑦 = sin 𝑥, we can transform the standard sine wave into the sinusoidal graph above. These geometric 

transformations cast algebraic shadows; studying them helps us find the sinusoidal graph’s equation.  

Example 1. Find an equation whose graph matches the one in the figure above. 

Solution. The following sequence of geometric transformations will turn the graph of 𝑦 = sin𝑥 

into the graph above (as you should verify by drawing some sketches of the intermediate stages): 

 1. Stretch vertically by a factor of 5.     (This changes its amplitude from 1 to 5), 

 2. “Stretch” horizontally by a factor of 3/2𝜋.*       (This changes its period from 2𝜋 to 3), 

 3. Shift up by 15 units.       (This makes it oscillate about 𝑦 = 15). 

In chapter 6, you learned that the corresponding sequence of algebraic transformations is: 

 1. Multiply the RHS by 5.†     [This turns 𝑦 = sin𝑥 into 𝑦 = 5 sin𝑥.] 

 2. Substitute (
2𝜋

3
𝑥) for 𝑥.     [This yields 𝑦 = 5 sin (

2𝜋

3
𝑥).] 

 3. Add 15 to the RHS.        [This gives us 𝑦 = 5 sin (
2𝜋

3
𝑥) + 15.] 

Hence, the graph’s equation is  𝒚 = 𝟓𝐬𝐢𝐧 (
𝟐𝝅

𝟑
𝒙) + 𝟏𝟓.     

We’ve just used trigonometry to model a periodic relationship between time and fish. Neither triangles 

nor angles appeared in this problem, yet we solved it with trigonometry.‡ We’ve now witnessed sine’s 

full transformation from triangle-solving tool to periodic archetype, with the unit circle serving as the 

cocoon for the great god SOH CAH TOA’s metamorphosis. 

Sine often models phenomena in which angles play no role, so we tend to use the neutral symbol 𝑥 

(rather than 𝜃, with its specifically angular connotations) as the symbol for its independent variable. 

The moral of the story: From a higher perspective, sine’s essence is… periodicity itself. 

  

                                                           
* The scare quotes on “stretch” acknowledge that we are in fact compressing the graph. It is convenient to let “stretch” cover 

compressions as well. 

† RHS = Right-hand side of an equation.  

‡ Well, they are angler fish. (The unusual mating customs of these fish, by the by, will horrify most male readers.) 
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For your reviewing convenience, here is a condensed summary of the correspondences between the 

basic geometric and algebraic transformations of functions.  

 

Let us consider another example like the previous one. 

Example 2. Find a function with the graph shown at right. 

Solution. Since it begins at the crest of a wave, this resembles 

cosine. It differs from cosine by oscillating around 𝑦 = 4 with 

a period of 8 and an amplitude of 10. We can, however, turn 

cosine’s graph into the one at right by applying the following 

ordered sequence of geometric transformations: 

1. Stretch vertically by a factor of 10.   (This changes its amplitude from 1 to 10), 

 2. Stretch horizontally by a factor of 4/𝜋.             (This changes its period from 2𝜋 to 8), 

 3. Shift up by 4 units.     (This makes it oscillate about 𝑦 = 4). 

These correspond, according to our transformation table above, to the following ordered 

sequence of algebraic transformations: 

1. Multiply the RHS by 10.   [This turns 𝑦 = cos 𝑥 into 𝑦 = 10cos 𝑥.] 

 2. Substitute (
𝜋

4
𝑥) for 𝑥.   [This yields 𝑦 = 10 cos (

𝜋

4
𝑥).] 

 3. Add 4 to the RHS.      [This gives us 𝑦 = 10 cos (
𝜋

4
𝑥) + 4.] 

Hence, the graph can be modeled by  𝒚 = 𝟏𝟎𝐜𝐨𝐬 (
𝝅

𝟒
𝒙) + 𝟒.     

Naturally, there are variations on this basic theme, some of which you’ll explore in the exercises. 

 

Exercises 
18. In the preceding example, we could have obtained the given graph by subjecting the sine wave to the following 

transformations (in this order): v-stretch by 10, h-stretch by 4/𝜋, shift left by 2 units, shift up by 4 units. 

a) Convince yourself that this is so. 

b) Carrying out the corresponding algebraic transformations yields 𝑦 = 10 sin((𝜋 4⁄ )𝑥 + (𝜋 2⁄ )) + 4. 

Verify that this is so. 

c) To reconcile the equation in part (b) with the equation that we found in example 2, you’ll need an identity 

for sin(𝜃 + 𝜋/2). First, discover this identity by thinking about the unit circle and sketching some pictures. 

Then use it to show that the equation in part (b) is equivalent to the equation we found in example 2. 

 

 Horizontal Vertical 

Stretch by a factor of 𝑘 
(with a reflection if 𝑘 < 0) 

Substitute (
1

𝑘
𝑥) for each 𝑥 Multiply the RHS by 𝑘 

Shift by 𝑘 units Substitute (𝑥 − 𝑘) for each 𝑥 Add 𝑘 to the RHS 
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19. Find formulas for functions with the following graphs: 

     a)                                   .   b)                  b)                                   

 

 

 

 

 

 

     c)     

 

 

 

 

 

     d)   

 

 

 

 

 

20. Draw the sine and cosine functions on the same set of axes. 

a) A single geometric transformation will transform cosine’s graph into sine’s. Which one? 

Verify that the corresponding algebraic transformation turns 𝑦 = cos 𝜃 into 𝑦 = sin 𝜃. 

[For the verification, you’ll need a trigonometric identity and an algebraic identity: 𝑎 − 𝑏 = −(𝑏 − 𝑎).] 

b) Similarly, a single geometric transformation will transform sine’s graph into cosine’s. Which one? 

Verify that the corresponding algebraic transformation turns 𝑦 = sin 𝜃 into 𝑦 = cos 𝜃.  

21. Repeat the previous exercise, but with tangent and cotangent. (Two transformations will be necessary.) 

22. Repeat it again, but with secant and cosecant. 

23. Answer the following questions about the strange graph 

at right, the graph of 𝑓(𝑥) = 𝑥 sin(1 𝑥⁄ ) . 

a) Does the graph pass through the origin? 

b) How many times does the part of the graph shown at 

right cross the 𝑥-axis? 

[Hint: look for exact solutions to 𝑓(𝑥) = 0.] 

c) Will the graph continue to cross and re-cross the 𝑥-

axis as we move away from the big bang at the origin? 

If so, how do you know? If not, then what is the 

greatest solution of 𝑓(𝑥) = 0?  
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Graphing Transformed Trig Functions 

Functions of the form 𝑦 = 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑 are common in models of periodic phenomena. Graphing 

some by hand will help you hone your transformation skills. 

Example. Graph the function  𝑦 = −2sin (4𝜋𝑥 −
𝜋

2
) + 1. 

Solution. The game is to think of a sequence of algebraic transformations that will turn 𝑦 = sin 𝑥 

into the given function. It’s often best to stretch before shifting (your old gym coach would agree), 

so let’s bring the horizontal shift to the fore by factoring out a 4𝜋 inside the parentheses, yielding  

𝑦 = −2 sin (4𝜋 (𝑥 −
1

8
)) + 1. 

We can reach this from 𝑦 = sin 𝑥 by applying this sequence of algebraic transformations: 

 1. Substitute 4𝜋𝑥 for 𝑥  [This transforms  𝑦 = sin𝑥  into 𝑦 = sin(4𝜋𝑥).]  

2. Multiply RHS by −2  [This gives us 𝑦 = −2 sin(4𝜋𝑥).] 

3. Substitute (𝑥 −
1

8
) for 𝑥 [This yields 𝑦 = −2sin (4𝜋 (𝑥 −

1

8
)).] 

 4. Add 1 to the RHS.    [This puts the cherry on top.] 

The corresponding sequence of geometric transformations is: 

 1. Stretch horizontally by a factor of 1/(4𝜋). 

 2. Stretch vertically by a factor of 2, and reflect the graph vertically (i.e. over the 𝑥-axis). 

 3. Shift right by 1/8 unit. 

 4. Shift up by 1 unit.  

The first two geometric transformations (the stretches) 

shrink the sine wave’s period from 2𝜋 to 1/2, while 

increasing the wave’s amplitude from 1 to 2, and flipping 

it over the 𝑥-axis. Their net effect on the sine wave is 

therefore the graph at right. Marking key points on the 𝑥-

axis (peaks, valleys, midline intersections) will help you 

visualize the effects of the shifts. 

 Next come the two shifts. These 

will change the graph’s position, but 

preserve its shape. Moving all of the 

previous graph’s points 1 8⁄  of a unit 

to the right and 1 unit up brings us, 

at last, to our final graph, which is 

shown at right.   
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One last thought: Identities, both algebraic and trigonometric, can simplify your work considerably. For 

instance, in the preceding example, we might have noted, before doing any graphing whatsoever, that 

    𝑦 = −2 sin (4𝜋𝑥 −
𝜋

2
) + 1  

        = −2sin (−( 
𝜋

2
− 4𝜋𝑥)) + 1            (since (𝑎 − 𝑏) = −(𝑏 − 𝑎)) 

        = 2 sin ( 
𝜋

2
− 4𝜋𝑥) + 1              (since sine is an odd function) 

        = 2cos (4𝜋𝑥) + 1,               (a cofunction identity)   

which would have been easier to graph since it doesn’t require a horizontal shift, that most troublesome 

transformation. In the exercises that follow, use identities to simplify the given function when you can. 

Exercise. 

24. Sketch graphs of the following functions; note key points and features within one full cycle of each. 

a) 𝑦 = 5 sin(𝜋𝑥)                       b) 𝑦 = −2 cos(𝑥 − 𝜋)                   c) 𝑦 = 4sin(2𝑥 − (3𝜋 2⁄ )) − 3  

d) 𝑦 = cos(7𝑥 − 10𝜋) + 𝜋  [Hint: Exercise 14]                              e) 𝑦 = sin(𝑥 + 5341𝜋)  [Hint: Exercise 13h.] 

f) 𝑦 = 2 − 3sin(𝜋 − 6𝑥)         g) 𝑦 = 𝜋 cos( 𝜋𝑥 + 𝜋) + 𝜋           h) 𝑦 = tan(𝑥 + 𝜋/4) + 2 

i) 𝑦 = −2 tan(2𝑥)                     j) 𝑦 = 3 tan(2𝜋𝑥 − 𝜋/4)         

 

Calculators are Big Fakers 

Press a few buttons, and your calculator will inform you that sin(22°) ≈ .374606593. This value isn’t 

stored in the calculator’s memory, so where did it come from? 

Calculators are masters of arithmetic – and of nothing else.* Evaluating a polynomial is a purely 

arithmetic task, so a calculator can do it at lightning speed. The sine function, however, is no polynomial; 

it is defined geometrically. Consequently, your calculator does not know, and cannot know, what 

sin(22°) means. Still, it is an excellent faker. It sports a “sin” button, and its programmer has taught it to 

bluff whenever someone hits that button. If, for instance, we ask a calculator to evaluate sin(22°), the 

calculator, as instructed by its programmer, might evaluate the following 15th-degree polynomial at 22: 

𝑦 = −(
𝜋15

18015 ∙ 15!
) 𝑥15 + (

𝜋13

18013 ∙ 13!
) 𝑥13 − (

𝜋11

18011 ∙ 11!
) 𝑥11 + (

𝜋9

1809 ∙ 9!
) 𝑥9 

−(
𝜋7

1807 ∙ 7!
) 𝑥7 + (

𝜋5

1805 ∙ 5!
) 𝑥5 − (

𝜋3

1803 ∙ 3!
) 𝑥3 + (

𝜋

180
) 𝑥. 

The calculator, always happy to evaluate a polynomial, quickly churns out the sum and gives us a value. 

And we, for our part, are happy to accept that value as an honest approximation for sin(22°). Why? 

                                                           
* For example, what is 𝜋? You know that 𝜋 is the ratio of the circumference to diameter in any circle. But the poor calculator 

(like many a poor student) only “knows” 𝜋 as a string of digits that someone has programmed into it. 
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We accept the approximation because the 15th-degree polynomial’s graph (the dashed curve below) 

is virtually indistinguishable from the sine wave for small values of 𝑥, such as 22. In fact, the two graphs 

are so close that for input values between −90 and 90, the polynomial’s output matches the sine’s 

output in its first nine decimal places, which is precisely what the calculator shows us on its screen. The 

calculator is a very good faker indeed.  

But where did that crazy polynomial come from? An excellent question, but its answer requires calculus. 

When you study calculus, you’ll learn about so-called Taylor polynomials, which are marvelous creatures 

capable of mimicking all sorts of functions. The polynomial discussed above is one such example. 

Incidentally, all of those ugly powers of 𝜋 and 180 it contains are consequences of my decision to use 

degrees in this example. Had I used radians instead, they would all have vanished, and the Taylor 

polynomial would have looked much cleaner. Radians may seem awkward at first, but they simplify life. 

 

Exercises. 

25. The Taylor polynomial above gives a terrible approximation for sin(460°). Explain how a calculator could, 

nonetheless, approximate sin(460°) by doing some preliminary arithmetic on the argument, 460°. Then 

explain further how one might program the calculator to use the Taylor polynomial to approximate the sine 

of any number outside the sweet spot between −90° and 90°.  

26. Scientists and engineers often use the approximation sin 𝑥 ≈ 𝑥 for small values of 𝑥, which applies only if 

we use radian measure. Convince yourself of this first by playing around with your calculator, and then by 

thinking about the graphs of 𝑦 = sin 𝑥 and 𝑦 = 𝑥.  



 

 

 

 

 
 

Chapter 13 

Identities, Inverses, Equations  
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Sum Identities 

“Cogito ergo sum.” 
        - Descartes  

You’ve learned many trigonometric identities, but before you can be considered fluent in trigonometry, 

you’ll need to learn a few more: the sum identities and double-angle identities for sine and cosine. 

Proof. For now, I’ll prove this only in the special case when 𝛼 and 𝛽 are acute. On the next page, 

I’ll explain why the result holds for all angles. 

Draw a line. From any point on it, erect a perpendicular 1 unit 

long. From its top, draw rays making angles 𝛼 and 𝛽 with the 

perpendicular. These will eventually hit the original line, producing 

the figure at right, whose area we’ll now compute twice.  

First, by the SAS area formula, its area is 

1

2
sec𝛼 sec𝛽 sin(𝛼 + 𝛽). 

Second, applying the SAS formula to each of the right triangles and adding the results yields 

1

2
sec𝛼 sin𝛼 +

1

2
sec𝛽 sin𝛽. 

If you equate these two expressions, isolate sin(𝛼 + 𝛽), and simplify, you’ll find that 

sin(𝛼 + 𝛽) = sin𝛼 cos𝛽 + sin𝛽 cos𝛼, 

as claimed.  ■ 

Notice that proof’s cleverness. The sum identity says nothing about area, yet we used areas to prove it.* 

Bringing angle (𝛼 + 𝛽) into play and then wrapping it up in a sine by means of the SAS area formula was 

a particularly fine setup for the old “compute something two ways” trick. 

A minor consequence of this sum identity is that we can now obtain a few more exact values of sine.  

Example. Find the exact value of sin(75°). 

Solution. sin(75°) = sin(30° + 45°) = sin(30°) cos(45°) + sin(45°) cos(30°)   (by the sum i.d.) 

      =
1

2
∙
√2

2
+
√2

2
∙
√3

2
  =

√𝟐 + √𝟔

𝟒
.      

Next, we’ll establish the sum identity for cosine. 

                                                           
* Naturally, there are proofs of the sum identity not involving area, but the charm of unexpected connections plays no small 

role in the aesthetics of mathematics, so I’ve included this particular proof just for you, O careful reader of footnotes. 

Sum Identity for Sine. The following identity holds for all 𝛼 and 𝛽: 

sin(𝛼 + 𝛽) = sin𝛼 cos𝛽 + sin𝛽 cos𝛼. 
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Proof. As with the previous identity, I’ll first prove this in the special case when 𝛼 and 𝛽 are acute. 

(I’ll then explain how both identities can be extended to all angles.) 

Begin with two radii of the unit circle making angles 𝛼 and 𝛽 

with the positive 𝑥-axis as in the figure. We’ll compute 𝐴𝐵 twice: 

first with the distance formula, then with the law of cosines. 

The distance formula uses the coordinates of points 𝐴 and 𝐵, 

which, respectively, are (cos 𝛼 , sin𝛼) and (cos(−𝛽), sin(−𝛽)) =

(cos𝛽 ,− sin𝛽). Hence, by the distance formula,  

    𝐴𝐵 = √(∆𝑥)2 + (∆𝑦)2 

                   = √(cos𝛼 − cos𝛽)2 + (sin𝛼 + sin𝛽)2  

             = √2 + 2 sin𝛼 sin𝛽 − 2 cos𝛼 cos𝛽           (by the Pythagorean identity). 

On the other hand, the law of cosines tells us that  

    𝐴𝐵 = √2 − 2 cos(𝛼 + 𝛽). 

Equating the two expressions for 𝐴𝐵, squaring, and then simplifying yields the sum identity.   ■ 

We’ve proved that the sum identities hold when 𝛼 and 𝛽 are acute. Now let’s see why they always hold. 

The explanation hinges on two simple observations. First, the identities still hold if either 𝛼 or 𝛽 is zero.* 

Second, we can think of any angle whatsoever as a multiple of 90° plus some acute angle (or zero). 

[Examples: 328° = 3(90°) + 58°; −838° = −10(90°) + 62°.] 

A complete proof of sine’s sum identity would involve a tedious number of cases, but we can expose 

the proof’s central idea – which is what matters! – by picking two essentially arbitrary angles (328° and 

−838°) and showing why the sum identity for sine holds in that specific case. The argument we’ll use 

will work (with a few minor tweaks) for any two angles, which is why the identity holds universally.  

Claim. sin(328° + (−838°)) = (sin 328°)( cos (−838°)) + (sin(−838°))(cos 328°). 

Proof.  By separating out the angles’ “acute parts,” as explained above, we can rewrite the 

expression on the left-hand side as follows: 

sin(328° + (−838°)) = sin[(3(90°) + 58°) + (−10(90°) + 62°)] = sin[(58° + 62°) − 7(90°)]. 

Thinking about the unit circle for a few moments will suffice to convince you that for any angle 𝜃, 

sin(𝜃 − 7(90°)) = cos𝜃.† Consequently, the expression we are manipulating can be rewritten as 

                                                           
* For example, cos(𝛼 + 0) does indeed equal cos 𝛼 cos 0 − sin 𝛼 sin 0, since both expressions reduce to cos 𝛼. You should take 

a moment to verify that the sine’s sum identity still produces true statements if one angle is 0. Then verify that both sum 
identities still hold even when both angles are 0.  

† Subtracting off four right angles takes you right back to where you started on the unit circle. Subtracting off three more leaves 
you 90° “ahead” of where you initially started. Thus sin(𝜃 − 7(90°)) = sin(𝜃 + 90°), which is easily seen to be cos 𝜃. 

Sum Identity for Cosine. The following identity holds for all 𝛼 and 𝛽: 

cos(𝛼 + 𝛽) = cos𝛼 cos𝛽 − sin𝛼 sin𝛽. 
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sin((58° + 62°) − 7(90°)) = cos(58° + 62°). 

Expanding this with cosine’s sum identity (which we’ve already proved for acute angles!) yields  

cos 58° cos 62° − sin58° sin 62° . *  

To restore our original angles, we’ll rewrite this last expression in the following ungainly form: 

cos(328° − 3(90°)) cos(−838° + 10(90°)) − sin(328° − 3(90°)) sin(−838° + 10(90°)). 

Thinking again about the unit-circle definitions of sine and cosine, we see that this is equal to 

cos(328° + 90°) cos(−838° + 180°) − sin(328° + 90°) sin(−838° + 180°). 

More unit-circle contemplation (of the sort you did in Chapter 10, exercise 50) reduces this to   

(− sin 328°)(−cos (−838°)) − (cos 328°)(− sin(−838°)). 

Finally, sorting out the negatives reveals that this is equal to 

(sin328°)( cos (−838°)) + (sin(−838°))(cos 328°),   as claimed.   ■ 

The same sort of argument will justify cosine’s sum identity. Of course, there’s no need to go through 

this complicated procedure in practice. You should, however, do it at least once (in exercise 7) to 

convince yourself that the sum identities do indeed hold for all angles. If nothing else, this is excellent 

practice in thinking about the unit-circle definitions of sine and cosine.      

 

Exercises 

1. Using the equation 15° = 45° + (−30°), find the exact value of sin 15°  

2. Find exact values for sin 105°, cos 15 °, cos 75°, cos 105°, tan 15 °, tan 75°, and tan 105°. 

3. Derive sine’s difference identity  (i.e. an identity for sin(𝛼 − 𝛽)).  [Hint: Revisit the trick in exercise 1.] 

4. Derive cosine’s difference identity. 

5. Simplify as much as possible: 

     a)  
sin(𝜃+𝜙) − sin𝜃 cos𝜙

cos𝜃 cos𝜙
          b) (− sin 𝜃 sin𝜙 + cos 𝜃 cos 𝜙)2 + sin2(𝜃 + 𝜙)          c) 

sin𝛾 cos𝛿 − sin𝛿 cos𝛾

cos(𝛾 − 𝛿)
 

6. Derive an identity for tan(𝛼 + 𝛽) as follows: rewrite this expression in terms of sine and cosine, then apply the 

sum identities you already know, and finally, divide the top and bottom of the resulting fraction by cos 𝛼 cos 𝛽.  

7. Just once, for the good of your soul, use the sort of argument in the “Claim” above to show that cosine’s sum 

identity really does hold when 𝛼 = 133° and 𝛽 = 204°. 

8. Use the sum identities to reconfirm the following identities (which you can also read off of the unit circle): 

    a) sin(𝜋 2⁄ + 𝜃) = cos 𝜃                   b) cos(𝜃 + 𝜋) = −cos 𝜃                   c) sin(𝜋 − 𝜃) = sin 𝜃 

    d) sin (
𝜋

2
− 𝜃) = cos 𝜃                       e) sin(𝜃 + 2𝜋𝑘) = sin 𝜃 for all integers 𝑘.   

9. Express sin(𝛼 + 𝛽 + 𝛾) in terms of the sines and cosines of 𝛼, 𝛽, and 𝛾.  

                                                           
* These sorts of maneuvers will reduce the sine or cosine of any sum of two angles to (plus or minus) the sine or cosine of their 

“acute parts”. (The details differ slightly in each case, but always involve identities for the sine or cosine of 𝜃 + 90°, 𝜃 − 90°, 
or 𝜃 + 180°.) To play with this idea further, pick two angles of your own and get to work. You’ll soon see what I mean.   
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Double-Angle Identities 

The double-angle angle identities follow directly from the sum identities: 

 Double Angle Identities. The following identities hold for all 𝜃: 

sin(2𝜃) = 2 sin 𝜃 cos 𝜃           and          cos(2𝜃) = cos2 𝜃 − sin2 𝜃 

Proof. Rewrite 2𝜃 as 𝜃 + 𝜃 and apply the sum identities. You should verify the details.   ■ 

The double-angle identity for sine sounds like poetry. It scans in perfect trochaic tetrameter:  

      /   x          /  x      /  x           / x 
Two sine| theta| cosine | theta 

Memorize both double-angle identities. They are often handy in calculus.  

Exercises 

10. Simplify as much as possible:   sin2 𝜃 + (
sin(2𝜃)

2 sin𝜃
)
2
. 

11. Express  sin(3𝜃)  in terms of sin 𝜃.    [Hints: 3 = 2 + 1. Sum identity, Pythagorean identity.] 

12. Prove that sin(4𝜃) = 4 sin 𝜃 cos3 𝜃 − 4 sin3 𝜃 cos 𝜃.    [Hint: 4 = 2 ∙ 2. Double-angle identity.] 

13. Express  cos(3𝜃)  in terms of cos 𝜃.       

14. Express  cos(4𝜃)  in terms of sin 𝜃. 

15. Verify that the double angle identity for sine is correct when 𝜃 = 30°. 

16. Verify that the double angle identity for cosine is correct when 𝜃 = 7𝜋/6. 

17. Prove that the following hold for all 𝜃: 

       a) (cos 𝜃 − sin 𝜃)2 = 1 − sin(2𝜃)             b) cos(2𝜃) = 1 − 2 sin2 𝜃              c) cos(2𝜃) = 2 cos2 𝜃 − 1 

       d) cos4 𝜃 − sin4 𝜃 = cos(2𝜃)                      e) 
sin2𝜃

sin𝜃
−
cos2𝜃

cos𝜃
= sec 𝜃              f)  

cos2 𝜃

1 + sin𝜃
= 1 − sin 𝜃 

       g) 1 + tan2 𝜃 = sec2 𝜃    [Hint: Divide both sides of the Pythagorean identity by... something.] 

       h) 1 + cot2 𝜃 = csc2 𝜃                                   i) sin4 𝜃 − sin2 𝜃 = cos4 𝜃 − cos2 𝜃 

18. The Pythagorean identity and cosine’s double-angle identity both involve cos2 𝜃 and sin2 𝜃, which suggests 

that we might fruitfully combine them. By adding their corresponding sides and massaging the results, you can 

derive an identity that proves quite useful in integral calculus: cos2 𝜃 = (1 + cos 2𝜃)/2. 

a) Derive it. 

b) Derive a similar identity for sin2 𝜃 by subtracting where you added in part (a). 

19. Take the square roots of both sides of the identities you derived in exercise 18, then substitute 𝜙/2 for 𝜃. The 

results are called the half-angle identities for cosine and sine. 

a) Find the half-angle identities for cosine and sine. 

b) Use them to find exact expressions for sin 15° and cos 15°. 

c) Use the results of part (b) to find an exact expression for sin 7.5°. 

20. What is the greatest possible value of sin 𝜃 cos 𝜃 ? How do you know it is the greatest? What is the smallest 

positive angle 𝜃 at which this maximum value is attained?  

21. Sketch graphs of the following functions:  a) 𝑦 = 4 sin 𝑥 cos 𝑥,      b) 𝑦 = cos4 𝑥 − sin4 𝑥.  
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Enisoc (Inverse Cosine) 

Thus far, we’ve been able to make do with a naïve understanding of the inverse trigonometric functions. 

For instance, we’ve understood cos−1(1 2⁄ ) simply as “the angle whose cosine is 1 2⁄ ”. That definite 

article was valid so long as we were concerned only with solving triangles, since there is indeed a unique 

“triangle angle” (an angle between 0 and 𝜋) whose cosine is 1/2.* However, in a triangle-free context, 

our naïve definition of inverse cosine ceases to define, because there are infinitely many numbers 

whose cosine is 1/2.† Which of those infinitely many candidates is cos−1(1 2⁄ )? To provide an answer, 

we make the following formal definition: 

 

 

 

This definition makes inverse cosine into a function, for it now satisfies the “one in, one out” criterion. 

For any permissible input, it provides a unique output. Yes, there are infinitely many angles whose 

cosine is 1 2⁄ , but only one of them lies in the range [0, 𝜋], namely, 𝜋 3⁄ . Thus, cos−1(1 2⁄ ) equals 𝜋/3, 

and nothing else. This sort of range restriction may seem peculiar, but you have encountered it before: 

Each positive number 𝑥 has two square roots, but the function √𝑥 specifically picks out the positive root. 

 

Exercises. 

22. With the help of the unit circle, explain why there is a unique angle in [0, 𝜋] whose cosine is −0.249. 

23. True or false: For every 𝑟 in cosine’s range, [−1,1], there is a unique angle in [0, 𝜋] whose cosine is 𝑟. 

24. Explain why there is a not a unique angle in [0, 𝜋] whose sine is 0.7734. 

25. True or false. (Explain your answer.) 

a) cos−1(1) = 2𝜋, since cos(2𝜋) = 1.        b) cos−1(−1) is undefined.       c) cos−1(−1 2⁄ ) = −2𝜋/3. 

d) cos−1(1 2⁄ ) =𝜋/3      e) Inverse cosine is an even function.      f) Inverse cosine is an odd function. 

g) cos(cos−1(√3 /2)) = √3/2         h) cos(cos−1(−.83)) = −.83             

i)  For every 𝑟 in inverse cosine’s domain, cos(cos−1(𝑟)) = 𝑟.                   j) cos−1(cos 𝜋) = 𝜋 

k) cos−1(cos(2𝜋)) =2𝜋   [Careful.]       l) cos−1(cos 2.31) = 2.31         m) cos−1( cos 4) = 4 

26. Find the exact values of... 

       a) cos−1(1)                 b) cos−1(−1)            c) cos−1(0)          d) cos−1(1/2)          e) cos−1(√3/2) 

       f) cos−1(−1/2)          g) cos−1(−√3/2)     h) cos−1(cos(𝜋 3⁄ ))      i) cos−1(cos(𝜋 7⁄ )) 

       j) cos−1(cos(5𝜋))      k) cos−1(cos(10𝜋 9⁄ ))         l) cos−1(cos(−3𝜋/14)) 

  

                                                           
* Namely, 𝜋/3.  

† These angles include  ±𝜋/3, ±5𝜋/3, ±7𝜋/3, ±11𝜋/3, ±13𝜋/3 ... 

Definition. 

𝐜𝐨𝐬−𝟏 𝒙  is the number in the range [𝟎, 𝝅] whose cosine is 𝑥. 
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Inverse Sine and Tangent 

Exercise 24 shows that to define inverse sine, we’ll need to restrict its range in 

a slightly different way. While we’re at it, we’ll define inverse tangent as well.  

 

 

 

 

With these definitions in place, you’ll be ready to use the inverse trigonometric functions in calculus, 

where they occur naturally in triangle-free contexts (as antiderivatives of non-trigonometric functions). 

You’ll also learn in calculus why the inverse tangent function is linked to a famous infinite series for 𝜋.  

As for inverses of the reciprocal trigonometric functions, one can define them, but no one bothers. 

They are used so infrequently that there isn’t even a standard convention for restricting their ranges. 

Nor, for that matter, do they even appear on most calculators.  

 

Exercises. 

27. Explain why there is a unique angle in [– 𝜋/2, 𝜋/2] whose sine is 0.7734.   [Compare exercise 24.] 

28. True or false: For every 𝑟 in sine’s range, there is a unique angle in [– 𝜋/2, 𝜋/2] whose sine is 𝑟. 

29. Explain why there is a unique angle in [– 𝜋/2, 𝜋/2] whose tangent is −0.889. 

30. True or false: For every 𝑟 in tangent’s range, there is a unique angle in [– 𝜋/2, 𝜋/2] whose tangent is 𝑟. 

31. True or false. (Explain your answer.) 

a) tan−1(1) = 5𝜋/4, since tan(5𝜋/4) = 1.        b) sin−1(2) is undefined.       c) tan−1(2) is undefined. 

d) sin−1(𝜋) =0      e) sin 𝜋 = 0      f) sin−1 0 = 𝜋        g) sin−1 0 = 0        h) sin−1(tan(𝜋 4⁄ )) = 𝜋/2   

 i) tan(tan−1(123456789)) = 123456789        j) tan−1(tan(123456789)) = 123456789 

32. Find the exact values of... 

a) tan−1(1)                 b) tan−1(−1)            c) tan−1(0)                  d) sin−1(−1/2)               e) sin−1(√3/2) 

f) sin−1(sin2(𝜋 5⁄ ) + cos2(𝜋 5⁄ ))             g) sin−1(−√3/2)        h) tan−1(tan(3𝜋))           i) sin−1(−1)  

j) tan−1(sin(7𝜋/2))            k) sin−1(sin(10𝜋 9⁄ ))                l) tan−1(tan(−3𝜋/14)) 

33. Inverse tangent is the only inverse trigonometric function whose graph you are ever likely to encounter. By 

thinking carefully about this function’s definition, sketch its graph. [Hint: Think. What is the domain of inverse 

tangent? What does this function do to zero? To large positive inputs? To large negative inputs? Etc.] 

34. Is inverse tangent an odd function? An even function? Neither? Explain your answer. 

35. Is inverse sine an odd function? An even function? Neither? Explain your answer. 

36. If we could also restrict inverse cosine’s range to [– 𝜋/2, 𝜋/2], all three inverse trig functions would have the 

same range, and life would be a bit easier. Explain why we can’t do this. 

37. In calculus, you’ll meet this Taylor series expansion:  tan−1 𝑥 = 𝑥 − (𝑥3 3⁄ ) + (𝑥5 5⁄ ) − (𝑥7 7⁄ ) + (𝑥9/9) − ⋯ 

Letting 𝑥 = 1 yields the mysterious equation 
𝜋

4
= 1 −

1

3
+
1

5
−
1

7
+
1

9
−

1

11
+

1

13
−

1

15
+⋯ , which links 𝜋 to the 

odd numbers via an infinite sum. Ponder this.  

Definitions. 

𝐬𝐢𝐧−𝟏 𝒙  is the number in [–𝜋/2, 𝜋/2] whose sine is 𝑥. 

𝐭𝐚𝐧−𝟏 𝒙  is the number in [– 𝜋/2, 𝜋/2] whose tangent is 𝑥. 
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Solving Trigonometric Equations 

Trigonometric functions are periodic, so equations containing them often have infinitely many solutions. 

To solve such an equation, the trick is to find all solutions that occur in one trip around the unit circle. 

(There will generally be a finite number of these.) Once you’ve found these, finding the others is easy, 

thanks to the trig functions’ periodicity.   

Example 1. Solve the equation 2 sin𝜃 = √3. 

Solution. This is equivalent to sin 𝜃 = √3/2. In one trip around the 

circle (as 𝜃 runs from 0 to 2𝜋), we’ll encounter exactly two solutions 

to this equation, as the figure makes clear. Of course, we happen to 

know what these will be: 𝜋/3 and its supplement, 2𝜋/3. 

Each solution, however, corresponds to infinitely many others. 

For instance, not only is 𝜋/3 a solution, but so is (𝜋 3⁄ ) + 2𝜋, 

(𝜋 3⁄ ) − 2𝜋, (𝜋 3⁄ ) + 4𝜋, (𝜋 3⁄ ) − 4𝜋, and in general, (𝜋 3⁄ ) + 2𝜋𝑘 

for any integer value of 𝑘. The same thing occurs, naturally, at 2𝜋/3. 

Consequently, our original equation’s full set of solutions is: 

  (𝝅 𝟑⁄ ) + 𝟐𝝅𝒌 for all integers 𝒌, and 

      (𝟐𝝅 𝟑⁄ ) + 𝟐𝝅𝒌 for all integers 𝒌.                    

Some trigonometric equations require some preliminary algebra, as in the following example. 

Example 2. Solve the equation 2 cos2𝜙 = √2 cos𝜙. 

Solution. Being wise algebraists, we do not divide both sides by cos𝜙, lest we lose precious 

solutions.* Rather, we put everything on one side and then factor out cos𝜙 to obtain  

cos𝜙 (2 cos𝜙 − √2) = 0. 

 To solve this, we must find the values that make each factor on the left equal to zero. 

First, cos𝜙. In one loop around the circle, cos𝜙 = 0 has two solutions: 𝜋/2 and 3𝜋/2. Each 

of these begets an infinite family of solutions. If you think about where these lie on the unit circle 

(draw a picture), you’ll see that we can describe them in a single infinite package: 𝜙 = 𝜋 2⁄ + 𝜋𝑘 

for all integers 𝑘.  

Next, 2 cos𝜙 − √2 = 0 is equivalent to cos𝜙 = √2/2, whose solutions in one loop around 

the circle are ±𝜋/4. Hence, this equation’s solutions are 𝜙 = ±(𝜋 4⁄ ) + 2𝜋𝑘 for all integers 𝑘. 

Summing up, our original equation’s solutions are 

𝝓 = 𝝅 𝟐⁄ + 𝝅𝒌 for all integers 𝒌,  and 

     𝝓 = ±
𝝅

𝟒
+ 𝟐𝝅𝒌 for all integers 𝒌.          

 

                                                           
* Compare 𝑥2 = 𝑥. To divide both sides of the equation by 𝑥, you must assume that 𝑥 ≠ 0… which is a problem, since 𝑥 = 0 is 

one of the original equation’s solutions! To avoid losing it, we put everything on one side of the equation, factor out an 𝑥, and 
use the “Zero Product Theorem”: The values that make a product equal zero are those that make any of its factors equal zero. 
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Trigonometric identities often help us solve trigonometric equations. 

Example 3. Solve  tan 𝑥 = cos 𝑥. 

Solution.      tan 𝑥 = cos𝑥 

   
sin𝑥

cos𝑥
= cos 𝑥                  (using a familiar identity) 

               sin 𝑥 = cos2 𝑥 

               sin 𝑥 = 1 − sin2 𝑥        (by the Pythagorean identity) 

                     sin2 𝑥 + sin𝑥 − 1 = 0,     

which is a quadratic in disguise. To make it explicit, let 𝑢 = sin𝑥. Then we have 

                       𝑢2 + 𝑢 − 1 = 0,             so 

                             𝑢 =
−1 ± √5

2
                  

Translating back to 𝑥, these two values of 𝑢 become: 

              sin 𝑥 =
−1 + √5

2
≈ 0.618    and    sin 𝑥 =

−1 − √5

2
≈ −1.618. 

The latter has no solution, since its RHS is out of sine’s range. 

The former has infinitely many solutions, two of which occur 

in one trip around the circle, as shown in the figure. The one 

in the first quadrant is sin−1((−1 + √5) 2⁄ ) ≈ 0.666, so the 

one in the second is approximately 𝜋 − .666… ≈ 2.475. 

Thus, approximate solutions to our original equation are 

     𝟎. 𝟔𝟔𝟔 + 𝟐𝝅𝒌  and  𝟐. 𝟒𝟕𝟓 + 𝟐𝝅𝒌,  for all integers 𝒌.      

 

A substitution may help when an equation contains a trigonometric function whose argument is itself a 

function of the unknown. 

Example 4. Solve cos(5𝜃) = −1/2. 

Solution. Letting  𝑢 = 5𝜃 yields cos 𝑢 = −1/2, whose solutions 

are 𝑢 = (2𝜋 3⁄ ) + 2𝜋𝑘  and 𝑢 = (4𝜋/3) + 2𝜋𝑘, for all integers 𝑘. 

Translating back to 𝜃, these become 

5𝜃 =
2𝜋

3
+ 2𝜋𝑘  and  5𝜃 =

4𝜋

3
+ 2𝜋𝑘,  for all integers 𝑘. 

We can now divide both sides of each equation by 5 to produce 

the original equation’s solutions:  

 𝜽 =
𝟐𝝅

𝟏𝟓
+
𝟐𝝅

𝟓
𝒌  and  𝜽 =

𝟒𝝅

𝟏𝟓
+
𝟐𝝅

𝟓
𝒌,  for all integers 𝒌.    

Study these examples well. Their techniques can be combined and varied.  
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Exercises. 

38. Is (𝜋/3) − 18𝜋 a solution to the equation in example 1? If not, why not? If so, how is it accounted for in the 

boldface solutions listed at the end of that example? 

39. Fandor and Juve solve the equation sin 𝜃 = −1/2 independently and compare their solutions. Fandor worries 

that his answer, 𝜃 = −(𝜋 6⁄ ) + 2𝜋𝑘 for all integers 𝑘, must be incorrect; it differs from Juve’s answer, which is 

𝜃 = (11 𝜋 6⁄ ) + 2𝜋𝑘 for all integers 𝑘, and Juve is never wrong. Is Fandor’s answer correct? Is Juve’s? 

40. Find all solutions to the following equations: 

a) sin 𝜃 = −1  b) cos 𝜃 = 1/√2         c) tan 𝜃 = 1          d) sin(2𝜃) = cos 𝜃          e) tan(7𝑥) = −1 

f) sin𝜙 = tan𝜙 g) 2 − 2 sin 𝑥 = 3       h) tan 𝛼 + cot 𝛼 = 2         i) cos(2𝜃) + cos 𝜃 = 0 

41. Find all solutions in the interval [0, 4𝜋] to the following equations: 

 a) cos(3𝑥 + 𝜋) = 1  b) sin 𝛽 = cos𝛽  c) sin 𝛾 + cos 𝛾 = 1  [Hint: square both sides.*] 

 d) cos2(3𝑥) − 5 cos(3𝑥) + 4 = 0.   [Hint: Think about Example 3.] 

42. a) Justify each step in the following derivation of the exact value of sin 18°. 

Claim. sin(18°) =
√5 − 1

4
. 

Proof. On the one hand,   sin(72°) = 2 sin(36°) cos(36°) 

= 4sin(18°) cos(18°) [cos2(18°) − sin2(18°)], 

= 𝟒𝐬𝐢𝐧(𝟏𝟖°) 𝐜𝐨𝐬(𝟏𝟖°) [𝟏 − 𝟐 𝐬𝐢𝐧𝟐(𝟏𝟖°)]. 

On the other,          sin(72°) = 𝐜𝐨𝐬(𝟏𝟖°). 

Equating these two expressions for sin(72°) and then simplifying yields  

              1 = 4 sin(18°) [1 − 2 sin2(18°)]. 

Thus, sin(18°) is a number that satisfies the cubic equation  1 = 4𝑥(1 − 2𝑥2). 

This cubic is equivalent to (1 − 2𝑥)(4𝑥2 + 2𝑥 − 1) = 0,  an equation whose solutions are                

                               𝑥 =
1

2
,
−1 + √5

4
, and  

−1 − √5

4
 , one of which must be equal to sin(18°).  

Since sin(18°) can’t be the first or last of these, we conclude that  sin(18°) =
√5 − 1

4
.   ■ 

b) Draw a right triangle with an 18° angle whose hypotenuse is 4. Use it and the result of part (a) to find the 

values of cosine and tangent at 18°. Then find their values at 72°. 

c) Use the half-angle formula you found in exercise 19 to find an exact expression for sin 9°. 

d) Use the fact that 6 = 15 − 9 and the subtraction identity for sine to find sin 6° exactly. 

e) Find sin 3° exactly.†     

f)  In exercise 39 of Chapter 9, you found sin 18° geometrically. Compare the two arguments. 

 

                                                           
* But watch out for any extraneous “solutions” you might pick up when squaring! (Cf. 𝑥 = 1. The equation that results from 

squaring both sides, 𝑥2 = 1, has two solutions, one of which does not satisfy the original equation.)  

† Interestingly, 3 is the smallest whole number of degrees for which sine can be expressed exactly in terms of radicals. That is, it 
is impossible to express either sin 2° or sin 1° as a combination of whole numbers stitched together by the four basic 
arithmetic operations plus the extraction of roots. Proving this impossibility is not easy.  



 

 

 

Selected Answers 
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Chapter 1 

6. No. For example, 2(3 ∙ 4) ≠ 2(3) ∙ 2(4). (Left hand side = 24, Right hand side = 48.) 

7. No. For example, 2(6 ÷ 3) ≠ 2(6) ÷ 2(3). (LHS = 4, RHS = 2.) 

9. 3𝑥2 + 4𝑥2 = (3 + 4)𝑥2 = 7𝑥2. Observe the “undistribution” in the first step! The more respectable name for 

undistribution is factoring, because its effect is to turn an algebraic expression into a product of two factors. 

You’ll learn more about it in the next section. 

10. a) Jacob is giving Esau the correct answer.        

b) Remember what 𝑥2 and 𝑥3 actually mean. These are shorthand expressions for 𝑥𝑥 and 𝑥𝑥𝑥, respectively. 

Thus, 𝑥2𝑥3 itself is shorthand for (𝑥𝑥)(𝑥𝑥𝑥), five copies of 𝑥 multiplied together. But that, of course, is 𝑥5. 

c) 𝑥6, 𝑥5, 𝑥10, 6𝑥6, −30𝑥5. In the penultimate example, (2𝑥2)(3𝑥4) equals 6𝑥6 because (2𝑥2)(3𝑥4) means 

(2𝑥𝑥)(3𝑥𝑥𝑥𝑥); those factors can be multiplied in any order, so we have 2 times 3 times six factors of 𝑥, 

which is, of course, 6𝑥6. A similar justification holds for the last example.*  

11. a) 2𝑥6 − 6𝑥5 + 𝑥4 − 6𝑥2 + 18𝑥 − 3         b) – 𝑥4 + 4𝑥3 − 14𝑥2 + 20𝑥 − 21          

      c) – 𝑥6 − 𝑥5 + 2𝑥4 − 𝑥2 + 𝑥                        d) 𝑥3 + 6𝑥2 + 11𝑥 + 6         

16. a) (𝑥 + 4)(𝑥 + 2)     b) (𝑥 − 10)(𝑥 + 10)     c) 5𝑥(2𝑥 + 1)     d) (𝑥 − 5)(𝑥 − 2)     e) 3(𝑥 − 2)(𝑥 + 1)                    

f) (𝑥 − 5)(𝑥 + 5)     g) −4(𝑥 + 4)2    h) −15(𝑥 + 3)(𝑥 − 1)    i) (𝑥 − 2)(𝑥 + 2)(𝑥2 + 4)    j) (3𝑥 − 2)(3𝑥 + 2)     

k) (3𝑥2 − 1)(3𝑥2 + 1)(9𝑥4 + 1)     l) (2𝑥 + 1)(𝑥 + 2)     m) (3𝑥 + 1)(𝑥 − 3)     n) (2𝑥 + 1)(2𝑥 − 3) 

17. a) 𝑥2 + 25 + 10𝑥       b) 𝑥2 + 25 − 10𝑥       c) 𝑥2 + 121 + 22𝑥       d) 𝑥2 + 144 − 24𝑥       e) 4𝑥2 + 1 + 4𝑥 

f) 9𝑥2 + 4 − 12𝑥       g) 𝑎2 + 2 + 2√2𝑎      h) 𝑎2 + 2 − 2√2𝑎         i) 4𝑥2 +
1

4
+ 2𝑥              j) 4𝑎2 + 9𝑏2 + 12𝑎𝑏   

k) 𝑥 + 1 − 2√𝑥        

18. a) (−8) ÷ (−4) asks the question, “−4 times what is −8?” The answer, of course, is 2. 

19. 10 ÷ (1 3⁄ ) asks the question, “(1/3) times what is 10?” The answer is clearly 30. 

20. No. For example, 6 ÷ 0 asks, “0 times what is 6?” This question has no valid answer; 0 times anything is 0. For 

this reason, we say that division (of any nonzero number) by zero is undefined. 

21. Yes. For example, 0 ÷ 6 asks, “6 times what is 0?” The answer is clearly 0. By the same reasoning, zero divided 

by any nonzero number is zero. 

22. This won’t work, for a peculiar reason. The question that 0/0 asks (“0 times what is 0?”) admits contradictory 

answers: 0 times 0 is 0, so it would seem that 0/0 = 0; then again, 0 times 1 is 0, so it would seem that 0/0 = 1. 

Indeed, 0/0 would seem to be equal to every number. But if that were true, then all numbers would be equal, 

which is absurd. Thus, to preserve the coherence of mathematics, we must leave 0/0 undefined. 

24. The first intuitive fraction rule implies that (2/3)(4/5) = 2(1/3)4(1/5). Since we can multiply numbers in any 

order without changing the result, we’ll reorder these as follows: (2)(4)(1/3)(1/5). After multiplying the two 

whole numbers, this becomes 8(1/3)(1/5). By the second intuitive fraction rule, this is 8(1/15). Finally, we 

apply the first intuitive fraction one last time, whereby we find that our product equals 8/15, as claimed.  

25.  
3

4
 ,   

1

3
 ,   

49

50
 .              26.  

208∙144

12∙104
=
2∙104∙12∙12

12∙104
= (

104

104
) (

12

12
) (

2∙12

1
) = 1 ∙ 1 ∙ (2 ∙ 12) = 24. 

                                                           
* Our ability to multiply factors in any order we like is called the commutative property of multiplication. Mathematicians have 

isolated a handful of fundamental properties of addition and multiplication from which all of arithmetic and high school 
algebra can be deduced logically. The distributive property takes pride of place among them because it – and it alone – 
concerns the interaction of addition and multiplication. Carrying out every detail of the logical development of algebra is 
interesting, but exceedingly tedious (especially when the so-called “associative properties” are involved). In Chapter 1 of this 
book, I’ve tried to maximize insight while minimizing tedium by shining the spotlight on the distributive property, letting the 
others operate quietly in the background. “The secret of being a bore,” Voltaire once observed, “is to tell everything.”  
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27. Yes, they are all equal. Proof: The negative of anything is (−1) times that thing, so we have −
𝑎

𝑏
= (−1) (

𝑎

𝑏
). 

Thus, on the one hand,  −
𝑎

𝑏
= (−1) (

𝑎

𝑏
) = (

−1

   1
) (

𝑎

𝑏
) =

−𝑎

   𝑏
 . On the other: −

𝑎

𝑏
= (−1) (

𝑎

𝑏
) = (

  1

−1 
) (

𝑎

𝑏
) =

   𝑎

−𝑏
 . 

28. Write 𝑎 as 𝑎/1, then multiply.  

29. a) Yes, because 4𝑎2𝑏2 − 18𝑎5𝑏3 = 2𝑎2𝑏2(2 − 9𝑎3𝑏). 

b) 𝑘 is a term of an algebraic expression if the expression can be written in the form 𝑘 + (𝑠𝑜𝑚𝑒𝑡ℎ𝑖𝑛𝑔). 

c) No. Counterexample:  
4 + 2

1 + 2
≠
4

1
.  (LHS = 2, RHS = 4)            d)   

𝑎

𝑏
 ,     

1 + 𝑦

2𝑦𝑧
 ,     

1

1 + 2𝑏 − 3𝑐
 ,     𝑐 − 𝑑. 

31. a,d,g,h are false.  32. 1/9900            33. False. 34. b)   𝑦2 𝑥⁄ ,     42 (2𝑥 + 𝑦)⁄ ,     𝑎𝑏,      1 (𝑏𝑐)⁄ .  

35. Multiply top and bottom by −1. [Downstairs, use the useful fact that −(𝑎 − 𝑏) = 𝑏 − 𝑎.] 

36. a) No real simplification is possible. (You can factor the top, but that doesn’t really simplify it.) 

b) 
1

𝑥 + 4
       c) 

𝑥

𝑦𝑧
       d) 

𝑎 + 𝑏

𝑐𝑑
      e) 

𝑎 + 𝑏

𝑐2𝑑
       f) 

1

𝑎𝑐𝑑
       g) 6      h) 

1

3𝑎 − 2𝑏
      i) −1        j) 

𝑎8

𝑑6
        k) 2(𝑥 − 3)       l) 5 

37. a) 𝑏 − 3𝑎     b) – 𝑦 − 2𝑧     c) 0           38. −3𝑥2 + 4𝑥 + 2          40.  a) 1807 360⁄       b) −52 105⁄      c) 215 152⁄  

41. The result would be the same. (There would just be some extra cancellation to take care of at the end.) 

42. a) 𝑎 5⁄          b) 
3𝑎 − 9

25
        c) 2/15        d) 

25𝑥2+𝑦2

5𝑥𝑦
        e) 

3 + 4𝑥3

4𝑎𝑥2
        f) 

𝑥 + 1

𝑥 − 2
        g) 

2𝑧 + 3𝑥 + 4𝑦

𝑥𝑦𝑧
         

h)  
𝑥3 − 2𝑥2 + 3𝑥 − 4

𝑥4
        i) 

3 − 𝑥

𝑥2 − 1
        j)  

𝑎 + 6

𝑎(𝑎 − 3)
        k) 

6𝑥 + 2

2𝑥 + 1
        l) 

2𝑥

𝑥 − 1
  [Were you close? Recall exercise 35.] 

m) 
−ℎ

𝑥(𝑥 + ℎ)
         n)  

𝑥3 − 5𝑥2 + 2𝑥 − 2

𝑥2(𝑥 − 1)2
 

43. a) 
𝑏 + 𝑐

𝑏 − 𝑐
        b) 

1

𝑏2 − 𝑐2
         c) 𝑏2 − 𝑐2     d) 

𝑏 + 𝑐

𝑏 − 𝑐
            

44. a) False (LHS = −9)      b) False (If 𝑥 < 0, then – 𝑥 > 0.)     c) False (LHS = 9)       d) True     

e) True (Cancelling a common factor from top and bottom)  

f) False ((2𝑥 + 1) is not a factor of the numerator.)           g) True 

45.  a) 
2

𝑥 − 2
      b) 

−1

𝑥(𝑥 + ℎ)
     c) ℎ + 2𝑥      d) 

𝑎2 + 1

𝑎2
       e) 

2

𝑥
        f) 

𝑥

𝑥 − 1
       g) 

𝑥 − 1

𝑥
      h) −

1

𝑥
       i) 

12

𝑎2 − 𝑏2
       j) 𝑏 − 𝑎       

  

Chapter 2  

1. 𝑥87      2. 𝑥6       3. 𝑥20       4. 𝑥30       5. 𝑥7      6. 16𝑥24       7.  6000𝑥18      8. 𝑝2𝑞9𝑟13        9. 𝑥62     10. 1       11. 𝑎2𝑏3       

12. 1        13. 3 𝑥3⁄        14. 1 27𝑥3⁄        15. 𝑎3 + 𝑏3        16. 8        17. 
𝑥5

𝑦11
       18. 3        19. 12𝑥𝑛+2𝑦2𝑛       20. 4𝑎11𝑏15       

21.  2 +
𝑥

𝑦
+
𝑦

𝑥
       22.  2 𝑎⁄        23. 5/2 

24. (a) is false; LHS = (𝑎𝑏5 + 1)/(2𝑏5𝑐).  (c) is false; LHS = (𝑎2 + 𝑎𝑏)/(1 + 𝑎𝑑). 

27. Yes, it is equivalent: (
1

𝑥
)
𝑛

=
1𝑛

𝑥𝑛
=

1

𝑥𝑛
  (by exponent rule 5 and the fact that 1𝑛 = 1). 

28. No. This would be equal to 1/0, and division by zero is undefined.    

29. b, d, h, j, o are false.          30. b, d, e are false      

31. We can take “5 apples, 4 times” (i.e. 5 apples, then 5 more, then 5 more, then 5 more), or “4 apples 5 times” 

(i.e. 4 apples, then 4 more, then 4 more, then 4 more, then 4 more), but “5 apples times 4 apples” is nonsense, 

so trying to base another argument on it is nonsense squared, so to speak. 

32. a) 10√11     b) 77 − 3√11     c) 120     d) 1/3               35. Not if 𝑎 < 0.      

41. a) 6    b) −1    c) 100    d) 7    e) 2      f) 6    g) 711    h) cannot be simplified any further    i) −2/5    j) 1/2   k) −1    

l) 0     m) 4      n) 16      o) 5
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42. a) 2    b) −1    c) 10    d) −22    e) −3    f) −1 

43. a) 𝑥1/2      b) 𝑦1/3      c) 151/5      d) 𝑧5/3      e) 𝑡3/10      f) 𝑎9      g) (𝑎𝑏)1/𝑛 

44. a) √𝑥
5

        b) √𝑦2
3

      c) 
1

√3
4           d) √(𝑎 + 𝑏𝑐)8

8
      e) √2      f) 1/√𝑤3 

46. a) 2√2      b) 5√5       c) 6√3       d) 14      e) 4√3
3

  

47. a) 4 5⁄       b) −10      c) 5√2 6⁄       d) 3√2      e) 3 2⁄       f) 216      g) 16      h) 36      i) 100000      j) 49       

k) 7𝑎4 𝑏2⁄       l) 𝑥𝑦        m) 𝑥 − 𝑦      n) 𝑎8/9      o) 𝑥𝑦 

48. a) No      b) False          

49. a) No      b) False 

51. a) √2      b) 5√6       c) 2√7      d) 
3𝑥(3 − √𝑥)

9−𝑥
      e) √7 − √5      f) 5 + 2√6      g) 

5

3√3
      h) 

4 − 𝑥

10√𝑥 + 5𝑥
 

 

Chapter 3  

5. The expression (−2 ± √3) −5⁄  is shorthand for two numbers: (−2 + √3)/(−5) and (−2 − √3)/(−5). 

Multiplying their tops and bottoms by −1 (to make their denominators positive), we can rewrite them as 

(2 − √3) 5⁄  and (2 + √3) 5⁄ . We can then describe these numbers together by the shorthand (2 ± √3)/5. 

Thus, (−2 ± √3)/(−5) = (2 ± √3)/5 as claimed. 

6. a) 𝑥 = 16 3⁄             b) 𝑢 = 49/5           c) 𝑥 = −26 3⁄          d) 𝑥 = ±11 4⁄        e) 𝑥 = −1, 5           f) 𝑧 = −3, 4 

g) 𝑥 =
−15 ± √281

4
     h) 𝑡 =

1 ± √5

2
             i) 𝑥 = −1, 5 2⁄             j) 𝑤 =

−5 ± √13

6
       

k) 𝑥 = (−√7
3
 ±  √√49

3
 + 8𝜋) /2𝜋        l) 𝑥 = −1 ± √2         m) 𝑥 = −1 ± √7        n) no solutions        o) 𝑥 = 1 

7c. i) 𝑥 =
−5 ± √13

6
    ii) No solution      8c. i) 𝑥 = −

35

6
    ii) 𝑥 =

31

2
    iii) 𝑥 =

2 ± 2√973

27
      9. 𝑥 =

−𝑐 ± √𝑐2 − 4𝑏𝑎

2𝑏
  

10. The true solutions: 𝑥 =
−1 ± √29

2
.     12b. i) 𝑥 = ±√2

4
    ii) 𝑥 = ±

2

√3
    iii) 𝑥 = √1 ± √8

31
     

13. 2567, 2568      14. 2√77 inches2      15. 
2

√3
4       16. 6 by 

2

3
  furlongs      17. 300√𝜋

3
 cm2      18. 5:33 pm  

19. 
33 − √409

4
≈ 3.19"      20. The pieces should be 1 and 4 units.      21. 41 and 35.     

22. 6 + √14 on each side.      23. 
15 + 3√105

8
≈ 5.72 sec.      24. He is summoning the stork.  

25. a) 𝑥 =
−1 ± √5

2
      b) 𝑥 = 8 5⁄ , 5      c) 𝑥 =

−1 ± √3

2
      d) 𝑡 = ±3     e) 𝑧 = −1      f) 𝑥 =

6 ± √6

3
      g) 𝑥 = ±12    

h) 𝑥 = 4      i) 𝑥 = −1      j) 𝑥 = −28      k) 𝑤 = 2      l) 𝑥 = 2, 3 

26. a) 𝑥 = 0, 5      b) 𝑥 = 0, 4 3⁄       c) 𝑥 = 0,−3 2⁄       d) 𝑥 = 2, 3        27. 𝑥 = 0, 4         28.  a) 𝑥 = 0       b) 𝑡 = 4 

29a. Our original equation (𝑥 = 1) had one solution, 1. When we multiplied its sides by 𝑥, we quietly introduced 

an additional – and bogus – solution, 0. (Go back and read the section’s footnotes, and you’ll understand.) 

Thus, the variable 𝑥 now secretly carried two numerical values: 1 (correctly), and 0 (incorrectly). Later, when 

we divided both sides by (𝑥 − 1), we accidentally left 1 in our “blind spot”. After we dropped the 1 this way, 

𝑥 held only one value again – namely, the bogus solution, 0. 

30.  a) (𝑥 + 4)2 − 16       b) (𝑥 + 9 2⁄ )2 − 81 4⁄        c) (𝑥 − 3)2 − 9       d) (𝑥 − 1 3⁄ )2 − 1 9⁄        e) 4(𝑥 + 1)2 − 4 

        f) −3(𝑥 − 1/8)2 + (3 64⁄ )       g) (𝑥 + 3 2⁄ )2 − 5 4⁄        h) 2(𝑥 − 1)2 + 2 
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Chapter 4 

1. a) No to (−4,2), Yes to (1,1) 

c) No: If 𝑥 were 0 for some point on the graph, then we’d have 0 = 1, which is nonsense. 

2. (0, −4)    3.  −10    4. (0, 9/2), (0, −3)    5. (1, 1 ± √11)   6. 𝑥 = −4      7. 𝑦 = 2      8. 𝑦 = 0   

9. 𝑥 = 0     10. 𝑥 = 𝑎     11. 𝑦 = 𝑎      12. 𝑥 = 0     18. a) 8   b) 9.5     19. ∆𝑇 = −20      20. ∆𝑥 = 5,   ∆𝑦 = 9,
∆𝑦

∆𝑥
=
9

5
        

21. ∆𝑥 = −5,   ∆𝑦 = −9,   
∆𝑦

∆𝑥
=
9

5
      22. 4    23. −

1802

39
≈ −46.2    24. The line’s slope will be negative. 

25. 𝑦 = 2𝑥 − 9, which crosses the x-axis at (9 2⁄ , 0) and the y-axis at (0, −9).  

26. 𝑦 = −6𝑥 + 17, which crosses the x-axis at (17 6⁄ , 0) and the y-axis at (0,17). 

27. 𝑦 = −(3 2⁄ )𝑥 + (5 6⁄ ), which crosses the x-axis at (5 9⁄ , 0) and the y-axis at (0, 5 6⁄ ). 

28. 𝑦 = (3/4)𝑥 − (5 4⁄ ),  which crosses the x-axis at (5 3⁄ , 0) and the y-axis at (0, − 5 4⁄ ). 

29. 𝑦 = (8/35) 𝑥 + (12/35), which crosses the x-axis at (−3 2⁄ , 0) and the y-axis at (0,12/35). 

31. a) 𝑦 = 7𝑥 + 2       b) 𝑦 = −(2 3⁄ )𝑥 + 8/3       c) 𝑦 = 𝑥 − 7/3       d) 𝑦 = 7𝑥 − 14 

32. a) 1.8℉      b) 5(1.8°) = 9℉      c) 𝐶 = (5/9)(𝐹 − 32)      d) Yes. −40℉ = −40℃. 

33. [Use a graphing program to check your solutions.] 

34. a) 𝑦 = (2 5⁄ )𝑥 + 2        b) 𝑦 = −(1 4⁄ )𝑥 + (3 4⁄ )        c) 𝑦 = −2𝑥 

35. a) 𝑦 = −4𝑥 + 14      b) 𝑦 = −(2 5⁄ )𝑥           36. a) 𝑦 = (1/4)𝑥 + (5/4)      b) 𝑦 = (5 2⁄ )𝑥 

38. 4√14 inches      39. √73 miles       40. No: the PT does not apply here. 

41. Yes: since the hypotenuse of a right triangle is always its longest side, the hypotenuse here must be  

       6 units (since 6 > 2√5). Accordingly, the shortest side will be, by the PT, 4 units long. 

44. a) 10     b) √109     c) √1129/4      d) √(𝑥1 − 𝑥2)
2 + (𝑦

1
− 𝑦

2
)
2
       e) 8 

f) This happens when the segment itself is parallel to an axis. Thus, strictly speaking, the proof I gave in the text 

is not quite complete: It establishes the distance formula for all pairs of points except those that lie on the 

same vertical or horizontal line. Fortunately, the distance formula still holds in such cases, but its validity 

must be established there separately. This is easy. If two points lie on the same horizontal line, the distance 

between them is obviously |Δ𝑥|. (If this isn’t obvious to you, play around with specific examples until it is.) 

It remains only to verify that the distance formula actually produces this result under these circumstances. 

It does: For any two points on the same horizontal line, Δ𝑦 = 0, so the distance formula produces the result 

𝑑 = √(Δ𝑥)2 + (Δ𝑦)2 = √(Δ𝑥)2 = |Δ𝑥|, 

which is correct. Thus, the distance formula holds even when the two points lie on the same horizontal line. 

(A similar argument takes care of the case when the points lie on the same vertical line, as you should verify.) 

The moral of the story is that the distance formula holds under all circumstances, though crossing every 𝑡 and 

dotting every 𝑖 in the proof would make it very tedious to read, obscuring the proof’s essential simplicity. 

45. 𝑥2 + 𝑦2 = 1          46. a) (𝑥 + 3)2 + (𝑦 − 2)2 = 16        b) (0, 2 ± √7),  (−3 ± 2√3, 0)        c) (−1, 2 ± 2√3) 

47. a) (𝑥 − 1)2 + (𝑦 − 1/2)2 = 1/4        b) (1,0)        c) (1/2, 1/2),  (3/2, 1/2) 

48. a) (𝑥 − 1 2⁄ )2 + (𝑦 − 5)2 = 29 4⁄  .  Intersections w/ axes: (0, 5 ± √7) 

b) (𝑥 − 3)2 + (𝑦 + 1)2 = 37. Intersections w/ axes: (0, −1 ± 2√7),  (9,0), (−3,0). 

c) 𝑥2 + 𝑦2 = 49 4⁄ . Intersections w/ axes: (0, ± 7 2⁄ ), (±7 2⁄ , 0). 

51. (𝑥 − 1 2⁄ )2 + (𝑦 − 1 2⁄ )2 = 1/2 

52. a) 40√3 ≈ 69.3 feet       b) 20√7 ≈ 52.9 feet       c) 1600𝜋 ≈ 5026.5 feet2.
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53. a) Since the full circle’s center is (2, −3), the points on its upper half all have 𝑦-coordinates of (−3) or greater. 

Thus, the circle’s upper half corresponds to 𝑦 = −3 + √5 − (𝑥 − 2)2, where 𝑦 is (−3) plus something else. 

(The “something else”, the radical term, is always positive or zero.) The circle’s lower half has a similar story.  

       b) The left and right halves of the circle        c) 𝑦 = −√1 − 𝑥2           d) 𝑥 = −1 + √36 − (𝑦 − 2)2 

       e) Bottom half of the circle centered at the origin with radius 2. 

54. (100, 10)          55. Negatives lack real square roots, but they have cube roots.          59. (1,1)     

61. The graph of 𝑦 = |𝑥| takes half of the graph of 𝑦 = 𝑥 and marries it to half the graph of 𝑦 = −𝑥. 

This makes sense because |𝑥| is equal to 𝑥 when 𝑥 is positive, and equal to −𝑥 when 𝑥 is negative. 

62. a) (1,1)       b) (
24

41
,
1

41
)       c) (

−3

√13
,
2

√13
) , (

3

√13
,
−2

√13
)       d) (

24 − 3√14

10
,
2 + √14

10
 ),   (

24 + 3√14

10
,
2 − √14

10
 ) 

      e) (0,0), (√3, 3√3), (−√3, −3√3)       f) (1 + √2, 3 + 2√2), (1 − √2, 3 − 2√2) 

      g) (√
√5 − 1

2
,
√5 − 1

2
) ,(−√

√5 − 1

2
,
√5 − 1

2
)     h) (0,0), (2√2,√2), (−2√2, −√2)     i) (4000000, 2000) 

       j) (√
7

2
, 1 +√

7

2
)            

63. The lines do not intersect.         64. The line and circle do not intersect. 

65. a) No: Their slopes differ.      b) 𝑦 = −
400

101
𝑥        c) (

404

1701
, −

1600

1701
) 

66.  (√2 + √3,√2 − √3) , (√2 − √3,√2 + √3) , (−√2 + √3, −√2 − √3) , (−√2 − √3, −√2 + √3) 

        [Note: these coordinates could appear in other equivalent forms, too.] 

67. a) (𝑥 −
3

2
)
2

+ (𝑦 − 1)2 =
13

4
        b) (𝑥 − 2)2 + (𝑦 − 4)2 = 20        c) (𝑥 − 3)2 + (𝑦 − 1)2 = 10 

68. Using 7 and 3 would work well; this would let us eliminate 𝑥 when we add the resulting equations. 

69. a) (13 42⁄ , 3 14⁄ )      b) (9 5⁄ , − 1 5⁄ )     c) (1 6⁄ , − 5 18⁄ )      d) (2 3⁄ ,  1 3⁄ ) 

 

Chapter 5  

1. 144      2. ℎ(3) = 144       

3. a) The area of an equilateral triangle whose sides are 10 units long. 

b) It has one solution, which represents the side length of an equilateral triangle whose area is 10 units2. 

4. a) 29 4⁄      b) 15     c) 2     d) 145 64⁄       e) All real numbers     f) Yes, since 𝑘(4) = 5.     g) 1      h) There isn’t one. 

5. a) 𝑘(0) = 1      b) 𝑘(10) = 26       c) 𝑘(1) = 5 4⁄           6. Yes 

7. No, since isoceles triangles with the same base can have different areas       8. Yes       9. a) 26    b) 7 

13. a) All real numbers     b) No      c) 𝑥 = 0, 1       d) 7      e) 13        f) 79 49⁄          g) 9 + √8       h) 31 

       i) 9𝑐2 − 3𝑐 + 1      j) 𝑎2 + 7𝑏2 + 2√7𝑎𝑏 − 𝑎 − √7𝑏 + 1      k) 5𝑥2 + √5𝑥 + 1 

14. a) All real numbers but 0      b) Yes, because 𝑘(5 + √26) = 10     c) 𝑥 =
1 ± √5

2
       d) 𝑔(1) = 0 

e) −
45

14
        f) 

1 − 𝑥2

𝑥
        g) 

𝑡4 + 𝑡2 + 1

𝑡3 + 𝑡
        h) 

𝑥4 − 3𝑥2 + 1

𝑥3 − 𝑥
  

15. a) 𝑥 = 1, 3 4⁄         b) 21       c) −3       d) 2𝑥2 − 13𝑥 + 21       e) 2𝑥2 − 𝑥 − 3         

f) 2𝑥3 − 7𝑥2 + 3𝑥        g) 2𝑥2 − 3          h) 1          i) 0        

16. a) All real numbers 3 or greater         b) All reals except −2           c) All reals except 0 and 2        

d) All reals −1/4 or greater, except 0 and 1.  

17.  a) 1      b) 2𝑥 + ℎ     c) −2𝑥 − ℎ      d) 3𝑥2 + 3ℎ𝑥 + ℎ2     e) −2𝑥 + 3 − ℎ     f)  
2

𝑥2 + 𝑥ℎ
       g) 

1

√𝑥 + ℎ + √𝑥
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18. 𝑠 = √𝐴      19. 𝑃 = 4√𝐴       20. 𝐴 = 𝑃2 16⁄       21. 𝐴 = 𝐶2 4𝜋⁄       22. 𝐶 = 2√𝜋𝐴      23. 𝐴 =
𝜋𝑃2

2(𝜋 + 2)2
 

24. 𝑃 = (𝜋 + 2)√2𝐴 𝜋⁄        25. 𝑑 = √3 2⁄ 𝑐  (where 𝑐 is the cube’s face diagonal, and 𝑑 its body diagonal) 

26. 𝑉 = (𝑆 6⁄ )3/2  27. 𝑉 =
𝜋

6
𝑑3    28. 𝑟 = √

3𝑉

4𝜋

3
     29. 𝑉 = 𝐴3/2 6√𝜋⁄      30.  𝑆 = √3𝑥2   31. 𝑥 = √

𝑆

5√3
     32. 𝐴 =

ℎ2

√3
 

33. a) (2𝑏 + 𝑎, 𝑓(2𝑏 + 𝑎))        b) 
𝑓(2𝑏 + 𝑎) − 𝑓(𝑏)

𝑏 + 𝑎
        c) 𝑦 = (

𝑓(2𝑏 + 𝑎)

2𝑏 + 𝑎
) 𝑥       

34. a) (
1

2
− √2, 0)  and   (

1

2
+ √2, 0)        b) (0, −

7

8
)        c) (2,

1

8
)        d) (

1

2
− √6, 2)  and   (

1

2
+ √6, 2)   

e) (
2 + √19

2
,
6 + √19

4
)  and  (

2 − √19

2
,
6 − √19

4
)        f) (

1 − √22

6
,
2√22 − 23

36
)   and   (

1 + √22

6
,
−23 − 2√22

36
)      

g) slope = −1/3        h) No        i) (3 2⁄ , − 1 2⁄ )     

35. a) yes        b) (0,0), (√2, 0), (−√2, 0)        c) (1 2⁄ , − 7 8⁄ )        d)  
1

2
= 𝑥3 − 2𝑥 

e) You’ve learned how to find the solutions of quadratic equations, but not of cubic equations, such as the one 

that emerges in this problem. There is indeed a “cubic formula” analogous to the quadratic formula, but it is 

far too gory for a family-friendly book like this one. 

36. Intersections at (0,1) and (612 983⁄ , 0)                 37. a) yes for both   b) yes for the left curve, no for the right 

38. a) 3        b) 128’, 80’        c) √11 2⁄ ≈ 1.66 sec        d) √67 8⁄ ≈ 2.89 sec        e) 16’11”     

39. a) 𝑃: (𝑥, 𝑓(𝑥)),   𝑄: (𝑥 + ℎ, 𝑓(𝑥 + ℎ))          b)  
𝑓(𝑥 + ℎ)  −  𝑓(𝑥)

ℎ
     

40. b) Upper, lower halves of the unit circle.      c) 𝑐 = 2√1 − 𝑥2  

e) 𝑚(𝑥) =
1 + √1 − 𝑥2

𝑥
.    Domain: −1 ≤ 𝑥 ≤ 1.    Range: |𝑚(𝑥)| ≥ 1. (Think geometrically, and you’ll see this.) 

41. Writing 𝑦 as a function of 𝑥 means rewriting the equation in an equivalent form with 𝑦 isolated on one side. 

Equivalent equations have the same graph (since they have the same solutions), so if we could write 𝑦 as a 

function of 𝑥, the function’s graph would be that of the original equation. But… this cannot be: the original’s 

graph is cut multiple times by the same vertical line (as a graphing program reveals), which cannot happen in 

the graph of a function. Hence, there’s no way to rewrite the original equation so that 𝑦 is a function of 𝑥. 

It is remarkable that we were able to answer a purely algebraic question (can such-and-such an equation 

be manipulated into such-and-such a form?) with an essentially geometric argument. Such is the power of 

coordinate geometry.  

 

Chapter 6  

Check your graphs with a computer graphing program. 

5. 4, ¼       7. Yes, in this case, a h-stretch by a factor of ½ corresponds to a v-stretch by a factor of 2. 

8. No. Any v-stretch will move the point (0, 1) somewhere else, so the resulting graph could not coincide with the 

h-stretched graph, which includes that point. 

9. Topmost: (1,1);  Leftmost: (1 2⁄ , 0)       14.  a) 6 distinct orders…    b) …but only 4 distinct graphs. 

15. a) sub. (𝑥 − 8) for 𝑥            b) sub. (𝑥 + 8) for 𝑥        c) sub. (𝑦 + 8) for 𝑦       d) sub. (𝑦 − 8) for 𝑦  

e) sub. (𝑥 + 1/2) for 𝑥       f) sub (𝑦/6) for 𝑦             g) sub. (3𝑦) for 𝑦            h) sub. (𝑥 − 4) for 𝑥   

i) sub. (𝑥/10) for 𝑥              j) sub. (10𝑥) for 𝑥            k) sub. (𝑥/17) for 𝑥         l) sub. (𝑦 − 2) for 𝑦   

m) sub. (2/3)𝑦 for 𝑦          n) sub. (16/3)𝑦 for 𝑦      o) sub. −𝑦 for 𝑦               p) sub. (𝑥 − 𝜋) for 𝑥 

q) sub. (17/2)𝑦 for 𝑦          r) sub. −𝑥 for 𝑥                 s) sub. (𝑦 + 1) for 𝑦 

16. 𝑦 =
1

𝑥 − 3
       17. 𝑥2 +

(𝑦 + 3)2

4
= 1       18. (𝑥 + 1)2 + (𝑦 − 1)2 = 2 
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19. a) 𝑦 = −𝑥 − 1       b) 𝑦3 − 𝑥3 = 3𝑥𝑦        c) (3 2⁄ , 3 2⁄ )       d) (𝑥 + (3 2⁄ ))
3
+ 𝑦3 = 3𝑦(𝑥 + (3 2⁄ )) 

      e) (𝑥 + (3 2⁄ ))
3
+ (𝑦 + (3 2⁄ ))

3
= 3(𝑥 + (3 2⁄ ))(𝑦 + (3 2⁄ )) 

20. a) (0, 1/3) and (0,1)       b) 𝑦2 (1 −
𝑥2

4
) = (

𝑥2

4
+ 2𝑦 − 1)

2

  

c) 𝑦2 (1 − 4 (𝑥 −
5

2
)
2

) = (4 (𝑥 −
5

2
)
2

+ 2𝑦 − 1)
2

          d) 
𝑦2

25,000,000
(1 − 𝑥2) = (𝑥2 −

𝑦

2500
− 1)

2

 

21. a) the graph is symmetric about the 𝑥-axis.       b) (𝑥 − 𝑥0)
4 − 2(𝑥 − 𝑥0)

3 + 4(𝑦 − 𝑦
0
)
2
= 0  

c) (𝑥 − 𝑥0)
4 + 2(𝑥 − 𝑥0)

3 + 4(𝑦 − 𝑦
0
)
2
= 0 

22. a) (0,0), (0, ±3), (±√10, 0)       b) Substitute 
3

2
𝑦 for 𝑦.   New eqn: −𝑥4 + 10𝑥2 +

81

16
𝑦4 −

81

4
𝑦2 = 0  

c) Substitute 
√10

2
𝑥 for 𝑥. New equation:  −

25

4
𝑥4 + 25𝑥2 +

81

16
𝑦4 −

81

4
𝑦2 = 0 

23. a) (
√2 − 2

2
, 0), (

√2 + 2

2
, 0), and (0,0)     b) The fish would become very thin, while maintaining its current length. 

c) The fish would be twice as long and facing the opposite direction. 

30. a) v-stretch by a factor of 5         b) shift left by 2 units          c) flip over x-axis          d) shift up by 1 unit 

e) v-stretch by a factor of 7/9      f) h-stretch by a factor of 1/6         g) h-stretch by a factor of 3/2 

h) shift up by 5 units      i) v-stretch by 3 and flip over x-axis      j) v-stretch by 3/5, and flip over 𝑥-axis.     

k) h-stretch by a factor of 1/4 and flip over y-axis      l) shift down by 2 units. 

31. a,b,c are false, for none of those equations are functions. d is true. 

32. a) sub. (𝑥 − 8) for 𝑥       b) sub. (𝑥 + 8) for 𝑥       c) sub. (𝑦 + 8) for 𝑦       d) sub. (𝑦 − 8) for 𝑦 

e) mult. RHS by 6    f) mult. RHS by 1/3    g) sub. (𝑥/10) for 𝑥    h) sub. 10𝑥 for 𝑥   i) mult. RHS by 3/16  

j) mult. RHS by -1   k) sub. (−𝑥) for 𝑥      l) mult. RHS by -5        m) mult. RHS by -3/7.   

33. (Check your graphs with Geogebra or another a computer program. I’ve listed key features below.) 

a) (0, −5), (1,0)       b) (0, √3 + 1), endpoint: (−3,1)       c) (0,3), (±(3 2⁄ ), 0) 

d) (0, 5 3⁄ ), (−2 ± √3 2⁄  , 0), vertex: (−2,−1)       e) (0, −2). Asymptotes:  𝑦 = 0 and 𝑥 = 2 

f) (0, −1), (1 ± √2 3⁄ , 0), vertex: (−2,−1)       g) (3 7⁄ , 0). Asymptotes: 𝑦 = 7 and 𝑥 = 0. 

h) (0, −2), (1,0)       i) (0,3), (±3√3 2, 0)⁄ . Endpoints: (±3,−3) 

j) (0, −1), (±√3, 0). Endpoints: (±2, 1)       k) (0, −1/2), (−1,0) 

34. a) 𝑦 = 2|𝑥 − 1|          b) 𝑦 =
1

2
|𝑥| + 1        c) 𝑦 = −3|𝑥 − 2| + 1  

35. Yes: multiply the function by 𝑚, substitute (𝑥 − 𝑥0) for 𝑥, then add 𝑦
0
 to the function 

       (v-stretch by a factor of 𝑚, h-shift by 𝑥0 units, v-shift by 𝑦
0
 units.) 

36. a)(0,1), (4 ± √15, 0), vertex: (−4,−15).     b) (0,2), vertex: (−1,0)     c) (±√3/5, 0), vertex: (0, −3) 

d) (0, −7), (5 ± 3√2, 0), vertex: (5, 18)        e) (0,5), vertex: (−2 3⁄ , 11/3) 

f) (0,2), (
−6 ± √46

5
, 0), vertex: (−

6

5
,
46

5
)         g) (0,0), (−4,0), vertex: (−2,−6) 

h) (0,1), (
2 ± √46

3
, 0), vertex: (2 3⁄ , 23 21⁄ ) 

37. No: for any 𝑘, the vertical line 𝑥 = 𝑘 crosses the graph of 𝑦 = 𝑥2 [at (𝑘, 𝑘2), in fact]. 

38. a) Complete the square and follow the vertex during the various transformations.      b) (− 2 5⁄ , − 9 5⁄ ) 

39. No: consider a 2x2 rectangle and a 3x1 rectangle.       39. 25 x 50 feet 

42. a) (
11

3
,
11

9
)      b)  about 3865 feet.     c) 4000 feet      d) about 3361 feet  

44. Yes. Vertex: (0, 0),  Focus: (0, 1/8),  Directrix: 𝑦 = −1/8 
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45. Yes. Vertex: (0, 0),  Focus: (0, 1/2),  Direcrtix: 𝑦 = −1/2           46. 𝑦 =
1

20
𝑥2           47. 𝑦 =

5

4
𝑥2 

49. V: (2,1),  F: (2,
13

12
),   Directrix: 𝑦 =

11

12
      50. V: (−1,4),  F: (−1,

47

12
),   Directrix: 𝑦 =

49

12
  

               

Chapter 7  

2. 𝑓(1.5) = 2√2     4. After 1 minute, there are 164 bacteria. After an hour, over 777 trillion bacteria. 

5. a) 13 times (unless you are over 6’8” or under 3’4”)   b) 41 times 

6. $2,040;   $2,081;   $2,972;   $104,970 

7. Check your graphs with a graphing program. Here are the intercepts and asymptotes: 

a) (0,1), 𝑦 = 0    b) (0,42), 𝑦 = 0    c) (0,20), 𝑦 = 0    d) (0,8), 𝑦 = 5 

e) (0,2), 𝑦 = −10     f) (0,1), 𝑦 = 0 

8. In 2025, 8.07 billion.   In 2050, 10.61 billion.   In 2100, 18.33 billion 

9. 𝐴(𝑡) = 1050 + 10𝑡, where 𝑡 is the number of years since 2000. 

Thus, the population in 2050 is projected to be 𝐴(50) = 1550. 

10. 𝐴(𝑡) = 2464(1.1)𝑡. In 2050, the population is projected to be 𝐴(50) ≈ 289,251.    

11. a) 1     b) 4     c) 216     d) 1/64     e) 1       

12. The net effect is that the price of admission is reduced by 1%.        13. 𝑀(𝑡) = 1000(. 981)𝑡    

14. No. Compare exercise #11. In fact, the growth rate here will be about 1.937% per year. 

15. (Check your graphs with a graphing program.) Here are the intercepts and asymptotes: 

      a) (0,1), 𝑦 = 0                   b) (0,232), 𝑦 = 0         c) (0, 𝜋), 𝑦 = 0              d) (0,8), 𝑦 = 5         

      e) (0, −22), 𝑦 = −10       f) (0,1), 𝑦 = 0               g) (0, 1 2⁄ ), 𝑦 = 1 

16. a) 𝑦 = (1 5⁄ )𝑡.  The function loses 80% of its value in each unit of time.  

 b) 𝑦 = 2(1 2⁄ )𝑡.     50%.          c)  𝑦 = (5/2)(3 4⁄ )𝑡.     25%. 

17. a) 𝑦 = (100 61⁄ )−𝑡.   39%.         b) 𝑦 = 4(10)−𝑡.   90%.           c) 𝑦 = (7 8⁄ )(5 3⁄ )−𝑡.     40%. 

19. a) 32     b) 5x     c) 1     d) 5     e) 𝑥2 + 1     f) 1       

20. a) 𝑔−1(8) = 2        b) ℎ−1(−2) = −1       c) 𝑘−1(2) = ln 2       e) 𝑔−1(10) = −
9

10
, [𝑔(10)]−1 = 11  

21. c, e, and h are false. 

22. a) 
ln(14)

ln(5)
≈ 1.640,   b) 

− ln(4)

    ln(3)
≈ −1.262,  c) 

1

5
ln 17 ≈ 0.567,   d) 

1

4
(
ln(38)

ln(4)
+ 5) ≈ 1.906, 

e) 
ln 5

ln 1.03
≈ 54.449,   f) ≈ 58.686  g) ≈ 13.412,   h) ≈ 0.868,   i) ≈ −0.058,   j) ≈ −25.541 

23. a) ln(2𝑥7)  b) ln(28)   c) ln(2𝑥)    22. a) 2 ln 𝑎 + 3 ln 𝑏 − 5 ln 𝑐     b) 
17

7
ln 𝑥 +

30

7
ln 𝑦     c) 4 ln 𝑦  

25. 𝑒10 ≈ 22026,    𝑒100 ≈ 2.7 × 1043, and  𝑒1000, which is considerably larger than the number of  

atoms in the universe (if the cosmologists are to be believed). Moral: 𝑙𝑛 grows very slowly indeed. 

26. a) 𝑒5/2 ≈ 12.18       b) 𝑒−2 ≈ 0.14     c) 𝑒     d) 1 

31. a) 0     b) 0     c) 1     d) 1     e) 4     f) -2     g) 42     h) 27     i) 0     j) 0     k) 2     l) ½ 

32. a) 
1

3𝑒2
≈ 0.05      b)√100

3
≈ 4.64      c) ln (

3

2
) / ln 2 ≈ 0.58      d) 25 ln 2 ≈ 17.33      e)  

−195

99
≈ −1.97        

f) 5. [Why isn’t −2 also a solution? Try putting −2 back into the original equation, and you’ll see.] 

33. 𝑦 = 10𝑥     

35. a) .26 years,  .33 years,  .96 years          b) .41 years,  .59 years,  2.93 years        

c)  4.67 years,  47.21 years,  2.7 × 1043 years (!) 

36. About 0.43 years in each case.          40. Both are constant. 
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Chapter 8  

1. a) All odd-numbered angles are equal (1 & 3 are vertical angles, 3 & 5 are zigzag angles, 5 & 7 are vertical, 7 & 9 

are zigzags, 9 & 11 are vertical), as are all the even-numbered angles. 

    b) We have many pairs of vertical angles, but can’t say if any of the non-vertical angles are equal. (We don’t 

know, for example, if angles 3 & 5 are equal.) 

3. Yes: they all have angle sum 540°, which can be seen by drawing two non-intersecting diagonals, and thinking 

about the angle sums in the three triangles produced thereby. 

5. a) 108°,  b) 135°,   c) 179.64°  

7. No. Each angle would exceed 90°, making the triangle’s angle sum exceed 180°, which can’t happen. 

8. ∆𝐴𝐵𝐶 is determined (by SAS), so we can use trig to get 𝐴�̂�𝐵, which equals 𝐷�̂�𝐸, since these are vertical angles. 

Then ∆𝐶𝐷𝐸 will be determined (by ASA), so we can use trig to find 𝐶�̂�𝐸. From this, we can get 𝐹�̂�𝐸, which is 

𝐶�̂�𝐸’s supplement. Then ∆𝐷𝐹𝐸 is determined (by ASA), so trig will get 𝐹𝐸 for us. Since opposite sides of 

parallelograms are equal, 𝐺𝐻 = 𝐹𝐸, the length we just obtained. 

14. No, yes, no, yes. 

15. a) ∆𝐴𝐵𝐶 ≅ ∆𝐷𝐸𝐹 means that the two triangles are congruent.  

b) ∆𝐴𝐵𝐶 ~ ∆𝑋𝑌𝑍 means that the two triangles are similar.  

16. a) Yes: by the result proved prior to this exercise (applied over and over), all 10 triangles are similar. 

17. a) 10    b) 5   c) 15   d) 10 congruent copies, 20 similar copies.    e) (1 + √5)/2 

18. Let 𝑐 be the hypotenuse. Then 𝑐2 = 𝑎2 + 𝑏2, so 𝑐 = √𝑎2 + 𝑏2. 

20. Let 𝑎 be the unknown leg. Then 𝑎2 + 𝑙2 = 𝑐2, so 𝑎2 = 𝑐2 − 𝑙2. Thus, 𝑎 = √𝑐2 − 𝑙2. 

 

Chapter 9  

1. 56°, 2.97, 3.58;       39.8°, 6.15, 5.12;       61°, 2.22, 4.57. 

2. √41, 51.3°, 38.7°;       4√2, 51.1°, 38.9°;       √2, 35.3°, 54.7°. 

4. 75.7°          7. 26′6′′          10. (see the answers to Exercise 1)          11. 36.9°    

13. The values of cosine at these angles are the values of sine at their complementary angles. For example, there’s 

no need to memorize cos 60°; we know it equals sin 30°, which is ½ (a fact we have already memorized).  

15. c) cos(70 − 𝛼)          17. tan 30° =
1

√3
,    tan 45° = 1,    tan 60° = √3 .          18. a) tan 19°,   b) tan 𝛼,    c) 1           

20. See the name of Arthur Conan Doyle’s second Holmes novel.          22. sec 𝜃 = hypotenuse/adjacent.       

26. b,e,h are FALSE. The rest are true.          27. a) tan 𝜃,    b) sin 𝛼,    c) cos 𝛽,    d) 0           

29. See the answers to Exercise 1. (These are the same triangles, but you can now solve them more efficiently.) 

30. 𝐴𝐹 ≈ 4.29, 𝐹𝐸 ≈ 2.34, 𝐴𝐸 = 3.60,   𝐹�̂�𝐸 = 33°,   𝐴�̂�𝐸 = 57° 

31. 𝐴𝐹 = 𝐸𝐹 ≈ 1.66, 𝐴𝐸 ≈ 2.35,   𝐹�̂�𝐸 = 𝐸�̂�𝐹 = 45°          

34. Earth’s volume is 43 = 64 times that of the moon.        35. Approximately 35.3°       36. 0.236 units.        

37. b) 3 miles, 80 feet; 2 miles, 3972 feet.      c) 16′6′′,  66′0′′.  

       d) The distance from his eyes is greater, but only by about a quarter of an inch.  

38. Approximately 15′5′′. 

39. sin 18° =
1

1 + √5
   ,    sin 72° =

√5 + 2√5

1 + √5
 .   All the other values can be obtained from these. 
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Chapter 10  

1 – 29. Check your answers on a calculator.   

32. Sine and cosine have range [−1,1]. Tangent’s range is all real numbers. 

33 – 41. Check your answers on a calculator.   

42. −5,  1010,  𝜋/𝑒        43. 𝑓(𝑥) = 𝑥 + 1 is neither even nor odd, since 𝑓(−1) = 0, but 𝑓(1) = 2.       

46. 1 + tan2 𝜃 = sec2 𝜃      47. 1 + cot2 𝜃 = csc2 𝜃      48. cos(180° − 𝜃) = − cos 𝜃       49. sin(180° − 𝜃) = sin 𝜃 

50. a) sin(𝜃 + 90°) = cos 𝜃          b) cos(𝜃 + 90°) = − sin 𝜃        c) tan(𝜃 + 90°) = − cot 𝜃  

      d) sin(𝜃 − 90°) = − cos 𝜃      e) cos(𝜃 − 90°) = sin 𝜃            f) tan(𝜃 − 90°) = − cot 𝜃 

      g) cos(𝜃 + 180°) = − cos 𝜃    h) cos(𝜃 − 180°) = − cos 𝜃     i) sin(𝜃 + 180°) = − sin 𝜃          

       j) sin(𝜃 − 180°) = −sin 𝜃      k) tan(180° + 𝜃) = tan 𝜃         l) tan(𝜃 − 180°) = tan 𝜃 

51. a) tan 𝜃      b) – cos 𝛽       c) sec2 𝛼     d) −1      e) – tan 𝑥     f) 1  

54. The claim is true. [Proof: If 𝑓 is odd, then 𝑓(0) = −𝑓(−0), but −0 = 0, so this last equation tells us that 

𝑓(0) = −𝑓(0). That is, 𝑓(0) equals its own negative. Since the only such number is 0, we conclude that 

𝑓(0) = 0. Hence the graph passes through the origin.] 

55. 𝑓(𝑥) = 0. 

 

Chapter 11  
1. a) The remaining parts are 46°, 6.56, 4.93,    b) 51°, 0.97, 1.27,     c) 66°, 0.81, 1.83 

5. a) 37°, 4.54, 5.16        b) 28°, 18.81, 21.30        c) 41°, 5.57, 7.62             6. 106.65 cubits            

8. a) 70.1°, 44.9°, 3.85        b) 45.2°, 83.5°, 51.3°        c) 67.4°, 22.6°, 12        d) 54°, 123.57, 150.86 

10. 𝑥 ≈ 99.26        11. a) 639 feet      b) 75 feet     c) 12: 27 am 

12. b) no     c) yes, 48.6°     d) yes, 131.4° (the supplement of 48.6°)     e) yes, 41.4°     17. √3/4 units2      

18. a) √3/2 units2     b) 30 units2      c) 2√195 units2         19. a) 12.62 units2      b) 0.18 units2   

 

Chapter 12  

1. b) 90°,  c) 60°,  n) 210°,  o) 330°,  p) 27°      2. a) 𝜋/6,    b) 𝜋/4,   c) 𝜋/3,   n) 3𝜋/4,   o) 5𝜋/4,   p) 7𝜋/4 

3. a) (180 𝜋⁄ )° ≈ 57.3°   b) (540 𝜋⁄ )° ≈ 171.9°   c) 1° 

4. a) 𝜋/12,     b) 𝜋/18,     c) 𝜋/180,     d) 8𝜋/45,     e) 53𝜋/45,     g) approximately . 094 radians. 

5. Check your answers with a calculator.       6. a) arc length = (𝜋/180)𝑟𝜃    b) arc length = 𝑟𝜃.    

7. a) sector area = (𝜋/360)𝑟2𝜃   b) sector area = (1/2)𝑟2𝜃.       8. Approximately 0.523 units2. 

9. Approximately 1.967 units2 and 32.590 units2.     12. 𝑝(𝜃) = tan 𝜃      13. a,c,e,g are FALSE. 

14. sin(𝜃 + 2𝜋𝑘) = sin 𝜃 for all integers 𝑘.       16. Check on a computer.      

17. a) Hint: Drop a perpendicular from 𝑃 to the 𝑥-axis, then use similar triangles.      c) section, dissect, tangible. 

d) 1 + tan2 𝜃 = sec2 𝜃, which you can see by applying the Pythagorean Theorem to ∆𝑂𝑇𝑄. 

19. Many possibilities exist for each, the simplest being... 

a) 𝑦 = 4 sin (
𝜋

5
𝑥) + 3,      b) 𝑦 = 22 cos (

𝜋

7
𝑥) − 6,     c) 𝑦 = −

1

2
sin (

2𝜋

3
𝑥) − 2,    d) 𝑦 = 𝜋 sin(𝜋𝑥) − 𝜋 

23. a) No. The function is undefined at 0.    b) Infinitely many times.       c) The greatest solution: 1/𝜋. 

24. Check your graphs on a computer. 
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Chapter 13  

1. (√6 − √2)/4       3. sin(𝛼 − 𝛽) = sin 𝛼 cos 𝛽 − sin 𝛽 cos 𝛼       5. a) tan 𝜙      b) 1     c) tan(𝛾 − 𝛿)    

9. Hint: 𝛼 + 𝛽 + 𝛾 = (𝛼 + 𝛽) + 𝛾          10. 1          11. sin 3𝜃 = −4 sin3 𝜃 + 3 sin 𝜃  

13. cos 3𝜃 = 4 cos3 𝜃 − 3 cos 𝜃          14. cos 4𝜃 = 8 sin4 𝜃 − 8 sin2 𝜃 + 1 

17. (cos 𝜃 − sin 𝜃)2 = cos2 𝜃 + sin2 𝜃 − 2 sin 𝜃 cos 𝜃 = 1 − 2 sin 𝜃 cos 𝜃 = 1 − sin 2𝜃.  (The equalities  

        are justified, in order, by algebra, the Pythagorean identity, and the double-angle identity.) 

18. b) sin2 𝜃 = (1 − cos 2𝜃)/2          20. 1 2⁄ ;  𝜋/4          25. d, g, h, i, j, l are true. The rest are false. 

26. a) 0      b) 𝜋     c) 𝜋/2     d) 𝜋/3     e) 𝜋/6     f) 2𝜋/3     g) 5𝜋/6     h) 𝜋/3     i) 𝜋/7      j) 𝜋     k) 8𝜋/9     l) 3𝜋/14 

31. b, e, g, h, i are true. The rest are false. 

32. a) 𝜋/4  b) – 𝜋/4  c) 0  d) –𝜋/6  e) 𝜋/3  f) 𝜋/2  g) −𝜋/3   h) 0   i) – 𝜋/2  j) −𝜋/4  k) −𝜋/9   l) −3𝜋/14 

34. Odd.        35. Odd.        38. Yes. The first boldface set of solutions includes (𝜋 3⁄ ) − 18𝜋 (when 𝑘 = −9). 

39. Both answers are correct: they are different descriptions of the same infinite set of solutions. 

40. For all integers 𝑘...   

a) (3𝜋 2⁄ ) + 2𝜋𝑘       b) ±(𝜋 4⁄ ) + 2𝜋𝑘       c) (𝜋 4⁄ ) + 𝜋𝑘      d) (𝜋 2⁄ ) + 𝜋𝑘,   (𝜋 6⁄ ) + 2𝜋𝑘,   (5𝜋 6⁄ ) + 2𝜋𝑘 

e) (3𝜋 28⁄ ) + (𝜋 7⁄ )𝑘        f) 𝜋𝑘         g) −(𝜋 6⁄ ) + 2𝜋𝑘        h) (𝜋 4⁄ ) + 𝜋𝑘        i) ±(𝜋 3⁄ ) + 2𝜋𝑘  and  𝜋 + 2𝜋𝑘 

41. a) 𝜋/3,  𝜋,  5𝜋/3,  7𝜋 3⁄ ,  3𝜋,  11𝜋/3       b) 𝜋/4,  5𝜋/4,  9𝜋/4,  13𝜋/4      

c) 𝜋/2,  𝜋,  3𝜋/2,  2𝜋,  5𝜋/2,  3𝜋,  7𝜋/2,  4𝜋.    d) 2𝜋/3,  4𝜋/3,  2𝜋,  8𝜋/3,  10𝜋/3, 4𝜋.  
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Index  

Amplitude (of a sinusoidal function), 183 

Arclength (of a circular segment), 179 

Ass, 94, 133-134 

Bartlett, Albert, 115, 118 

“Basic Right-Angle Trigonometry”, 149 

Beckett, Samuel, 128 

Brahmagupta’s Formula, 175 

Bretschneider’s Formula, 175 

Callen, Bryan, vii 

Calvino, Italo, 149, 178 

Cancelling (in fractions), 12 

Carroll, Lewis, 34 

Chiliagon, 132  

Circle (equation of), 67 

Circumcircle, 73 

Cocked Hat, 97 

Cofunctions, 148, 161-162 

Complementary angles, 131 

Completing the square, 13, 50-52, 60, 105-107 

Congruence criteria, 136 

Congruent triangles, 136 

Cooke, Sam, 130 

Coordinate axes, 56 

Coordinates, 56 

Cosecant, 148, 161 

Cosine, 145, 147, 156, 163 

Cotangent, 148, 161 

Concavity, 40 

Counting, 3 

Cross multiplication, 45 

David, 3 

Degree (of a polynomial), 36 

Delta notation (∆), 58 

Descartes, René, 97, 132, 190 

Determining trios (for triangles), 133-134 

Devil, 98, 138, 156, 167 

Dickinson, Emily, 118, 166 

Difference of cubes, 7 

Difference of squares, 6 

Difference quotient, 82 

Discriminant (of a quadratic), 39 

Directrix (of a parabola), 108 

Distance formula, 66 

Distributive property, 3-8, 200 

Dividing by zero, 9, 47-48 

Domain (of a function), 76 

Double-angle identities, 193 

Doubling time (of an exponential function), 126 

Dummy variable, 79 

Einstein, Albert, 10 

Equals abuse, 35 

Equation (of a graph) 

 Circle, 67 

 Defined, 56 

 Line, 58-62 

 Parabola, 109 

 Semicircle, 69 

Equations (solving) 

 Exponential, 122 

 Linear, 36 

 Logarithmic, 124 

 Quadratic, 36-38 

 Radical, 45-48 

 Rational, 45 

 Trigonometric, 196-197 

Equivalent equations, 34-35 

Eratosthenes, 151 

Esau, 5 

Even function, 163-164 

Exponential function, 114-117 

Exponents, 24-27, 31 

Factor (of an algebraic expression), 12 

Factorial (𝑛!), 14 

Factoring (polynomials), 6-7 

Feynman, Richard, 77 

Fields, W.C., 92 

Fitzgerald, Ella, 152 

Fish curve, 98 

Flag angles, 131 

Focus (of a parabola), 108 

FOIL, 5 

Folium of Descarte, 97 

Fractions, 11-13, 16-17 

Function (definition and notation), 76-77 

Function of two variables, 99 

Fundamental Principle of Coordinate Geom., 56  

Galilei, Galileo, 108 

Gelfand, I.M., vi, vii 
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Gilbert, W.S, 105 

Golden ratio, 138 

Gradian (angle measure), 179 

Grasshoppers, 67 

Hendrix, James Marshall, 49 

Heron’s formula, 172-174 

Hertz, Heinrich, 26 

Hollander, John, 92 

Holmes, Sherlock, 144, 147 

Intersections, 71, 74 

Inverse functions (definition), 120 

Inverse trigonometric functions, 194-195 

Jacob, 5 

Joyce, James, 126 

Kafka, Franz, 92 

Kepler, Johannes, 64 

Kronecker, Leopold, 3 

Law of Cosines, 167 

Law of Sines, 166 

Libby, Willard, 128 

Lines (in coordinate geometry), 58-62 

Logarithms, 118-125 

Long Shu, 114 

Macbeth, 93 

Marx Brothers, 53 

Melville, Hermann, 133, 153 

Minus times minus is plus, 8 

Monomial, 36 

Montesquieu, 171 

Moses, 95, 144 

Multiply-by-1 Trick, 13, 16 

Nabokov, Vladimir, 122, 160 

Nancy, 170 

Natural logarithm, 118-124 

Naughty, naughty, 44 (#24) 

Negative numbers, 53 

Odd function, 163-164 

Origin, 56 

Parabolas, 108-112 

Parallel lines (slopes), 63 

Parallelogram (area), 64 

Parentheses, 15, 79 

Parker, Dorothy, vi 

Pentagram, 138 

Period (of a trigonometric function), 180 

Perpendicular bisector, 73 

Perpendicular lines (slopes), 62 

Plato, 3 

Poincaré, Henri, 161 

Point-slope formula, 59 

Polynomial, 36 

Pooka, 212 

“Pre-negative” quadratic formula, 54 

Pythagorean Identity, 163 

Pythagorean Theorem, 64, 65, 139 

Quadratic Formula, 37, 51 

Quadratic polynomials (graphs), 105-106 

Radians, 178 

Radical expression, 45 

Radicals, 29 

Range (of a function), 76 

Rational expression, 45 

Rationalizing the denominator, 32 

Reciprocal, 14 

Reciprocal trigonometric functions, 148 

Reflection, 92 

Rhombus, 136 

Rice, 114 

Roots, 29 

“Rule of 70”, 127 

SAS Area formula, 171 

Secant, 148, 161 

Semicircles, 69 

Shakespeare, William, 93 

Sheba, Queen of, 10 

Shifts, 94 

Similarity criterion (AA), 137 

Similar triangles, 137 

Sine, 142, 145, 156, 163 

Sine wave, 158 

Slope, 58, 62 

Socrates, 3 

SOH CAH TOA, 146, 156, 160, 183 

Solomon, 10, 154 

Spengler, Oswald, 76 

Sterne, Laurence, 61 

Stretches, 93 

Sum identities (for sine and cosine), 190-191 

Supplementary angles, 131 

Tangent (trig function), 145, 147, 160, 163 

Taylor polynomial, 188 

Tennyson, Alfred Lord, 12 
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Term (of an algebraic expression), 12 

Track covering, 35 

Transformations, 92 

Transformation Table, 95, 98, 101 

Unit circle, 67, 156, 160 

“Unnatural logarithms”, 125 

Vertical angles, 131 

Washington, George, 94 

Whitehead, Alfred North, 24 

Whores, vi, 118 

Wicked Bible, 95 

Xu Fu, 181 

YHWH, 3 

Zero equals one, 48 

Zero Product Theorem, 37, 47 

Zigzag angles, 131 
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